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PREFACE. 

The  first  half  of  this  book  contains  an  account  of  those  methods  and 
processes  of  higher  mathematical  analysis,  which  seem  to  be  of  greatest 
importance  at  the  present  time ;  as  will  be  seen  by  a  glance  at  the  table 
of  contents,  it  is  chiefly  concerned  with  the  properties  of  infinite  series 
and  complex  integrals,  and  their  applications  to  the  analytical  expression 
of  fuQctions.  A  discussion  of  infinite  determinants  and  of  asymptotic 
expansions  has  been  included,  as  it  seemed  to  be  called  for  by  the  value  of 
these  theories  in  connexion  with  linear  differential  equations  and  astronomy. 

In  the  second  half  of  the  book,  the  methods  of  the  earlier  part  are 
applied  in  order  to  furnish  the  theory  of  the  principal  functions  of  analysis — 
the  Gamma,  Legeiidre,  Bessel,  Hypergeometric,  and  Elliptic  Functions.  An 
account  has  also  been  given  of  those  solutions  of  the  partial  differential 
equations  of  mathematical  physics,  which  can  be  constructed  by  the  help 
of  these  functions. 

My  grateful  thauks  are  due  to  two  members  of  Trinity  College, 
Rev.  E.  M.  Radford,  M.A.  (now  of  St  John's  School,  Leatherhead),  and 
Mr  J.  E.  Wright,  B.A.,  who  with  great  kindness  and  care  have  read  the 
proof-sheets ;  and  to  Professor  Forsyth,  for  many  helpful  consultations 
during  the  progress  of  the  work.  My  great  indebtedness  to  Dr  Hobson's 
memoirs  on  Legendre  functions  must  be  specially  mentioned  here ;  and 
I  must  thank  the  staff  of  the  University  Press  for  their  excellent  co- 
operation in  the  production  of  the  volume. 

E.   T.   WHITTAKER. 

Cambridge, 

1902  August  5 
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CHAPTER  I. 

Complex  Numbers. 

1.     Real  Ntimhers. 

The  idea  of  a  set  of  numbers  is  derived  in  the  first  instance  from  the 
consideration  of  the  set  of  positive  integral  numbers,  or  positive  integers; 

that  is  to  say,  the  numbers  1,  2,  3,  4 Positive  integers   have   many 

properties,  which  will  be  found  in  treatises  on  the  Theory  of  Integral 
Numbers ;  but  at  a  very  early  stage  in  the  development  of  mathematics 
it  was  found  that  they  are  inadequate  to  express  all  the  quantities  occurring 
in  calculations ;  and  so  this  primitive  number  system  has  come  to  be 
enlarged.  In  elementary  Arithmetic,  and  in  the  arithmetical  applications 
of  Algebra,  several  new  classes  of  numbers  are  defined,  namely  rational 
fractions  such  as  ^,  negative  numbers  such  as  —3,  and  irrational  numbers 
such  as  the  number  1'414213...,  which  represents  the  square  root  of  2. 

The  object  of  the  introduction  of  these  extended  types  of  number  is 
that  we  may  express  the  result  of  performing  the  operations  of  addition, 
subtraction,  multiplication,  division,  involution,  and  evolution,  on  all  integral 
numbers.  Thus,  the  result  of  dividing  the  integer  1  by  the  integer  2  is 
inexpressible  until  we  introduce  the  idea  of  fractional  numbers :  and  the 
result  of  subtracting  the  integer  2  from  the  integer  1  is  inexpressible  until 
we  introduce  the  idea  of  negative  numbers. 

The  totality  of  the  numbers  introduced  up  to  this  point  is  called  the 
aggregate  of  real  numbers. 

The  extension  of  the  idea  of  number,  which  has  just  been  de.scribed,  was  not  effected 
without  some  opposition  from  the  more  conservative  mathematicians.  In  the  latter  half 
of  the  18th  century,  Maseres  (1731—1824)  and  Frend  (1757—1841)  puMished  works 
on  Algebra,  Trigonometry,  etc.,  in  which  the  use  of  negative  quantities  was  disallowed, 
although  Descartes  had  used  them  unrestrictedly  more  than  a  hundred  years  before. 

1—2 
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2.     Complex  Numbers* . 

If  we  attempt  to  perform  the  operations  already  named — multiplication, 
etc. — on  any  of  the  real  numbers  thus  recognised,  we  find  that  there  is  one 
case  in  which  the  result  of  the  operation  cannot  be  expressed  without  the 
introduction  of  yet  another  type  of  numbers.  The  case  referred  to  is  that 
in  which  the  operation  of  evolution  is  applied  to  a  negative  number,  e.g.  to 
find  the  square  root  of  —  2.  To  express  the  results  of  this  and  similar  opera- 
tions, we  make  use  of  a  new  number,  denoted  by  the  letter  i;  this  is  defined 
as  a  quantity  which  satisfies  the  fundamental  laws  of  algebra  (i.e.  can  be 
combined  with  other  numbers  according  to  the  associative,  distributive, 
and  commutative  laws)  and  has  for  its  square  the  negative  number  —  1. 

It  is  easily  seen  that  all  the  quantities  which  can  be  formed  by  com- 
bining i  with  real  numbers  are  of  the  form  a-\-bi,  where  a  and  h  are  real 
numbers.  A  quantity  a  +  bi  of  this  nature  is  called  (after  Gauss)  a  complex 
number.  Real  numbers  may  be  regarded  as  a  particular  case  of  complex 
numbers,  corresponding  to  a  zero  value  of  the  quantity  b. 

The  complex  quantity  thus  introduced  may  in  the  first  instance  be 
regarded  as  formed  by  the  association  of  the  pair  of  real  numbers  a  and 
b ;  as  the  quantities  a,  b,  i  are  subject  to  the  ordinary  laws  of  algebra, 
we  obtain  for  the  addition  and  multiplication  of  two  complex  numbers 
a  +  bi  and  c  +  di  the  formulae 

(a  +  bi)  +  {c  +  di)  =  (a  +  c)+(b+  d)  i, 
{a  +  bi)  (c  -I-  di)      =  {ac  —  bd)  +  (ad  +  be)  i. 

But  a  complex  number  will  usually  be  considered  apart  from  its  composition, 
as  an  irresoluble  entity.  Regarded  in  this  light,  it  satisfies  the  fundamental 
laws  of  algebra ;  so  that  if  a,  b,  c  are  complex  numbers,  we  have 

a  +  b  =  b  +a, 

ab  =  ba, 

(a  +  b)  +  c  =  a  +  (b  +  c), 

ab .  c  =  a .  be, 

a{b  +  c)  =  ab  +  ac. 

It  is  found  that  the  operations  of  multiplication,  etc.,  when  applied  to 
complex  numbers,  do  not  lead  to  numbers  of  any  fresh  type ;  the  complex 
number  will  therefore  for  our  purposes  be  taken  as  the  most  general  type 
of  number. 

The  introduction  of  the  complex  number  has  led  to  many  important 
developments  in  mathematics.     Functions  which,  when  real  variables  only 

*  For  the  general  theory  of  complex  numbers,  see  Hankel,  Theorie  der  complexen  Zahlen- 
syHeme  (Leipzig,  1867),  and  Stolz,  Vorlesungen  iiber  allgemeine  Arithmetik  II.   (Leipzig,  1886). 
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are  considered,  appear  as  essentially  distinct,  are  seen  to  be  connected  when 
complex  variables  are  introduced :  thus  the  circular  functions  are  found  to 
be  expressible  in  terms  of  exponential  functions  of  a  complex  argument,  by 
the  equations 

cos  a;  =  ._j  (e'*  +  e"**), 
sin  X  =  ,j.  (e'-"  —  e~^''). 

Again,  many  of  the  most  important  theorems  of  modern  analysis  are 
not  true  if  the  quantities  concerned  are  restricted  to  be  real ;  thus,  the 
theorem  that  every  algebraic  equation  of  degree  n  has  n  roots  is  true  in 
general  only  when  complex  values  of  the  roots  are  admitted. 

Hamilton's  quaternions  furnish  an  example  of  a  still  further  extension  of  the  idea 
of  number.     A  quaternion 

w+xi+7/j+zk 

is  formed  from  four  real  numbers  w,  x,  y,  z,  and  four  number-units  1,  i,  j,  k,  in  the  same 
way  as  the  ordinary  complex  number  x-\-iij  is  formed  from  two  real  numbers  x,  y, 
and  two  number-units  1,  i.  Quaternions  however  do  not  obey  the  commutative  law  of 
multiplicatioa 

3.     The  modulus  of  a  complex  quantity. 

Let  x  +  iy  be  a  complex  quantity;  x  and  y  being  real  numbers.  Then 
the  positive  square  root  of  af+y^  is  called  the  modulus  of  {x  +  yi),  and  is 
written 

\x  +  yi  |. 

Let  us  consider  the  complex  number  which  is  the  sum  of  two  known 
complex  numbers,  x  -f  iy  and  u  +  iv.     We  have 

(x  +  iy)  +  {u  +  iv)  =  (x+  u)  +  i(y  +  v). 

The  modulus  of  the  sum  of  the  two  numbers  is  therefore 

{{x  +  xif  +  (2/  +  vf]'', 
or  [{a?  ^-  y'^)  +  {v?  +  «-)  +  2  (a;«  +  yv)]''. 

But 

[\x-^iy\+\u  +  iv\Y={{a?  +  y')iJr{u''  +  xFfY 

=  {oif  +  y^)  +  (m"  +  t)=)  +  2  (a^  +  y'^f  (u^  +  v^)* 

=  (.«■■'  +  y-)  +  (u'  +  v^)  +  2  {(xu  +  yvf  +  (in;  -  yu'f]^< 

and  this  latter  expression  is  greater  than  (or  at  least  equal  to) 
{a?  -t-  y«)  -f  (m=  +  t,2)  +  2  {xu  +  ^jv). 
We  have  therefore 

\x  +  iy\-\-\u  +  iv\'^\{x-\-iy)Jr  (u  +  iv)  \ , 

or  the  modulus  of  the  sum  of  two  complex  numbers  cannot  be  greater  than  the 
sum  of  their  moduli;  and  in  general  it  follows  that  the  modulus  of  the  sum 
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of  any  number  of  complex  quantities  cannot  be  greater  than  the  sum  of  their 
moduli. 

Let  us  consider  next  the  complex  number  which  is  the  product  of  two 
known  complex  numbers  x  +  iy  and  u-\-iv\  we  have 

{x  +  iy)  (w  +  iv)  =  {xu  —  yv)  -\-i(xv  +  yu), 

and  therefore 

I  {x  +  iy)  (u  +  iv)  I  =  {(xu  —  yv)-  +  (xv  +  yuy]* 

=  {(x'  +  y')  (u'  +  ■V)}^ 

=  \x  +  iy\  \u  +  iv\. 

The  modulus  of  the  product  of  two  complex  quantities  (and  hence  of  any 
number  of  complex  quantities)  is  therefore  equal  to  the  product  of  their  moduli. 

4.     The  geometrical  interpretation  of  complex  numbers. 

For  many  purposes  it  is  useful  to  represent  complex  numbers  by  a 
geometrical  diagram,  which  may  be  done  in  the  following  way. 

Take  rectangular  axes  Ox,  Oy,  in  a  plane.  Then  a  point  P  whose 
coordinates  referred  to  these  axes  are  x,  y,  will  be  regarded  as  representing 
the  complex  number  x  +  iy.  In  this  way,  to  every  point  of  the  plane  there 
corresponds  some  complex  number;  and  conversely,  to  every  possible  complex 
number  there  corresponds  one  and  only  one  point  of  the  plane. 

The  complex  number  x  +  iy  may  be  denoted  by  a  single  letter  z.  The 
point  P  is  then  called  the  representative  point  or  affix  of  the  value  z ;  we 
shall  also  speak  of  the  number  z  as  being  the  affix  of  the  point  P. 

If  we  denote  («=+  y')*  by  r  and  tan"'  (-1  by  6,  then  r  and  6  are  clearly 

\x/ 

the  radius  vector  and  vectorial  angle  of  the  point  P,  referred  to  the  origin  0 

and  axis  Ox. 

The  representation  of  complex  quantities  thus  afforded  is  often  called  the 
Argand  diagram*. 

If  P]  and  Pj  are  the  representative  points  corresponding  to  values  z^ 
and  z^  respectively  of  z,  then  the  point  which  represents  the  value  Zi  +  z^  is 
clearly  the  terminus  of  a  line  drawn  from  Pj,  equal  and  parallel  to  that 
which  joins  the  origin  to  Pj. 

To  find  the  point  which  represents  the  complex  number  Z1Z2,  where  z^  and 
Zi  are  two  given  complex  numbers,  we  notice  that  if 

Zi  =  Vi  (cos  61  +  i  sin  ^i), 
Za  =  r,  (cos  6i  +  i  sin  ^3), 

*  J.  B.  Argand  puWished  it  in  1806 ;  it  had  )iowever  previously  been  used  by  Gauss,  and 
by  Caspar  Wessel,  who  discussed  it  in  a  memoir  published  in  1797  to  the  Danish  Academy. 
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then  by  multiplication 

z^Zi  =  r^r-i  {cos  (^i  +  6,^  +  i  sin  (^i  +  0^)}. 

The  point  which  represents  the  value  z^z^  has  therefore  a  radius  vector 
measured  by  the  product  of  the  radii  vectores  of  P,  and  Pj,  and  a  vectorial 
angle  equal  to  the  sum  of  the  vectorial  angles  of  Pj  and  P3. 

Miscellaneous  Examples. 

1.  Shew  that  the  representative  points  of  the  complex  numbers  1+48,  2  +  7t,  3  +  10i, 
are  collinear. 

2.  Shew  that  a  parabola  can  be  drawn  to  pass  through  the  representative  poi^^i^', 
the  complex  numbers  iSiW       *'L 

2  +  j,     4  +  4!;,     6  +  9?,     8  +  16i,     10  +  252.  -    TW^.^-'^ig^ 

3.  Determine  by  aid  of  the  Argand  diagram  the  nth  roots  of  unity ;  and  shew*  tha11wiQ\ 
number  of  primitive  roots  (roots  the^powers  of  each  of  which  give  all  the  robttsjKs  \l|p  •    ^ 
number  of  integers  including  unity  less  than  n  and  prime  to  it.  ^>^ 

Prove  that  if  ^j,  So,  ^3, ...  be  the  arguments  of  the  primitive  roots,  2cos^S  =  0  when 
p  ia  a,  positive  integer  less  than  -7- -,,  where  a,  b,  c, ...  k  are  the  different  con.stituent 

primes  of  n;  and  that,  when  P=-, >,  'S,coap6=   ,        ,,  where  ^  is  the  number  of 

the  constituent  primes. 

(Cambridge  Mathematical  Tripos,  Part  I.  1895.) 


CHAPTER  II. 
The  Theory  of  Absolute  Convergence. 

5.  The  limit  of  a  sequence  of  quantities. 

Let  Zi,  z^,  Z3,  ...  be  a  sequence  of  quantities  (real  or  complex),  infinite  in 
number.  The  sequence  is  said  to  tend  towards  a  limiting  value  or  limit  I, 
provided  that,  corresponding  to  every  positive  quantity  e,  however  small,  a 
number  n  can  be  chosen,  such  that  the  inequality 

\z,n-l\<e 

is  true  for  all  values  of  m  greater  than  n.     If  2  is  a  variable  quantity  which 
takes  in  succession  the  values  z^, z^,  z,,  ... ,  then  z  is  said  to  tend  to  the  limit  I. 

Example.  Consider  the  sequence  of  numbers  ^,  J,  J,...,  for  which  Zn  =  M-  T^^^ 
sequence  tends  to  the  limiting  value  ^  =  0;  for  if  any  positive  quantity  e  be  taken,  and 
if  n  denote  the  integer  next  greater  than  -  ~    ,  then  the  inequality 

1 

is  true  for  all  values  of  m  greater  than  n. 

6.  The  necessary  and  sufficient  condition  for  the  escistence  of  a  limit. 

We  shall  now  shew  that  the  necessary  and  sufficient  condition  for  the 
existence  of  a  limiting  value  of  a  sequence  of  finite  numbers  z^,  z^,  Z3,  ...  is 
that  corresponding  to  any  given  positive  quantity  e,  however  small,  it  shall  be 
possible  to  find  a  number  n  such  that  the  equation 

I  ^n+p  ""  •^n  I  <  ^ 

is  verified  for  all  positive  integral  values  of  p.  This  may  be  expressed  in 
words  by  the  statement  that  a  faiite  vanable  quantity  has  a  limit  if,  and 
only  if,  its  oscillations  have  the  limit  zero  ;  it  may  be  regarded  as  one  of  the 
fundamental  theorems  of  analysis. 

First,  we  have  to  shew  that  this  condition  is  necessary,  i.e.  that  it  is 
satisfied  whenever  a  limit  exists.     Suppose  then  that  a  limit  /  exists ;  then 
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(§  5)  corresponding  to  any  positive  quantity  e,  however  small,  a  number  n 
can  bo  chosen  such  that 

!  ^«  -  ^  I  <  I . 

and  I  Zn+p  —  Z I  <  - ,  for  all  values  oip  ; 

therefore 

I  Zn+p  -  •^n  1  <  I  (Zn-\-p  -  0  "  («»  "  0  I 

e  e 
<2  +  2 
<e, 

which  shews  the  necessity  of  the  condition 

I  ^n+p       •2'n  I  <  f ) 

and  thus  establishes  the  first  half  of  the  theorem. 

Secondly,  we  have  to  shew  that  this  condition  is  sufficient,  i.e.  that  if  it 
is  satisfied,  then  a  limit  exists.  Suppose  then  that  this  condition  is  satis- 
fied.    Let 

Z^  ^=  Xf  +  lyri 

where  ar,  and  iy^  are  the  real  and  imaginary  parts  of  Zr.     Then  if 
we  have  |  {xn+p  -  ««)  +  i  (yn+p  -  2/n) !  <  e, 

or  {Xn+p  -  Xnf  +  (  yn+p  -  ynf  <  e", 

and  therefore  «„  —  e  <  a;„+p  <x„  +  e, 

and  yn-e<  yn+p  <yn  +  e. 

Now  the  number  ?i  is  determined  by  the  quantity  e,  which  can  be  assigned 

arbitrarily.     Let  ?ij,  n.,,  n,,  Wj,  ...  be  the  numbers  which  correspond  in  this 

way  to  the  quantities  -r,  j,  -,  r^,....    Let  mj  be  the  least  of  the  quantities 
2    4)    o     ib 

€  €  € 

Xn  +  e,  «,i,  +  s  .  ««,,  +  T  ,  •  ■  •  ««t  +  o*  '  ^°  th^*  t^®  quantities  Un,  u^,  u^,  ...  are  a 

decreasing  sequence ;   and  let  w^  be  the  greatest  of  the  quantities 

6  e  6 

^n       S,       Xn^        ^  ,     Xn^        -j,...  Xm       H4 1 

so  that  the  quantities  Vq,  Vi,  v^, ...  are  an  increasing  sequence ;  and  clearly 

Then   any  of  the   numbers   in  the  M-sequence  is  greater  than  any  of  the 
numbers  in  the  v-sequence,  since  we  have 

Ur  >  V,.  >  Vg,   if  ?■  >  s, 
and  u^  >  Mg  >  I's,  if  ?•  <  s ; 
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and  the  difference  m^  —  Vii  can  be  made  as  small  as  we  please  by  increasing 
k.  These  two  sequences  u  and  v  therefore  uniquely  define  a  real  number 
(rational  or  irrational)  f,  such  that  ^  is  less  than  any  number  in  the 
«-sequence  and  greater  than  any  number  in  the  «;-sequence,  and  the 
differences  w^  —  f  and  ^—Vt  can  be  made  as  small  as  we  please  by  increasing  k. 

Then  «*  -  ^  <  m*  -  ^'t  <  2*^1 . 

so  kn»-?l<l««.-w*|  +  |Mjfc-fl<2F^  +  2irri<2i^- 

Moreover,  by  hypothesis, 

I  I    -i 

where  p  is  any  positive  integer ;  and  so 


^nt+p  ~  ?  I  < 


e 

2*^" 


Since  aiz^i  ^^^  ^®  made  as  small  as  we  wish  by  increasing  k,  this  inequality 

shews  that  the  sequence  x^,  x^,  x,, ...  tends  to  the  limit  f.  Similarly  the 
sequence  y,,  y^,  y^, ...  tends  to  a  limit  rj. 

Thus  if  T  be  any  small  positive  quantity,  it  is  possible  to  choose  a  number 
TO  such  that  for  all  values  of  r  greater  than  m  we  have 

I  «r  -  II  <  ^ ,     and     \yr-ri\<-\, 
and  therefore  (^r  —  f  )^  +  (2/r  —  |)^  <  t", 

or  \Zr-l\<T, 

where  1=  ^  +  irj. 

This  inequality  shews  that  the  sequence  of  quantities  z^,  z^,  z^, ...  tends  to 
the  limit  I ;  which  establishes  the  required  result,  namely  that  the  condition 
expressed  is  sufficient  to  ensure  the  existence  of  a  limit. 

7.     Convergence  of  an  infinite  series. 

Let  Ml,  Mj,  Mj,  ...  M„  be  a  series  of  numbers  (real  or  complex).     Let  the 
sum 

Ml  +  W2+  ...  +  M„ 

be  denoted  by  ;S„. 

Then  the  infinite  series 

M1  +  M2  +  M3  +  M4+ ... 

is  said  to  he  convergent,  or  to  converge  to  a  sum  S,  if  the  sequence  of  numbers 
Si,  S^,  Si,  ...  tends  to  a  definite  limit  S  as  n  tends  to  infinity.  In  other 
cases,  the  infinite  series  is  said  to  be  divergent.  When  the  series  converges 
the  quantity  S  —  Sn,  which  is  the  sum  of  the  series 

''n+i  +  Wn+2  +  M„j.3  +  . . . , 
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is  called  the  remainder  after  n   tei'ms,  and   is   frequently  denoted   by  the 
symbol  i?„. 

The  sum  Un+i  +  Wn+a  +  . . .  +  Mn+p 

will  be  denoted  by  Sn,p. 

It  follows  at  once,  by  combining  the  above  definition  with  the  results 
of  the  last  paragraph,  that  the  necessary  and  sufficient  condition  for  the 
convergence  of  an  infinite  series  is  that  S„^p  shall  tend  to  the  limit  zero 
as  n  tends  to  infinity,  whatever  p  is. 

Since  Mn+i  =  'S'„,  i,  it  follows  as  a  particular  case  that  «„+,  must  tend  to 
zero  as  n  tends  to  infinity ,^in  other  words,  the  terms  of  a  convergent  series 
must  ultimately  become  indefinitely  small.  But  this  last  condition,  though 
necessary,  is  not  sufficient  in  itself  to  ensure  the  convergence  of  the  series, 
as  appears  from  a  study  of  the  series 


In  this  series, 


«      n       1111 


„      __J_  11  J_ 


or  Sn,n>2- 

Therefore  S=l  +  S,^-,  +  S^,^  +  S,^,  +  S^^s  +  S,,^,  +  ... 

1      1      1 

which  is  clearly  infinite ;  the  series  is  therefore  divergent. 

Infinite  series  were  used  by  Lord  Brouncker  in  Phil.  Trails.  1668,  and  the  expressions 
convergent  and  divergent  were  introduced  by  Gregory  in  the  same  year.  But  the  great 
mathematicians  of  the  18th  century  used  infinite  series  freely  without,  for  the  most  part, 
considering  the  question  of  their  convergence.     Thus  Euler  gave  the  sum  of  the  series 

...  +  -3 +  \  +  -  +  ] +2  +  2^  +  2^+ (a) 

Z'        Z^        2 

as  zero,  on  the  ground  that 

2  +  22  +  23+...  =  -^   (6) 

1  —3 

and  i  +  \  +  \j,...=    '     (c). 

Z         Z'  2-1 

The  error  of  course  arises  from  the  fact  that  the  series  (6)  converges  only  when  1 2 1  <  1,  and  the 
series  (c)  converges  only  when  |2  >!,  so  the  series  (a)  does  not  converge  for  any  value  of  2. 

The  modern  theory  of  convergence  may  be  said  to  date  from  the  publication  of  Gauss' 

IHsqumtiones  circa  seriem  infinitam  1+^^+...  in  1812,  and  Cauchy's  Analyse  Alg^brique 

-7 
in  1821.     See  ReifF,  Oeschichte  der  unendlichen  Reihen  (Tubingen,  1889). 
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8.     Absolute  convergence  and  semi-convergence. 
In  order  that  the  series 

M,  +  Wj  +  Ws  +  Mj  +  . . . 

(which  we  shall  frequently  denote  by  Sm„),  whose  terms  are  supposed  to  be 
any  complex  quantities,  may  be  convergent,  it  is  sufficient,  but  not  necessary, 
that  the  series  S  |  «« |  shall  be  convergent. 

For  we  have 

I  "n,p  I  =^  I  '^n+i  "t"  '^n+2  +  •  •  •  +  U„^p  \ 

^  I  Un+i  I  +  I  Mn+2  I  +  •  •  •  +  I  "n+p  |  . 

and  this  last  expression  is  infinitely  small,  whatever  p  may  be,  when  n  is 
infinitely  great,  provided  the  series  S  |  m„  |  is  convergent. 

Although  this  condition  is  sufficient  to  ensure  the  convergence  of  the 
series  2m„,  it  is  not  necessary,  i.e.  the  series  Sm„  can  converge  even  when 
the  series  2 1  m«  |  diverges.     This  may  be  seen  by  considering  the  series 

11111  (-1)"+'  , 

l~2  +  3~4  +  5      •••  +        n        +•••  • 

This  series  is  convergent ;  for  writing  it  in  the  form 

or  2  +  12  +  30+-"' 

we  see  that  its  sum  is  greater  than  ^ ,  and  that  the  partial  sum  obtained  by 

truncating  the  series  after  its  2nth  term  increases  as  n  increases;  on  the 
other  hand,  by  writing  it  in  the  form 

we  see  that  the  sum  is  less  than  1,  and  that  the  partial  sum  obtained  by 
truncating  the  series  after  its  (2«+l)tli  term  decreases  as  ?i  increases. 
These  partial  sums  must  therefore  tend  to  some  limit  between  s  and  1,  and 
so  the  series  converges.     But  the  series  of  moduli  is 

which  as  already  shewn  is  divergent.  In  this  case  therefore,  the  divergence 
of  the  series  of  moduli  does  not  entail  the  divergence  of  the  series  itself 

Series  whose  convergence  is  due  to  the  convergence  of  the  series  formed 
by  the  moduli  of  their  terms  possess  special  properties  of  great  importance, 
and  are  called  absolutely  convergent  series.  Series  which  though  convergent 
are  not  absolutely  convergent  (i.e.  the  series  themselves  converge,  but  the 
series  of  moduli  diverge)  are  said  to  be  semi-convergent  or  conditionally 
convergent. 
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9.     The  geometrical  series,  and  the  series   S  — . 

The  convergence  of  a  particular  series  is  in  most  cases  investigated,  not 
by  the  direct  consideration  of  the  sum  (S„,p,  but  (as  will  appear  from  the 
following  articles)  by  a  comparison  of  the  given  series  with  some  other  series 
which  is  known  to  be  convergent  or  divergent.  We  shall  now  investigate 
the  convergence  of  two  of  the  series  which  are  most  frequently  used  as 
standards  for  comparison. 

(1)     The  geometrical  series. 
The  geometrical  series  is  defined  to  be  the  series 

1  +z  +  z''-\-z^  +  z*.... 

Considering  the  series  of  moduli 

\  +  \z\  +  \z\''+\zY+  ..., 
we  have  for  it  Sn,j>  =  \z\^+'  +  \z\"+^  +  ...  ■\-\z\'^+p, 


or 


'S«,p=I^I"+'yM 


1  —  I  ^  1^ 
Now  if  1 2;  I  <  1,  then  -:j r— y  is  finite  for  all  values  oip,  while  |  z  ]"■*■'  tends 

to  zero  as  n  tends  to  infinity.     The  series 

is  therefore  convergent  so  long  as  \z\<  1,  and  therefore  the  geometric  series  is 
absolutely  convergent  so  long  as  j  ^^  |  <  1. 

When  \z\'^\,  the  terms  of  the  geometric  series  do  not  tend  to  zero  as  n 
increases,  and  the  series  is  therefore  divergent. 

(2)     The  series  \i-v]i  +  \,  +  ~  +  \,  +  .... 

°^'    1 

Consider  now  the  series  S   — . ,  where  s  is  any  positive  real  quantity. 
n=l  "■' 

«T     L  112  1 

We  have  2^  +  3^  <  2"«  <  2»=' ' 


11114        1 

4«  "^  5»  "*"  6»  "^  7"  "^  4*  ^  4«-' ' 
and  so  on.     Thus  the  sum  of  any  number  of  terms  of  the  series  is  less  than 
the  sum  of  the  corresponding  terms  of  the  series 

1111 
2»-i  '  2»->     4«— 1     8*"' ' 

J_       1  11 

'^^  2«-i  ■T"  2»-i  "*"  2^*  '*"''      2'  '*"'' 
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and  hence  the  convergence  of  this  last  series  would  involve  that  of  the 
original  series.  But  this  last  series  is  a  geometrical  series,  and  is  therefore 
convergent  if 

1        , 

that  is,  if  s  >  1. 

The  series  2   —  is   therefore   convergent  if  s>l;    and  since  its  terms 

are  all  real  and  positive,  they  are  equal  to  their  own  moduli,  and  so  the  series 
of  moduli  of  the  terms  is  convergent ;  that  is,  the  convergence  is  absolute. 

If  s  =  1,  the  series  becomes 

which  we  have  already  shewn  to  be  divergent;  and  when  s=l,  it  is  d fortiori 
divergent,  since  the  etfect  of  diminishing  s  is  to  increase  the  terms  of  the 

«    1    . 
series.     The  series  2  —  is  therefore  divergent  if  s^l. 
,1=1  n 

10.     The  Comparison-Theorem. 

We  shall  now  shew  that  a  series 

Wi  +  tta  +  M3  +  M4  +  ... 
will  he  absolutely  convergent,  provided  \  m„  [  is  always  less  than  G  \Vn\,  where 
C  is  any  finite  number  independent  of  n,  and  y„  is  the  nth  term  of  another 
series  which  is  known  to  be  absolutely  convergent. 

For  we  have  under  these  conditions 

I  «n+i  i  +  I  M7.+2  I  +  ...  +  I  M„+p  I  <  C  jl  t)„+i  I  +  I  Vn^\  +  ...  +  I  Vn+p\}, 

where  ?i  and  p  are  any  integers.  But  since  the  series  2t;„  is  absolutely 
convergent,  the  series  S  j  v„  |  is  convergent,  and  so 

!Vn+i|  +  |^n+2|  +  •••  +|Vn+p| 

tends  to  zero  as  n  increases,  whatever  p  may  be.     It  follows  therefore  that 

!  ^71+1  I  +  I  Mn+2  I  +  .  •  •  +  !  Un+p  I 

tends  to  zero  as  n  increases,  whatever  p  may  be,  i.e.  the  series  S  |  m„  |  is 
convergent.     The  series  l,u„  is  therefore  absolutely  convergent. 

Corollary.  A  series  will  be  absolutely  convergent  if  the  ratio  of  its 
terms,  to  the  corresponding  terms  of  a  series  which  is  known  to  be  abso- 
lutely convergent,  is  always  finite. 


Example  1 .     Shew  that  the  series 
cos  z  +  ;r«  cos 
is  absolutely  convergent  for  all  real  values  of  z. 


cos  2  +  — „  cos  22  +  ^.  cos3z+  77,  cos  4z  +  . 
2'  Z'  A' 
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For  when  z  is  real,  we  have  I  cos  nz  |  <  1,  and  therefore    — 5—  ^  —, .     The  moduli  of 

'  I  ^    '  \     r?    \^  T)}- 

the  terms  of  the  given  series  are  therefore  less  than,  or  at  most  equal  to,  the  corresponding 
terms  of  the  series 

1  +  22 +  32  "^42 "•"••■' 

which  by  §  9  is  absolutely  convergent.    The  given  series  is  therefore  absolutely  convergent. 


Example  2.     Shew  that  the  series 
1  1 


N  +  " 


where  2„  =  (l+-je"',  (ra==l,  2,  3, ...) 

is  convergent  for  all  values  of  2,  except  the  values  2=21,  Zi,  23, 

The  geometric  representation  of  complex  numbers  is  helpful  in  discussing  a  question  of 
this  kind.  Let  values  of  the  complex  number  2  be  represented  on  a  plane :  then  the  values 
2],  02,  23,...  will  form  a  series  of  points  which  for  large  values  of  n  lie  very  near  the 
circumference  of  the  circle  whose  centre  is  the  origin  and  whose  radius  is  unity:  so 
that  in  fact  the  whole  circumference  of  this  circle  may  be  regarded  as  composed  of  points 
included  in  the  values  2„. 

For  these  special  values  2„  of  2,  the  given  series  is  clearly  divergent,  since  the  term 

—5-; r  becomes  infinite  when  z  =  z~.     The  series  is  therefore  divergent  at  all  points  2 

re2(2-2„)  "  &  f 

situated  on  the  circumference  of  the  circle  of  radius  unity. 

Suppose  now  that  2  has  a  value  which  is  distinct  from  any  of  the  values  2„.     Then 

i :  is  finite  for  all  values  of  n,  and  less  than  some  definite  upper  limit  c :  so  the  moduli 

of  the  terms  of  the  given  series  are  less  than  the  corresponding  terms  of  the  series 

12  ■•■  p  +  32  +  42  +  •  •  • ' 

which  is  known  to  be  absolutely  convergent.     The  given  series  is  therefore  absolutely 
convergent  for  all  values  of  2,  except  the  values  2„. 

It  is  interesting  to  notice  that  the  area  in  the  2-plane  over  which  the  series  converges 
is  divided  into  two  parts,  between  which  there  is  no  intercommunication,  by  the  circle 

|2|  =  1. 

Example  3.     Shew  that  the  series 

2  sin  1  +  4  sin  1  +  8  sin  ^  +  ... +  2"  sin  |,  +  ... 
converges  absolutely  for  all  finite  values  of  z. 

For  when  n  is  large,  the  quantity 

2 

2"  sm  — 

I  3» 


2"R| 

3" 

has  a  value  nearly  unity ;  the  given  series  is  therefore  absolutely  convergent,  since  the 

2"  i  2 1 
comparison  series  2      '    '  is  absolutely  convergent. 
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11.     Discussion  of  a  special  series  of  importance. 

The  theorem  of  §  10  enables  us  to  establish  the  absolute  convergence 
of  a  series  which  will  be  found  to  be  of  great  importance  in  the  theory  of 
Elliptic  Functions. 

Let  a>i  and  Wj  be  any  constants  whose  ratio  is  not  purely  real ;  and 
consider  the  series 

4+s< 


z"^  \{z  —  2mei)i  —  ^nm^y     (2mQ)i  +  ^nw^^] 

where  the  summation  extends  over  all  positive  and  negative  integral  and 
zero  values  of  m  and  n  (the  simultaneous  zero  values  m  =  0,  w  =  0  excepted). 
At  each  of  the  points  z  =  2mo)i  +  2na>i  one  term  of  the  series  is  infinite,  and 
the  series  therefore  is  not  convergent.  The  absolute  convergence  of  the 
series  for  all  other  values  of  z  can  be  established  as  follows. 

Let  z  have  any  value  not  included  in  this  set  of  exceptional  values. 

The  series  may  be  written 


z''         (2mo)i  +  2n<»2)^  (\        2mQ)i  +  'i.ntoj 
Now  when  ]  2to&)i  +  2wa)2  i  is  large  (and  we  can  suppose  the  series  arranged 
in  order  of  magnitude  of  |  2?7t(Bi  +  2?ia)2|),  we  have 

...     .^  V        2mQ)i  +  2na)2/  , 

Limit ^^ =  1. 


2maii  +  2ma)2 
The  series  is  therefore  absolutely  convergent  if  the  series 

2 2. 

(2mci)i  +  2WW2)' 

is  absolutely  convergent :  that  is,  if  the  series 

2 1 

(2?raa)j  +  2«a)2)' 

is  absolutely  convergent. 

To  discuss  the  convergence  of  the  latter  series,  let 
CO,  =  ai  +  t/3i ,     0)2  =  otj  +  i/Ss, 
where  a,,  o-i,  /S,,  /Sj,  are  real.     Then  the  series  of  moduli  of  the  terms  of  this 
series  is 

S- ^ -,. 

{(o,m  +  (hnY  +  (/3i7w  +  ^^nf]* 

This  converges  if  the  series 

S •,  (which  we  may  denote  by  S) 

(m»  +  n»)6  ^  ^  ^     ' 
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converges  ;  for  the  quotient  of  corresponding  terms  is 

1  +  M'  J' 

where  u  =  —  ; 

m 

and  this  is  never  zero  or  infinite. 

We  have  therefore  only  to  stud}'  the  convergence  of  the  series  S.     Now 

X  00  1 

S=    1       t 


X  00  "I 

=  4    2    S        ~ J, 

where  in  the  summation  the  occurrence  of  the  pair  of  values  m  =  0,  n  =  0 
together  is  excluded. 

Separating  S   into   the   terms   for  which  m  =  n,   m  >  h,  and    in  <  n,  re- 
spectively, we  have 

X  1  oom-l  1  oort-1  1 


m  =  l(2m'')*      jn  =  l  n  =  0   (m*  +  «»)*       n=l    m  =  0  (««- +  «")* 
But  2  ,  < 5  <  — , . 

Therefore  i^<  I   ^+2    ^+2    i 

m  =  l  2*7h3      ™  =  1  ™'       «  =  1  « 
"      1  °°      1 

But  the  series   2   — -,  and    2     -     are    known    to    be    convergent.      So    the 

series  S  is  absolutely  convergent.     The  original  series  is  therefore  absolutely 
convergent  for  all  values  of  z  except  the  specified  excluded  values. 

Example.     Prove  that  the  series 

1 
2 


in  which  the  summation  extends  over  all  positive  and  negative  integral  values  and  zero 

values  of  m,,  m^,  ...  m,.,  except  the  set  of  simultaneous  zero  values,  is  absolutely  convergent 

r 
if  M>o  •  (Eisenstein,  Crellt^s  Journal,  xxxv.) 

12.     A  convergency-test  which  depends  on  the  ratio  of  ike  successive  terms 
of  a  series. 

We  shall  now  shew  that  a  series 

U1+U2  +  U3+  M4  +  . . . 

is  absolutely  converrjent,  provided  that  for  all  values  of  n  greater  than  some 

w.  A.  2 


^- 
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fjoed  value  r,  the  quantity  j — ^  is  less  than  K,  where  K  is  some  positive  quantity 
independent  of  n  and  less  than  unity. 

For  the  terms  of  the  series 
are  respectively  less  than  the  terms  of  the  series 
which  is  a  geometric  series,  and  therefore  absolutely  convergent  when  K  <1. 

unity,  the  series  is  absolutely  convergent. 


Thus  if 


tends  as  71  increases  to  a  limiting  value  which  is  less  than 


Example  1.     If  j  c  |<  1,  shew  that  the  series 

0  =  1 

converges  absolutely  for  all  values  of  z. 

For  the  ratio  of  the  (n  4-  l)th  term  to  the  »ith  is 

or  c^'  +  'e*, 

and  if  I  c  |<1,  this  is  ultimately  indefinitely  small. 

Example  2.     Shew  that  the  series 


a-6.      (a-6)(a-26)_      {a-b)(a-2b){a-Sb)  ^ 

Z+    2|-2   +■  3^  2^+  j-j  2'+... 

converges  absolutely  so  long  as  |  z  |<,-i-j  • 

For  the  ratio  of  the  (re  + 1  )th  term  to  the  rath  is    —      z,  or  ultimately  -  62 :  so  the  con- 
dition for  absolute  convergence  is  j  fe  ,<1,  or  kl<-5-j 


|6| 


nz' 


n-l 


Example  3.     Shew  that   the   series    2  -^— ^^^^  converges  absolutely  .so  long  as 

I^Ki. 

For  when  i2|<l,  the  terms  of  the  series  bear  a  finite  ratio  to  those  of  the  series 
Stiz""*;    but  this  latter  .series  is  then   absolutely  convergent,  since  the   ratio  of  the 


(»i4-l)th  term  to  the  rath  is  I  1  +-  )  z,  which  tends  to  a  limit  less  than  unity 


as  H  mcreases. 


13.     A  general  theorem  on  series  /or  which  Limit 


=  1. 


It  is  obvious  that  if,  for  all  values  of  n  greater  than  some  fixed  value  r, 
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I  M„+,  j  is  greater  than  I  w,,  |,  then  the  terms  of  the  series  do  not  tend  to  zero  as 

71  increases,  and  the  series  is  therefore  divergent.    On  the  other  hand,  if    -^' 

!    M» 

is  always  le.ss  than  some  quantity  which  is  itself  less  than  unity,  we  have 
shewn  in  §  12  that  the  series  is  absolutely  convergent.     The  limiting  case 

is  that  in  which,  as  n  increases,   — "ti    tends  to  the  value  unity.     In  this  case 

a  further  investigation  is  necessary. 

We  shall  now  shew  that  a  series 

Ui  +  lu  +u,+  ..., 


in  which 


tends  to  the  limit  unity  as  n  increases,  will  be  absolutely  con- 


vergent if >  for  all  values  of  n  after  some  fixed  value,  we  have 


1  +  C 


where  c  is  a  positive  quantity  independent  of  n. 

For  compare  the  series  S  1 1<„  j  with  the  convergent  series  2i;„,  where 


Vn  = 


and  il  is  a  constant ;  we  have 

■Vn+i  ^  /      W      \ 

v„        \n+l. 


'      ^1+1 

?! 


■(-I) 


1+2      ^  .11 

=  1  —  — —  +  terms  in     ., ,    -- 
n  n-     n' 


As  n  increases,  -""*"'  will  therefore  tend  to  the  limit 

Vn 


1- 


n 


so  that  after  some  value  of  n  we  shall  have 

VnA-x 


Vn 


By  a  suitable  choice  of  the  constant  A,  we  can  therefore  secure  that  for 
all  values  of  n  we  shall  have 

I  Mn  I  <  ■"«• 

As  S«„  is  convergent,  S  |  m„  |   is  therefore  convergent,  and  so  2«„  is  abso- 
lutely convergent. 

0_9 
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Corollary.     If 
form 


Wn+i 


Wn 


can  be  expanded  in  descending  powers  of  n  in  the 


.■  ^1  ^9  Ao 

n       rv'      n^ 

where  -4,,  A^,  A^,  ...   are  independent  of  n,  then  the  series  is  absolutely 
convergent  if  .i4i  <  —  1.  , 

This  is  easily  seen  to  follow  from  the  fact  that  when  n  is  large  the  terms 

—  H +  ... 

become  unimportant  in  comparison  with  A^. 

14.     Convergence  of  the  hyper  geometric  series. 

The  theorems  which  have  been  given  may  be  illustrated  by  a  discussion 
of  the  convergence  of  the  hypergeometric  series, 

a.b        a{a  +  l)b(b+l)         a(a  +  l)ia+2)b{b +  l)(b  +  2) 
^"^l.c    "^     1.2.c(c  +  l)        ^         1.2.3.c(c  +  l)(c+2)  ■^■•■• 

which  is  generally  denoted  by  F{a,  b,  c,  z). 

If  c  is  a  negative  integer,  all  the  terms  after  the  (1  —  c)th  will  be  infinite ; 
and  if  either  a  or  6  is  a  negative  integer  the  series  will  terminate  at  the 
(1  —  a)th  or  (1  —  6)th  term  as  the  case  may  be.  We  shall  suppose  these 
cases  set  aside,  so  that  a,  b,  and  c  are  assumed  not  to  be  negative  integers. 

The  ratio  of  the  (n  +  l)th  term  to  the  ?ith  is 

Un+i  ^  {a  +  n-l)(b  +  n-l)  ^ 
Ufi  n(c  +  n  —  l) 


Therefore 


1+" 

-  1 

n 

n 

1  + 

c-l 
n 

As  n  tends  to  infinity,  this  tends  to  the  limit  \z\.     We  see  therefore  by  §  12 
that  the  series  'is  absolutely  convergent   when   ]  ^^  |  <  1,   and   divergent  when 

\z\>l. 


When  |£;|=1,  we  have 


1  + 


a-\ 


1  + 


zl  +  (« - 1)' 

n  n" 


,      a^-b-c-  1      ,  .11. 

1  +  +  terms  m  — ,    —  ,  etc. 

n  n'     rr 


I 


Now  a,  b,  c  are  in  the  most  general  case  supposed  to  be  complex  numbers. 
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Let  them  be  given  ia  terms  of  their  real  and  imaginary  parts  by  the 
equations 

a=^a'  +  ia", 

b  =  b'+  ib", 

c  =  c'  +  ic". 

Then  (neglecting  the  terms  in  — ,  —  ,  etc.)  we  have 


n-    n' 

^     a+b'-c'-l  +  i  ja"  +  b"  -  c") 
n 

={(-"^±^f^)"- ("■"!:' --or 

,      a'  +  b'-c'-l     ^  .1      1       ^ 

=  1  H h  terms  in  ~  ,  ^ ,  etc. 

By  §  13,  the  condition  for  absolute  convergence  is 

a'  +  b'  -c'  <  0. 

Hence  ivhen  \z\  =  \,the  condition  for  the  absolute  convergence  of  the  hyper- 
geometric  series  is  that  the  real  part  of  a  +  b  —  c  shall  be  negative. 

15.     Effect  of  changing  the  order  of  the  terms  in  a  series. 

In  an  ordinary  sum  the  order  of  the  terms  is  of  no  importance,  and  can 
be  varied  without  affecting^the  result  of  the  addition.  In  an  infinite  series 
however  this  is  no  longer  the  case,  as  will  appear  from  the  following  example. 

Let  2  =  l+l-|  +  l+^-l+|+A-B  +  -. 

and  let  2„  and  Sn  denote  the  sums  of  their  first  n  terms.     These  infinite 
series  are  formed  of  the  same  terms,  but  the  order  of  the  terms  is  different. 

Then  if  k  be  any  positive  integer, 

p  .  11111 

But  P>=-P''-^=2r-l+2k-k  =  W-l-2k- 

Similarly  P^~^ '  P'^'^  =  2lks  -  21^  ■ 

A  series  of  equations  like  this  can  be  formed,  of  which  the  last  is 

Adding  these,  we  have 
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Thus  Xzk  =  S^  +  lS^. 

Making  k  indefinitely  great,  this  gives 

an  equation  which  shews  that  the  effect  of  deranging  the  order  of  the  terms 
in  <Si  has  been  an  alteration  in  the  value  of  its  sum. 

Example.     If  in  the  series 

the  order  of  the  terms  be  altered,  so  that  the  ratio  of  the  number  of  positive  terms  to  the 
number  of  negative  terms  in  S„  is  ultimately  a^,  shew  that  the  sum  of  the  series  will 
become  log  (2a). 

(Manning.) 

16.     The  fundamental  property  of  absolutely  convergent  series. 

We  shall  now  shew  that  the  sum  of  an  absolutely  convergent  series  is  not 
affected  by  changing  in  any  manner  the  order  in  which  the  terms  occur. 

For  let  .  (Si  =  «i +'M^  +  M3  +  «4+ ... 

be  an  absolutely  convergent  series,  and  let  S'  be  a  series  formed  by  the  same 
terms  in  a  different  order. 

Suppose  that  in  order  to  include  the  first  n  terms  of  S,  it  is  necessary  to 
take  m  terms  of  S'.     So  if  ^•  be  any  number  greater  than  m,  we  have 

^k  =  Sn  +  terms  of  S  whose  suffix  is  greater  than  n. 
Therefore 

I'Si'  — /S|<|»S„  — /Si  1  + the  sum  of  the  moduli  of  a  number  of  terras  of  S 
whose  suffix  is  greater  than  n 

^\Sn  —  S\-h\  Un+i  I  +  I  Un+1  \  +  t  «n+3  |  +  •  -  • 

When  n  tends  to  infinity,  |(S„— (Sj  tends  to  zero  since  the  series  S  is  con- 
vergent, and  the  sum 

|Wn+ii  +  |«„+2|-|-JM„+3|  +  ... 

tends  to  zero  also,  since  the  series  is  absolutely  convergent. 

Thus  |)Si'  — (S|  tends  to  zero    when  k  is  indefinitely  increased;    which 
establishes  the  required  result. 

17.     Riemann's  theorem  on  semi-convergent  series. 
We  shallnow  shew  that  a  semi-convergent  series 

Ml  +  Mj  +  %  +  M4  +  •  •  •  > 

mth  real  terms,  may  be  made  to  converge  to  any  desired  real  value,  by  suitably 
disposing  the  order  in  which  the -terms  occur.  This  property  stands  in  sharp 
contradiction  to  that  proved  in  the  last  article ;  an  example  of  it  was 
afforded  by  the  result  of  §15. 
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To  establish  the  theorem,  let  the  positive  terms  in  the  series  be 
and  let  the  negative  terms  be 
Then  the  series 

Mp, +  «y,  +  Mp, +  ... 

and  -  w„,  -  M„,  -  «„3  -  . . . 

cannot  be  both  convergent :  for  if  they  were,  the  original  series  would  be 
absolutely  convergent:  one  of  them  must  therefore  be  divergent:  and  the 
other  cannot  be  convei-gent,  since  in  that  case  the  original  series  would  be 
divergent.     It  follows  that  the  series 

Mp,  +  Up,  +  Mp3  +  .  •  • 

and  -  tf„,  —  Un,  -  «n,  -  •  •  • 

are  both  divergent. 

Now  let  S  be  any  real  number,  and  let  it  be  desired  to  change  the  order 
of  the  terms  in  the  original  series,  in  such  a  way  as  to  cause  it  to  converge 
to  the  sum  S.     Suppose  that  a  terms  of  the  serie.s 

Wp,  +  Mp,  +  Mp3  +  ■ .  • 

have  to  be  taken  in  order  to  obtain  a  sum  greater  than  S,  so  that 

Up,  +  Up^  +  .  • .  +  Mp.-,  <S<Up,+Up^+  ...  +  «p,. 

Take  now  a  number  b  of  the  terms  of  the  .series 

Un,  +  Mn,  +  M»3  +  •  •  •  , 

such  as  are  required  to  make  the  sum 

Up,  +  Mp^  +  . . .  +  Up,  +  Un,  +  «,^  +  . . .  +  («„j 

less  than  8 :  so  that 

Up,  +  Hp,  +  . . .  +  «p.  +  l(  „,  +  ...  +  U,„  -i>S>  Up,  +  Up^+  ...  +  l(p,  +  Un,  +  . . .  +  Urn . 

Take  next  a  number  c  of  the  terms  of  the  series 

Mp,  +Up,+  ... , 

such  as  are  required  to  make  the  sum 

Up,  +  Mp,  +  . . .  +  Up,  +  Un,  +  ;«„,  +  . . .  +  Unt  +  "pn-i  +  •  •  ■  +  Mp.+. 

greater  than  S ;  and  then  take  a  number  d  of  the  terms  of  the  series 

Un,  +  Un,  +  u,^  +  ...  , 
in  such  a  way  as  to  make  the  sum 

Mp,  +  . . .  +  Mpa  +  M,ii  +  . . .  +  Mns  +  Mpa+i  +  •  •  ■  +  Mp.+<  +  ""s+i  +  •  •  •  +  '"'m^ 

less  than  S  again  ;  and  so  on. 

Proceeding  in  this  way,  we  obtain  a  series  whose  sum  at  any  stage  of 
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the  process,  differs  from  S  by  less  than  the  last  term  included.  But  the 
terms  of  the  series 

M,  +  Mj  +  Ms  +  . . . 

are  ultimately  indefinitely  small,  since  the  series  is  convergent ;  we  can 
therefore  in  this  way  obtain  a  series 

Mp,  +  . . .  +  Mp„  +  M„,  +  . . . 

whose  sum  differs  from  S  by  as  little  as  we  please ;  and  it  consists  of  the 
terms  of  the  original  series,  disposed  in  a  different  order.  This  establishes 
the  result  above  stated. 

Corollary.  If  the  terms  of  the  orig;inal  series  are  complex,  they  can  be 
disposed  in  such  an  order  as  to  give  an  arbitrarily  assigned  value  to  either 
the  real  or  the  imaginary  part  of  the  sum. 

18.     Gaitchys  theorem  on  the  multiplication  of  absolutely  cmivergent  seines. 
We  shall  now  shew  that  if  two  series 

S  =  M,  +  U2  +  U3+  ... 

amd  T=  v^  ■Vv^+v,  +  ... 

are  absolutely  convm-gent,  then  the  series 

P  =  Mi»,  +  U^Vi  +  UiVi  +  ... , 

formed  by  the  products  of  their  terms,  written  in  any  order,  is  absolutely  con- 
vergent, and  has  for  sum  ST. 

Suppose  that  in  order  to  include  all  the  terms  of  the  product 

(Mi  +  Wj  +  M3  4-  . . .  +  M„)  (V1+V2+  ...  +  Vn) 

it  is  necessary  to  take  m  terms  of  P ;  and  let  k  be  any  number  greater 
than  m. 

Then 
Pic  =  (ui+Ui+  ...  +  Un) (Vi  +  V2+  ...  +Vn)  +  terms  UaV^  in  which  either  a  or  /9 

is  greater  than  n, 

so  \P^-ST\^\ S„T„-ST\  +  terms  \Ua\\vp\. 

<\ 
Let  (^  +  p)  be  the  greatest  suffix  contained  in  these  suffixes  o  and  ^. 

Then 

\P,-ST\^\S„T^-8T\  +  {\Un+,\+...  +  \Un+p\}{\v,\  +  ...+\Vn^\} 

+  {\u^\  +  ...+\Un\}{\Vr,+r\  +  ...  +  \Vn+p\}. 

Now  when  n  tends  to  infinity, 

1  «n+i  I  + 1  Un+i  I  +  . . .  +  I  Un+p  \  tcnds  to  zcro, 
and  1  !;„+i  I  +  . . .  + 1  v„+p  I  tends  to  zero, 

while  their  coefficients  tend  to  finite  limits. 

Therefore  \Pii  —  ST\  tends  to  zero,  which  proves  the  theorem. 
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Example  1.     Shew  that  the  series  obtained  by  multiplying  the  two  series 

Z        Z^        1?        2* 

2      P      23''"  2< "*"■■■' 

.  ,111 

and  l  +  _  +  ^^ +_  +  ..., 

converges  so  long  an  the  representative  point  of  z  lies  in  the  ring-shaped  region  bounded 
by  the  circles  |z|  =  l  and  |2|  =  2. 

For  the  first  series  converges  only  when  |z|<2,  and  the  second  only  when  |2|>1,  and 
both  must  converge  if  the  product  is  to  converge. 

Example  2.     Prove  by  multiplication  of  series  that 

f  cos  32     cos  bz        \   fff*     2  /cos  2z     cos  iz        W  cos  Sz     cos  50 

|cos.+  — ,    +_^  +  ...J|---(^_^-  +  ^^  +  ...j}=cos2  +  -3j-+^^  +  .... 

For  the  coefficient  of  cos  (2r+l)  z  in  the  product  on  the  left-hand  side  of  the  equation  is 

.J^     _  1  i  _L  /__i +__J I 

9(2r4-l)2     3t=,  (2/;)M(2/;-2r-l)2^(2>i;-|-2r-H)2|' 

■n^ 1      "  f  / i_     _  j_y  ,  /i  _      1     y] 

*"  9(2r-|-l)2     3(2r-)-l)2;tf,  \(^2/;-2r-l      '2.k)'^\2k     2/t-  +  2»-  +  iy  |  ' 

TT^ 1  g    f    2  2 4  ]  1 

"^      9(2r-)-l)2      3(2r-fl)2tl,\(2/(')2'*"(2jf:-l)2      (2/;-2r- l)(2^-|-2r-(-l)/ ■*■  3(2r-|-l)*' 

°''  9(2r-H)2'''3(2r-H)*     3(2r-f  1)2\   "'"22  ■'"32'^42''"""7  ■*'3(2r-f-l)«' 


or 


or 


1 


9(2r-|-l)2^(2r-H)«     3(2r-fl)2  "  6  ' 
1 


(2»--t-l)*' 
which  gives  the  required  result. 

19.     Mertens'  theorem  an  the  multiplication  of  a  semi-convergent  series  by 
an  absolutely  convergent  series. 

We  shall  now  shew  that  if  a  series 

S  =  Ui  +  U2  +  U3+  ... 
is  semi-convergent,  and  another  series 

T=Vi-+v.,  +  V3+  ... 
is  absolutely  convergent,  then  the  series 

P  =  lh+p.,  +  p,+  ... 
where  p„  =  UiV„  +  u., v„_i  -f  . . .  +  m„ v^ , 

is  convergent,  and  its  sum  is  ST. 

For  P„  =  the  sum  of  all  terms  u^v^  in  which  a  -f  /3  <  n  -f  1 

=  (Mt  +  Wj  +  . . .  -t-  ?(„)(^i  +  ^2  +  •  •  •  +  Vit)  -  V^Un  -  V3  (Un  +  Mn-i)  -  •  •  • 

—  t;„(M2-t-Uj-|-...+M„). 
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Therefore 

\P„-ST\^\S„T„-ST\  +  \u„\\v,\  +  \v,\\Un  +  Un-r\  +  ... 

+  \Vn\\u3  +  Us+  ...  +M„|. 

Now  let  k  denote  some  number  about  half-way  between  1  and  n ;  let  e  be 
the  greatest  of  the  quantities 

|M»i,    |m„-|-M«-,|,    ...  |m„  +  W„_,  +  ...  +W„_4|, 

and  let  7  be  the  greatest  of  the  quantities 

i  II,,  +  ...+  Un-k-i  I,    ••■!««  +  M»-i  +  . . .  +  «<^  |. 

Then 

\Pn-ST\^\Sr,T„-8T\  +  e{\v,\  +  \v,\  +  ...  +  \v,+,\}-)-y{\Vt+,\+...  +  \Vn\}. 

As  n  tends  to  infinity,  e  and  {|  wt+s]  +  ...  +  j  t;«l}  are  infinitesimal,  while 
{|i;j|  +  ...  +j  Vi+2|}  and  y  are  finite.  So  every  term  on  the  right-hand  side 
of  the  last  equation  is  infinitesimal,  and  therefore  in  the  limit 

P  =  ST, 
which  establishes  the  theorem. 

20.     Abel's  result  on  the  multiplication  of  series. 

We  shall  next  prove  a  still  more  general  theorem  due  to  Abel*,  which 
may  be  stated  thus : 

00  oo 

Let  two  series  2  ?/„  and  2  v„  converge  to  the  limits  U  and  V  respec- 
tively,  and  let  the  quantity 

UiVn  +  IhVn-i  +  • . .  +  UnVi 

be  denoted  by  w„.     Then  if  the  series 

converges  at  all,  it  converges  to  the  sum  UV. 

It  will  be  noticed  that  none  of  the  series  considered  need  be  absolutely 
convergent. 

We  shall  follow  a  method  of  proof  due  to  Cesarof . 

Lemma  I.     If  a.  set  of  quantities  s^,  Sj,  s^,  ...  tend  to  a  limdt  s,  then 

.    .    1    " 

Limit  -   2  Si  =  s. 

n  =  ao      n  j  =  l 

For  if  e  be  any  small  positive  number,  we  can  find  a  number  k  such  that 
the  inequality 

\Sr  —  s\<e 

is  satisfied  for  all  values  of  r  greater  than  k.     We  have  therefore 

2     «  1      '^  J^  i=rt  1     " 

-  2  Si  =  -  2  Si  -t-  -  2  s  -f-  -  2  (si  -  s). 

«.  =  1  Wi=l  «,  =  *  Wi  =  4 

•   Crelle's  Journal,  i.  (1827). 

t  Bulletin  des  Hciences  math.  (2)  xiv.  (18i)0). 
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Thus 


1»  7l-i+l|l*,,l», 


14,     ,     n  -  A-  +  1 

n  ,=1       '  n 

1    *■ 
Now  make  n  infinitely  great  compared  with  k ;  then  -  2  \Si\  tends  to  zero, 

and  tends  to  unity, 

I  1   ", 

and  so  Limit  -  '^  Si-  s   <  e ; 

I     n=ao      ^  1  =  1 

and  as  e  can  be  made  as  small  as  we  please,  this  establishes  the  Lemma. 

Lemma  II.     If,  as  n  increases  indefinitely,  an  and  6„  tend  respectively 
to  the  limits  a  and  h,  then 

Limit  -  (tt]  hn  +  a„h,i_i  + . . .  +  a„6i)  =  ah. 

ji  =  00    n 

To  prove  this,  let  v  be  the  greatest  integer  contained  in  ^».     Then  if  e  be 
any  small  positive  number,  we  can  take  n  so  great  that  the  inequality 

\br  —  b\<e 
holds  so  long  as  r  >  n  —  v. 

Hence  | a^ (b,,  -b)  +  a^ (6,^, -b)+  ...  +  a^ (&»-i/+i  -  b) | 

<€{\a,\  +  \a^\  +  ...  +  \a,\}. 

Hence  Limit  -  ]  aj  (6„ -  6)  +  o^ (6„_i  —  b)+  ...  +  a^  (i»-v+i  -  '>)  | 

n—oD     n 

<  eLimit- jjai]  +  [  a,!  +  ...  +  |  a„  |) 

71=00    n 

<  e  I  a  I ,  by  Lemma  I. 

The  right-hand   side   of   this  inequality  can  be  made  as  small  as  we 
please ;  hence 

Limit  -  {a, (6„ -b)  +  a., (6„_,  -b)+  ...  +  a„ (bn-p+i  -  b)}  =  0, 

n=ac      n 

or  Limit  -  (aib„+  a„6„_i+  . . .  +  a^bn-^+i)  \ 

n=x    n 

=  it  X  Limit  -  («!  +  a.,  +  ...  +a^) 

=  ^ab,  by  Lemma  I. 
Similarly 

Limit  -  (a„+i6„_^  +  a^+.ibn-„+,  +  ...  +  f'n^i)  =  ia^- 

n=oo     n 
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Adding  the  last-  two  equations,  we  have 

Limit  (ttibn  +  a^bn-i  +  . . .  +  Onbi)  =  ab, 

n=ao 

which  establishes  Lemma  II. 

Now  let  Wn  denote  the  sum  of  the  n  first  terms  of  the  series 

considered  in  the  above  enunciation  of  Abel's  result,  we  have 

Wn  =  Ml  F„  +  l^Vn-i  +...+«„  Fi , 

where  C/„  and  F„  are  used  to  denote  the  sums  of  the  first  n  terms  of  the  series 
fTand  V.     From  this  we  have 

W,+  W,  +  ...+  Wn=U,Vn+  t/,F„_,+  ...  +  Cr„F,, 
and  so  by  Lemma  II.  it  follows  that 

Limit  ~(W,  +  W,+  ...+Wn)=  UV. 

But  if  the  set  of  quantities   W^,    W^,   W^,  ...  tend  to  a  limit    W,  we  have 
by  Lemma  I. 

Limit  -(TF,  +  F,  +  ...  +  Wn)  =  W. 

Hence  W=UV, 

which  establishes  Abel's  result. 

Example  1.     Shew  that  the  series 

V2V3     V4^- 


is  convergent,  but  that  its  square  (formed  by  Abel's  rule), 
,      2       /2       l\/2        2\ 

is  divergent. 

Example  2.     If  the  convergent  series 

'='-1  +  ^-1^- 

be  multiplied  by  itself,  the  terms  of  the  product  being  arranged  as  in  Abel's  result,  shew 
that  the  resulting  series  is  divergent  if  /•  ^  ^,  but  that  it  converges  to  the  sum  *S"^  when 
r<i. 

^  (Cauchy  and  Cajori.) 

21.     Power-Series. 

A  series  of  the  type 

a„  +  a^z  +  a^z- +  a^s?  +  . . . , 
in  which  the  quantities  a^,  a^,  a^,  a^ ...  are  independent  of  z,  is  called  a  series 
proceeding  according  to  ascending  powers  of  z,  or  briefly  a  power-series. 
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We  shall  now  shew  that  if  a  power-series  converges  for  any  value  z^  of  z, 
it  will  be  absolutely  convergent  for  all  values  of  z  whose  representative  points 
are  within  a  circle,  which  passes  through  z^  and  has  its  centre  at  the  origin. 

For  if  z  be  such  a  point,  we  have  1 2:  |  <  |  Zo  !•    Now  since  Sa„«„"  converges, 

»-0 

the  quantity  UoZo"  must  tend  to  zero  as   n   increases  indefinitely,  and  so 
we  can  write 

en 


an  =-. 


where  e^  tends  to  zero  as  n  increases.    Thus 

'  z 


a„   +  I  aJ  La   +  I  Oa  I  ^  |-  +  . . .  =  6„  +  61 


z  z 

"  !  +  eo   - 


+  6,1 

•2o 


Now  ultimately  every  term  in  the  series  on  the  right-hand  side  is  less 
than  the  corresponding  term  in  the  convergent  geometric  series 


2 

n=0 


Z 
Z„ 


the  series  is  therefore  convergent;  and  so  the  power-series  is  absolutely 
convergent,  as  the  series  of  moduli  of  its  terms  is  a  convergent  series  ; 
which  establishes  the  result  stated. 

It  follows  from  this  that  the  area  in  the  ^-plane  over  which  a  power- 
series  converges  must  always  be  a  circle ;  for  if  the  series  converges  for  any 
point  outside  the  particular  circle  which  has  just  been  found,  we  can  (by 
taking  this  point  as  the  point  z^  obtain  a  new  and  larger  circle  within  which 
the  series  will  converge. 

The  circle  in  the  ^^-plane  which  includes  all  the  values  of  z  for  which 
the  power-series 

tto-f  aiZ  +  a^z^  +  a-iZ^  +  ... 

converges,  is  called  the  circle  of  convergence  of  the  series.  The  radius  of 
the  circle  is  called  the  radius  of  convergence. 

The  radius  of  convergence  of  a  power-series  may  be  infinitely  great ; 
as  happens  for  instance  in  the  case  of  the  series 

z'      z^ 
^-3!  +  5!--' 

which  represents  the  function  sin  z ;  in  this  case  the  series  converges  for  all 
finite  values  of  z  real  or  complex,  i.e.  over  the  whole  2:-plane. 

On  the  other  hand,  the  radius  of  convergence  of  a  power-series  may  be 
infinitely  small ;  thus  in  the  case  of  the  series 

l  +  Wz  +  V-z-'+V.^  +  ^slz'^..., 


we  have 


■■n\z\ 


30  THE   PROCESSES  OF  ANALYSIS.  [CHAP.  II. 

which,  for  all  values  of  n  after  some  fixed  value,  is  greater  than  unity  when 
z  has  any  value  different  from  zero.  The  series  converges  therefore  only  at 
the  point  z  =  0,  and  its  circle  of  convergence  is  infinitely  small. 

A  power-series  may  or  may  not  converge  for  points  which  are  actually  on 
the  circumference  of  the  circle ;  thus  the  series 

Z          Z'^        !?        Z* 
1-1 1 1 1 L 

1"     2*     3*     4"  ' 

whose  radius  of  convergence  is  unity,  converges  or  diverges  at  the  point  z=\ 
according  as  s  is  greater  or  not  greater  than  unity,  as  was  seen  in  §  9. 

22.     Convergency  of  series  derived  from  a  power-series. 

Let  Uo  +  UiZ  +  a^z'' +  a-^z^  +  a^z*  +  . . . 

be  a  power-series,  and  consider  the  series 

a,  +  2as2  +  SasZ^  +  4<atZ'^  +  ..., 

which  is  obtained  by  differentiating  the  power-series  term  by  term.  We 
shall  now  shew  that  the  derived  series  has  the  same  circle  of  convergence  as  the 
original  series. 

For  let  ^;  be  a  point  within  the  circle  of  convergence  of  the  power -series ; 
and  choose  a  positive  quantity  r,  intermediate  in  value  between  |  z  |  and  the 

radius  of  convergence.    Then,  since  the  series  S  anr^  converges  absolutely,  its 

n=0 

terms  must  decrease  indefinitely  as  n  increases ;  and  it  must  therefore  be 

possible  to  find  a  positive  quantity  M,    independent   of  n,    such  that  the 

inequality 

,      M 

is  tnie  for  all  values  of  »i. 

Then  the  terms  of  the  series 

iw|a„||^|''-' 
n=l 

are  less  than  the  corresponding  terms  of  the  series 

r  ,=1    r»-i 
But  in  this  series  we  have 


1  + 

M„  n      r       \       n/   r 


I) 


which,  for  all  values  of  n  greater  than  some  fixed  value,  is  constantly  less  than 
unity ;  this  comparison-series  therefore  converges,  and  so  the  series 

2n|a„||^|"-' 

n=l 
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converges ;  that  is,  the  series  S  na„z"~^  converges  absolutely  for  all  points  z 

M-l 

situated  within  the  circle  of  convergence  of  the  original  series  2  a„2",  and  the 

M  =  0 

two  series  have  the  same  circle  of  convergence. 

Similarly  it  can  be  shewn  that  the  series  2  -^  ,   ,  which  is  obtained  by 
integrating  the  original  power-series  term  by  term,  has  the  same  circle  of 

00 

convergence  as  2  a,,^". 

«=o 

23.     Infinite  Products. 

We  proceed  now  to  the  consideration  of  another  class  of  analytical  ex- 
pressions, known  as  infinite  products. 

Let    l-t-Oi,    \  +  a.i,   l+tts,  ...    be   an  infinite  set   of  quantities.      If  as 
n  increases  indefinitely,  the  product 

(1  +ai)(H-a2)(l-|-as)...(l  4- a„) 

(which  we  may  denote  by  n„)  tends  to  a  definite  limit  other  than  zero,  this 
is  called  the  value  of  the  infinite  product 

n=(l-t-ai)(l  +  a2)(l+as)  •••, 
and  the  product  is  said  to  be  convergent. 

The  product  is  often  written  11  (1  +  a„). 

re  =  l 

If  the  value  of  the  product  is  independent  of  the  order  in  which  the 
factors  occur,  the  convergence  of  the  product  is  said  to  be  absolute. 

The  condition  for  absolute  convergence  is  given  by  the  following  theorem  : 
in  order  that  the  infinite  product 

{I  -\-  a^){\  +a^){l  +  a^)  ... 
nvay  he  absolutely  convei-gent,  it  is  necessary  and  sufficient  that  the  series 

ai  +  a„  +  tts  +  . . . 
should  be  absolutely  convergent. 

For  n„  =  eioff(l+a,)+\os(l  +  a.,)+...+ltm{l+a„)^ 

so  that  n  is  absolutely  convergent  or  not  according  as  the  series 

log  (1  +  ffli)  +  log  (1  +  a.,)  -I-  log  (1  +  as)  -f  . . . 
is  absolutely  convergent  or  not.      But  since  log(l  +  a,)  is  nearly  equal  to  a, 
when  Ur  is  small,  the   terms  of  this  series  always  bear  finite  ratios  to  the 
corresponding  terms  of  the  series 

a,  +  ttj  -f  tta  -f  . . . , 

and  so  the  absolute  convergence  of  one  sei-ies  entails  that  of  the  other ;  which 
establishes  the  result*. 

*  A  discussion  of  the  convergence  of  infinite  products,  in  whicli  the  results  are  derived 
without  makipg  use  of  the  logarithmic  function,  is  given  by  Pringsheim,  Math.  Ann.  xxxni. 
pp.  119—1.54. 
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Example.    Shew  that  the  infinite  product 

sin  z    sin  ^z    sin  \z    sin  ^z 

z    '     ^z    '  ""p    ■     ^z    ■•• 

is  absolutely  convergent  for  all  values  of  z. 

.     z 
sin  - 

For  when  n  is  large,  ——  is  of  the  form  1  — | ,  where  X„  is  finite  ;  and  the  series 
n 

«      \  oc       1 

2   -|  is  absolutely  convergent,  as  is  seen  on  comparing  it  with    2     ...     The  infinite  pro- 
duct  is  therefore  absolutely  convergent. 

24.     Some  examples  of  infinite  products. 
Consider  the  infinite  product 

i^-$){^-£)i^ -£)■■■■ 

which  represents  the  function . 

In  order  to  find  whether  it  is  absohitely  convergent,  we  must  consider  the 
series  2  aliS '  ^^  ~2  -^  ~2  >  ^^^^  series  is  absohitely  convergent,  and  so  the 
product  is  absolutely  convergent  for  all  finite  values  of  z.  ^ 

But  now  let  this  product  be  written  in  the  form 

('-;)('-^)('-.y('+fJ-- 

The  absolute  convergence  of  this  product  depends  on  that  of  the  series 

z      z       z         z 
•K      IT      tir      27r 

But  this  series  is  only  semi-convergent,  since  its  series  of  moduli 

\z\      \z\      \z\      \z\ 

IT  IT  Air         ZTT 

is  divergent.  In  this  form  therefore  the  infinite  product  is  not  absolutely 
convergent,  i.e.  if  the  order  of  the  factors  (l  +  J  is  deranged  there  is 
a  risk  of  altering  the  value  of  the  product. 

Lastly,  let  the  same  product  be  written  in  the  form 

{(-~)-}{('-;)-}((-fJ""}{(-i)«-- 

in  which  each  of  the  expressions 

1   ± ]  e    mir 

\         m-rr/ 


24]  THE   THEORY   OK   AB.SOI-UTE   CONVERGENCE.  33 

is  counted  as  a  single  term  of  the  infinite  product.     The  absohite  convergence 
of  this  product  depends  on  that  of  the  series 

{.o.(i-|).i|.|iog(in)-;|. {.«.(.-,;). 4}+..., 

■»•      (-2S+-)  +  (-2C-+-)+(-&?2-+-)  +  (-5^="t'+-)' 
and  the  absolute  convergence  of  this  series  follows  from  that  of  the  series 

1  +  l  +  22+^j+jp+p+pH-p+  .... 

The    infinite    product    in    this    last    form    is   therefore    again    absolutely 

convergent,  the  adjunction  of   the    factors  e  ""    having    changed    the    con- 
vergence from  conditional  to  absolute. 

Example  1.     Prove  that    n   ■!(!--; J  «"[  is  absolutely  convergent  for  all  values  of 

z,  if  c  is  a  constant  other  than  a  negative  integer. 

For  the  infinite  product  is  absolutely  convergent  provided  the  series 

■      -r  Z    fzc-iz^  ,  ,  .1       1,1. 

I.e.  if  ^    i if — h  terms  \n  —., ,  — :  etc.  >  is, 

n=i  \     v?'  «•*'  n^        J 

00       J 

and  on  comparison  with  the  convergent  series  2  — ^ ,  this  is  seen  to  be  tlie  case. 

11=  iW 

Example  2.     Shew  that     n   -jl-fl  — )      '""[  converges  for  all   points  2  situated 
outside  a  circle  whose  centre  is  the  origin  and  radius  unity. 

For  the  infinite  product  is  absolutely  convergent  provided  the  series 

2    (1--)      Z-" 

is  absolutely  convergent.     But  as  ?i  increases,  ( 1  —  ]      tends  to  tlie  finite  limit  e,  so  the 
ratio  of  the  (?i  +  l)th  term  of  the  .series  to  the  »th  term  is  ultimately  -  ;  there  i.s  therefore 
absolute  convergence  when    -<1,  or  \z\>\. 
Example  .3.     Shew  that 

2(z+l)(2  +  2)...(«  +  »-l)" 
tends  to  a  finite  limit  as  11  increases  indefinitely,  unless  z  is  a  negative  integer. 

W.  A.  3 


--e  ^""«^sin^. 
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For  the  expression  can  be  regarded  as  a  product  of  which  the  wth  term  is 

.f„("r)''"(-9'('-y"-»'{'-'t^-™'"i}- 

This  product  is  therefore  absolutely  convergent,  provided  the  series 

is  absolutely  convergent ;  and  a  comparison  vrith  the  convergent  series  2    — ^  shews  that 

this  is  the  case.    When  2  is  a  negative  integer  the  expression  clearly  becomes  infinite  owing 
to  the  vanishing  of  one  of  the  factors  in  the  denominator. 

Example  4.     Prove  that 

'(■-^)(-»)(-:)('-3^)(-/.)('-4)-=' 

For  the  given  product 

='-;»"('-|)('-i)('*l)-('-<aVJ('-i)('+K) 

-^/-,J+,_JJ  +  i L_l  +  i\ 

n-V  2  3    4      2  24-1      2*      */ 

=  Limit  e'i\}-i'^r-'^W^\-ik)  2  ( 1  - -)e'(l  +  -]«""  (l -^  Je^(  1+^  \e't'  ..., 
since  the  product  whose  factors  are 

is  absolutely  convergent  and  so  the  order  of  its  factors  can  be  altered. 

Since  log2  =  l-J  +  J-J  +  ^-..., 

this  shews  that  the  given  product  is  equal  to 


=  Limit 


«-„"«' sin  2. 


25.     Cauchy's  theorem  on  products  which  are  not  absolutely  convergent. 
We  shall  now  shew  that  if 

Ml  +  a.^  +  as  +  «4  +  . . . 

is  a  semi-convergent  series  of  real  terms,  then  the  infinite  product 

(1  +a,){\+a^{\+a;)... 
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converges  (though   not   absolutely)  or  diverges  {to   the  value  zero),  according 
(IS  the  series 

ai'  +  ai''+  a3'+  ... 

is  convergent  or  divergent. 

For  the  infinite  product  in  question  converges  (though  not  absolutely) 
or  diverges  (to  the  value  zero)  according  as  the  series 

log  (l  +  a,)  +  log(l +«,)+... 

is  semi-convergent  or  diverges  to  the  value  —  »  . 

71  =  00 

Now  since  the  series    S  a„  is  convergent,  the  quantities  a„  ultimately 

n  =  l 

diminish  indefinitely,  and  therefore  we  can  write 

a  ^ 
log  (1  +  a„)  =  a„  -2(1+  e„), 

where  ie„|  tends  to  zero  as  n  tends  to  infinity. 

«=« 
If  the  series  2  a,,'- diverges,  it  is  clear  therefore  that  the  series  S  log(l  4-ffl„) 

n  =  \ 

71=30 

must  diverge  to  the  value  —  x  ;   if  on  the  other  hand  the  series    2  a„^  con- 

n=l 
n  =  oo 

verges,  the  series  2  log  (1  +  a„)  is  convergent.     From  this  the  results  relating 

n  =  l 

to  the  infinite  product  follow  at  once. 
26.     Infinite  Determinants. 

Infinite  series  and  infinite  products  are  not  by  any  means  the  only  known 
cases  of  infinite  processes  which  can  lead  to  convergent  results.  The  re- 
searches of  Mr  G.  W.  Hill  in  the  Lunar  Theory*  brought  into  notice  the 
possibilities  of  infinite  determinants. 

The  actual  inveistigation  of  the  convergence  is  due  not  to  Hill  but  to  Poincare,  Bull,  de 
la  Soc.  Math,  de  France,  xiv.  (1886),  p.  87.  We  shall  follow  the  exposition  given  by 
H.  von  Koch,  Acta  Math.  xvi.  (1892),  p.  217. 

Let  Aiit{i,k  =  —  ao  , ...  +  x>)he  a.  doubly-infinite  set  of  given  numbers,  and 
denote  by 

the  determinant  formed  of  the  quantities  Aj*  {i,k  =  —  m—  ...  +  m) ;  then  if, 
for  indefinitely  increasing  values  of  m,  the  quantity  D,n  has  a  determinate 
limit  D,  we  shall  say  that  the  infinite  determinant 

[-4i*]i;*-=-oo,..  +  a! 

is  convergent  and  has  a  value  D.  In  the  case  in  which  the  limit  D  does  not 
exist,  the  determinant  in  question  will  be  said  to  be  divergent. 

*  Reprinted  in  Acta  Mathematica,  viii.  pp.   1 — 36  (1886). 
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The  elements  Aii{i=  —  oo  ...  +  oo  )  are  said  to  form  the  principal  diagonal 
of  the  determinant  D  ;  the  elements  Aii[{k-=  oo  ...  +  oo  )  are  said  to  form  the 
line  i;  and  the  elements  A ii^{i  =  —  oo  ...  +00)  are  said  to  form  the  column  k. 
Any  element  Ani  is  called  a  diagonal  or  a  non-diagonal  element,  according 
as  i  =  k  or  i  "^  k.     The  element  -4(,_„  is  called  the  origin  of  the  determinant. 

27.     Conve7-gence  of  an  infinite  determinant. 

We  shall  now  shew  that  an  infinite  determinant  converges,  provided  the 
product  of  the  diagonal  elements  converges  absolutely  and  the  sum  of  the  non- 
diagonal  elements  converges  absolutely. 

For  let  the  diagonal  elements  of  an  infinite  determinant  D  be  denoted 
by  1  +  aji (t  =  —  00  ...  +  00  ),  and  let  the  non-diagonal  elements  be  denoted 

I  =  —  00  . . .  +  X  ■ 


by  ttft    i  >  k, 


k  = 


00 


+  00 


,  so  that  the  determinant  is 


Then  since  the  series 


i     I  atifc  1 


i,h= 

is  convergent,  the  product 

p=  n  (1  + 

is  convergent. 

Now  form  the  products 


Pm=  n 

r=-7 


m       / 
1=  -m    \ 


1+   s 

Tin 

1+    2 


!««! 


dik 


a* 


1)^ 


then  if,  in  the  expansion  of  P,„,  certain  terms  are  replaced  by  zero  and 
certain  other  terms  have  their  signs  changed,  we  shall  obtain  Dm ;  thus,  to 
each  term  in  the  expansion  of  D^  there  corresponds  in  the  expansion  of  P„, 
a  term  of  equal  or  greatei-  modulus.  Now  D^+p  —  Dm  represents  the  sum  of 
those  terms  in  the  determinant  Dm+p  which  vanish  when  the  quantities 
a,jt  {i,  ^■  =  +  (m  +  1) ...  +  (m  -f-p)j  are  replaced  by  zero ;  and  to  each  of  these 
terms  there  corresponds  a  term  of  equal  or  greater  modulus  in  Pm+p  —  Pm  ■ 


Hence 


I  -^vi+p       -^n 


^  -^  m+p       .t^n 


As  the  quantities  Pm,  Pm+i,  ■■■  tend  to  a  fixed  limit,  the  quantities  Dm, 
Dm+i,  •■•  will  therefore  tend  to  a  fixed  limit.    This  establishes  the  proposition. 
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28.  We  shall  now  sliew  that  a  determinant,  of  the  convergent  form 
already  considered,  remains  convergent  when  the  elements  of  any  line  are 
replaced  by  any  set  of  quantities  whose  moduli  are  all  less  than  some  fixed 
positive  number. 

Replace,  for  example,  the  elements 

•  •  •  -"0,  — wtj  •••       -^0  •  ••  -^o^m  •  •  * 

of  the  line  0  by  the  quantities 

•  •  •  M— )n  )  •  •  •       ^0  —  /^irt  •  ■  • 

which  satisfy  the  inequality 

I  Mr  i  <  /^, 

where  /i  is  a  positive  number;  and  let  the  new  values  of  J9,„  and  D  be 
denoted  by  £>,„'  and  D'.  Moreover,  denote  by  P,„'  and  P'  the  products 
obtained  in  suppressing  in  P^  and  P  the  factor  corresponding  to  the  index 
zero ;  we  see  that  no  term  of  !)„,'  can  have  a  greater  modulus  than  the  cor- 
responding term  in  the  expansion  of  ytiP,,,' ;  and  consequently,  reasoning  as 
in  the  last  article,  we  have 

I  ^  m+p       -^JM    I  ^  H'-^tn+p       /*■'  m  i 

which  establishes  the  result  stated. 

Example.     Shew  that  the  necessary  and  sufficient  condition  for  the  absolute  conver- 
gence of  the  infinite  determinant 

1     a,     0    0     .. 
;3,    1     02   0     .. 

0      ^2       1      «3     •• 

is  that  the  series 

"131+02/32  +  03^3+... 

shall  be  absolutely  convergent.  (vou  Koch.) 


Miscellaneous  Examples. 

1.  Find  the  range  of  values  of  z  for  which  the  .series 

2sin''^-4sin-'3-(-8.sin«2-...  +  (-l)»  +  i2"sin*'z  +  ... 
is  convergent. 

2.  Shew  that  the  series 

1  _     1        _1 1 

z      ^  +  l"*'2  +  2     /+3 


is  semi-convergent,  except  for  certain  exceptional  values  of  z  ;  but  that  the  series 

I,    i_,     ,     1     _J L__ 1 ,      1      1 

2      2-1-1     ■■■     2+p-l      z+p     z+p->rl     ■■■     z  +  ip  +  q-l      z  +  'ip-^q    "" 
in  which  (p  +  q)  negative  terms  always  follow/)  positive  terras,  is  divergent.        (Simon.) 
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3.    Shew  that  the  series 
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1111 

.  +  -5+—  +-i+- 


1" 


3»      4" 


(l<«</3) 


is  convergent. 

4.  Shew  that  the  series 

is  convergent. 

5.  Shew  that  the  series 


(Cesaro.) 


a  +  ^2  +  a»  +  /3*  +  . 


(O<o</3<1) 


(Cesaro.) 


■(('^y-} 


converges  absolutely  for  all  values  of  z,  except  the  values 

(a  =  0,  1  ;  ^'  =  0,  1,  ...  m-  1  ;  7h  =  \,  2,  ...  x  ). 

6.  If  «„  denote  the  sura  of  the  first  n  terms  of  a  convergent  series  whose  sum  is  s, 
shew  that 

Limit  e-«  |«o  +  s,  ];  +  *2  2!  +  ^-'3!'''-/"*' 

7.  In  the  series  whose  general  term  is 

Un  =  q''-'x    ^    ,  (0<j<l<a;) 

where  v  denotes  the  number  of  figures  in  the  expression  of  n  in  the  ordinary  decimal  scale 
of  notation,  shew  that 

Limit  M„"  =  9', 

and  that  the  series  is  convergent,  although  the  quantity  -5i?  is  infinitely  great  when  n  is 
infinitely  great  and  of  the  form  1  + 10"  - 1.  (Lerch.) 

8.  Shew  that  the  series 

4 

where  q,i  =  q^'^n,  {0<q<l) 

is  convergent,  although  the  ratio  of  the  (K  +  l)th  term  to  the  /ith  is  greater  than  unity 


when  n  is  not  a  triangular  number. 
9.     Shew  that  the  series 


(Cesaro.) 


2 


„=o  («'  +  »)'' 

where  w  is  real,  and  where  {w  +  n)'  is  understood  to  mean  c'losC"*"),  the  logarithm  being 
taken  in  its  arithmetic  sense,  is  convergent  for  all  values  of  a,  when  the  imaginary  part  of 
x  is  positive,  and  is  convergent  for  values  of  »  whose  real  part  is  positive,  when  a:  is  real. 

«   (-l)"  +  »  .  ^     , 

n=l 

(Cajori.) 


10.     Shew  that  the  gth  power  of  the  convergent  series   2 


- — <r,  and  divergent  when  -        >r. 
1  9 
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11.  If  the  two  semi-convergent  series 

where  ;■  and  s  lie  between  0  and  1,  be  multiplied  together,  and  the  product  arranged  as  in 
Abel's  result,  shew  that  the  necessary  and  sufficient  condition  for  the  convergence  of  the 
resulting  series  is  r-t-«>l.  (Cajori.) 

12.  Shew  that  if  the  series 

be  multiplied  by  itself  any  number  of  times,  the  terms  of  the  product  being  arranged  as 
in  Abel's  result,  the  resulting  series  converges.  (Cajori.) 

13.  Shew  that  the  yth  power  of  the  series 

(t,  sin  ^  +  «2  sin  25  + . . .  +  a„  sin  nd  + . . . 

is  convergent  whenever <r,  r  being  the  maximum  number  satisfying  the  relation 

for  all  values  of  n. 

14.  Shew  that  if  6  is  not  equal  to  0  or  a  multiple  of  'in,  and  if  the  quantities 
«(,,  Ml,  u.,,  ...  are  all  of  the  same  sign  and  continually  diminish  in  such  a  way  that  the 
limit  of  «„  is  zero  when  n  is  infinite,  then  the  series  2m„  cos  (nd  +  a)  is  convergent. 

Shew  also  that,  if  the  limit  of  «„  is  not  zero,  but  all  the  other  conditions  above  are 

satisfied,  the  sum  of  the  series  is  oscillatory  if  -  is  commensurable,  but  that,  if  -  is  in- 

commensurable,  the  sum  may  have  any  value  between  certain  limits  whose  difference  is 
a  cosec^^,  where  a  is  the  limit  of  m„,  when  n  is  infinite. 

(Cambridge  Mathematical  Tripos,  1896,  Part  I.) 

15.  Prove  that 

.?,(('-3"-'---f-----}. 

where  i  is  any  positive  integer,  converges  absolutely  for  all  finite  complex  values  of  z. 

16.  Let  2  5„  be  an  absolutely  convergent  series.     Shew  that  the  infinite  determinant 

n  =  I 


A(c)  = 


2^-00 

-6, 
2? -6, 


-6, 


i'-e. 

i^-6. 

-2Y-d„ 

-6, 

2'-6o 

2' -00 

-e. 

c'-0o 

<y-6. 

0-^-00 

-0, 

-6i 

4^-6„ 


2' -00 

-A 

i'-0n 


■2-'-0„ 

-J? 

i'-0. 


(fi-00 

(<-•  + 2)2-^0 

2^-fln 


-e, 


4« 

-0, 

- 

6. 

i'' 

-e. 

6, 

<^-0o 
-6, 

2^-00 


-0,  {c  +  i)\-0j, 


4^-00 


i-'-O,, 


A(c)  =  0 


converges  :  and  shew  that  the  equation 

is  equivalent  to  the  equation 

sin2  ^  =  A  (0)  sin2  ^^o*- 


(Hill.) 


CHAPTER  III. 

The  Fundamental  Properties  of  Analytic  Functions  ; 
Taylor's,  Laurent's,  and  Liouville's  Theorems. 

29.     The  dependence  of  one  complex  number-  on  another. 

The  problems  with  which  Analysis  is  mainly  occupied  relate  to  the 
dependence  of  one  complex  number  on  another.  If  z  and  f  are  two  complex 
numbers,  so  connected  that  the  value  of  one  of  them  is  determined  by  the 
value  of  the  other,  e.g.  if  f  is  the  square  of  z,  then  the  two  numbers  are 
said  to  depend  on  each  other. 

This  dependence  must  not  be  confused  with  the  most  important  case  of 
it,  which  will  be  explained  later  under  the  title  of  analytic  functionality. 

If  f  i.s  a  real  function  of  a  real  variable  z,  then  the  relation  between  f  and  z,  which 
may  be  written 

can  be  visualised  by  a  curve  in  a  plane,  namely  the  locus  of  a  point  whose  coordinates 
referred  to  rectangular  axes  in  the  plane  are  {z,  f).  "No  such  simple  and  convenient 
geometrical  figure  can  be  found  for  the  purpose  of  visualising  an  equation 

considered  as  defining  the  dependence  of  one  complex  number  (=^  +  irj  on  another 
complex  number  z  =  x  +  i)/.  A  representation  strictly  analogous  to  the  one  already  given 
for  real  variables  would  require  four-dimensional  .space,  since  the  number  of  quantities 
(,  rj,  X,  y,  is  now  four. 

One  suggestion  (made  by  Lie  and  Weierstrass)  is  to  use  a  doubly-manifold  system  of 
lines  in  the  quadruply-manifold  totality  of  lines  in  three-dimensional  space. 

Another  suggestion  is  to  represent  f  and  r)  sejiarately  by  means  of  surfaces 

l  =  l(^,y),      r,  =  r,{x,y). 

A  third  suggestion,  due  to  Heffter*,  i.s  to  write 

then  draw  the  surface  r=r(x,y) — which  may  be  called  the  modular -surface  of  the 
function — and  on  it  to  expre.ss  the  values  of  6  by  surface-raarking.s.  It  might  be 
possible  to  modify  this  suggestion  in  various  ways  by  representing  6  by  curves  drawn 
on  the  surface  r=r{x,  y). 

*  ZeituchriftfSr  Math.  u.  PInjs.  xliv.  (1899),  p.  as.-j. 
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30.     Continuity. 

Let  f{z)  be  a  quantity  which,  for  all  values  of  z  lying  within  given 
limits,  depends  on  z. 

Let  2,  be  a  point  situated  within  these  limits.  Then  f{z)  is  said  to  be 
continuous  at  the  point  z,,  if,  corresponding  to  any  given  positive  quantity  e, 
however  small,  a  finite  positive  quantity  r)  can  be  found,  such  that  the 
inequality 

l/W-/Wl<e 

is  satisfied  so  long  as  ]  z  —  ^'i  |  is  less  than  tj. 

U  f{z}  is  continuous  at  ^  =  ^i,  a:id  if  its  real  and  imaginary  parts  be 
denoted  by  u  and  v,  then  u  and  v  depend  continuously  on  z. 

For  if  f{z)  =  u  +  iv,  we  have 

I  {u  —  Ml)  +  i{v  —  Di)  I  <  e, 

and  so  (u  —  m,)-  ■+  (v  —  v^y  <  e^, 

which  gives  {u  —  «i)-  <  e-  and  (v  —  d,)-  <  e', 

and  so  |  m  —  m,  |  <  e    and  \v  —  Vi\  <  e. 

The  popular  idea  of  continuity,  so  far  as  it  relates  to  a  real  variable  f  depending  on 
another  real  variable  z,  i.s  somewhat  different  to  that  just  considered,  and  may  perhaps 
best  be  expressed  by  the  definition  "  The  quantity  f  is  said  to  depend  continuously  on  z 
if,  as  z  passes  through  the  series  of  all  values  intermediate  between  any  two  adjacent 
values  2,  and  z^,  C  passes  through  the  series  of  all  values  intermediate  between  the 
corresponding  values  f,  and  f,." 

The  question  thus  arises,  how  far  this  popular  definition  is  equivalent  to  the  analytical 
definition  given  above. 

Cauchy  shewed  that  if  a  real  variable  f,  depending  on  a  real  quantity  z,  satisfies  the 
analytical  definition,  then  it  also  satisfies  what  we  have  called  the  popular  definition. 
But  the  converse  of  this  is  not  true,  as  was  shewn  by  Darboux.  This  fact  may  be  illus- 
trated by  the  following  example*. 

Let  E{x)  denote  the  integer  next  less  than  x  ;  and  let 


/(.■)=.[i-^{^^l_}]^.^{_2_},i. 


/   1   \* 

At  x  =  0,  we  have/(.^;)=0. 

Between  x=  -I  and  x=  +  1  (except  at  x  =  0),  we  have 

/(x)  =  sin£. 

From  this  it  is  easily  seen  that/(x)  depends  continuously  on  x  near  a-  =  0,  in  the  sense 
of  the  popular  definition,  but  is  not  continuous  in  the  sense  of  the  analytical  definition. 

*  Due  to  Mansion,  Mathesis,  ix.  (1899). 
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31.     Definite  integrals. 

Let  2„  and  Z  be  any  two  values  of  z ;  and  let  their  representative  points 
A  and  B  in  the  ^-plane  be  connected  by  an  arc  (straight  or  curved)  AB; 
and  let  z^,  z,,,  z,,  ...  Zn  be  a  number  of  points  taken  on  the  line  AB  in  any 
manner. 

Let  f{z)  be  a  quantity  which,  for  variations  of  z  along  the  arc  AB, 
depends  contiriuously  on  z. 

Let  ^o'  be  any  point  situated  in  the  interval  z^z^  of  the  curve :  let  Zi  be 
any  point  situated  in  the  interval  z^z^ :  and  so  on  :  and  consider  the  sum 

S  =/{Zo'){z,  -  Zo)  +fMiz,  -  Z,)  +  ...   +f{z^){Z  -  Zn). 

We  shall  shew  that  if  the  number  n  increases  indefinitely,  in  such  a  vmy 
that  each  of  the^  quantities  \Zj.  —  Zr-i\  tends  to  zero,  then  this  sum  will  tend  to 
afi,xed  limit,  independently  of  the  way  in  which  the  points 

^it  Z'i)   '"  ^iif      •2'o  )  ^1  )  •  •  •  '2'n  » 

are  chosen. 

For  let  6  be  a  given  small  positive  quantity.  Since  f(z)  is  continuous, 
for  each  point  ^  =  a  of  the  arc  AB  we  can  find  a  quantity  r)a  such  that 

l/(^)-/(a)|<6, 

so  long  as  \z  —  a\<7]a. 

Let  r)  be  the  least  value  of  rj^  corresponding  to  points  a  on  the  arc  AB. 
We  shall  suppose  the  subdivision  of  the  arc  has  been  carried  so  far  that 
each  quantity  j  Zr  —  Zr-i  \  is  less  than  t],  and  shall  first  find  the  effect  of 
putting  in  further  subdivisions. 

Suppose  then  that  the  interval  ^o^i  is  subdivided  at  points  Zm,  Zf^, ...  ^„r„; 
that  the  interval  z^z^  is  subdivided  at  the  points  2,,,  5^,2, ...  z„^\  and  so  on  : 
so  that  the  sum  s  becomes 

+f(z,")(Zu  -  z,)  +f{z,^){zu  -  z»)  +  ... 

+  ..., 

where  z^'  is  any  point  in  the  interval  Zf,z„i,   z^   is  any  point  in  the  interval 
^01^02)  and  so  on. 

Then 

s  -  s  =  {f{zn  -/(V)}  (^o>  -  z,)  +  {f{z,:)  -f{z:)\  {z^  -  ^„,)  + . .. 

+  1/(^1'")  -/(^.'))  (^n  -  Z.)  +  \f{Zu)  -f{z,')]  {Z,,  -  Z,,)  +  ... 
+  .... 
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Therefore 

I  S'  -  S  I  <  e  {  I  ^-0,  -  ^0  1  +  I  .202  -  ■S'oi  I  +  •  •  •  1 

<  6  X  the  length  of  the  broken  line  connecting  the  points  z„,Zn,Ziat  ■■■ 
<el, 
where  I  is  the  length  of  the  arc  AB. 

Now  by  making  e  indefinitely  small,  we  can  make  the  right-hand  side  of 
this  equation  as  small  as  we  please ;  and  therefore  the  sum  s  tends  to  a 
definite  limit  when  the  number  of  subdivisions  is  indefinitely  increased, 
provided  that  at  each  change  in  the  subdivisions  the  old  points  of  division 
are  retained. 

The  restriction  contained  in  the  last  phrase  has  still  to  be  removed. 
To  do  this,  suppose  that  two  different  methods  of  division,  in  each  of  which 
the  quantities  \Zr  —  Zr-i\  are  less  than  tj,  furnish  sums  s,  and  s^.  Now 
combine  the  two  methods  of  division,  so  that  every  point  of  division  in 
either  of  the  original  schemes  becomes  a  point  of  division  in  the  new 
scheme.  Let  the  sum  corresponding  to  this  new  method  of  division  be  s,^- 
Then  since  by  the  above 

I  *i  —  *i2 1  <  el   and    j  Sa  —  *i2 1  <  el, 
we  have  j  Si  —  s,  |  <  2el, 

which  shews  that  s,  and  s^  tend  to  the  same  limit.     The  theorem  is  thus 
establisiied. 

The  limit  thus  shewn  to  exist  is  called  the  definite  integral  of  f(z), 
taken  along  the  arc  AB ;  it  is  denoted  by 


/. 


f(z)dz; 

AB 


i: 


in  cases  where  there  is  no  ambiguity  as  to  path,  it  may  be  denoted  by 

'''f(z)dz. 

'A 

As  an  example*  of  the  evaluation  of  a  definite  integral  directly  from  the  definition, 
suppose  it  is  required  to  find  the  definite  integral  of  the  continuously  dependent  quantity 
(l-2^)~  ,  taken  along  the  straight  line  (part  of  the  real  axis)  joining  the  origin  (2=0) 
to  a  point  z  =  Z,  where  ^  is  real.     Denote  the  definite  integral  by  /.     Then  by  definition, 

/=  Limit  2    ^lilZil, 
«=«   r=o  (1  —  z/2)l 

and  the  mode  of  choosing  the  points  z,.  and  z^'  is  arbitrary,  within  the  limits  alrejidy 
explained  ;  we  shall  take 

V  =  sin(r  +  i)d, 

where  8  = sin  - ' ;?. 

n+l 

*  Netto,  Zeitschrift  fiir  Miith.  xi,.  (1895). 
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Thus  /=Limit    I   '^i"(^+l)S-mura 

ii=«    r=o        cos(r+^)8 

n  8 

=  Limit   2  2  sin  ^ 

n=oD    r=:0  ^ 

=  Limit  2  («  +  1)  sin  - 
n=oo  2 

.    S 
sin  - 

=  sin  ~ '  Z  Limit 

2 
=sin-i^: 
The  value  of  the  definite  integral  is  therefore  sin"'  ^. 

32.     Limit  to  the  value  of  a  definite  integral. 

Let  M  be  the  greatest  value  of  \f{z)\  at  points  on  the  arc  of  inte- 
gration AB. 

Then         |/(V)  {z,  -  z,)  +f{z^)  {z,  -z,)+...  +f{z^)  {Z  -  Zn)  \ 

<\f(z,')\\z,-z,\  +  \f(z,')\\z,-z,\  +  ...+\f(z^')\  \Z-Z„\ 

^M{\g,-Zo\  +  \z^-Zi\  +  ...  +  \Z-z„l} 

^Ml, 

where  I  is  the  length  of  the  arc  of  integration  AB. 

We  see  therefore,  on  proceeding  to  the  limit,  that 

f{z)dz 


I  AS 

cannot  be  greater  than  the  quantity  Ml. 

33.     Property  of  the  elementary  functions. 

The  reader  will  be  already  familiar  with  the  word  function,  as  used 
(in  text-books  on  Algebra,  Trigonometry,  and  the  Differential  Calculu.s)  to 
denote  analytical  expressions  depending  on  a  variable  z ;  such  for  example  as 

z'^,    e?,    log  z,    sin""'  ^  . 

These  quantities,  formed  by  combinations  of  the  elementary  functions  of 
analysis,  have  in  common  a  remarkable  property,  which  will  now  be  investi- 
gated. 

Take  as  an  example  the  function  e^. 

Write  ^  =f{z)- 

Then  if  z'  be  a  point  near  the  point  z,  we  have 

f{z')-f{z) _  e^' -e^ _   -    e^'-"  -  1 
z  ^  z  z  —  z  z  -  z 


I 
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and  hence,  if  the  point  z  tends  to  coincide  with  z,  the  limiting  value  of  the 
quotient 

z'-z 
is  e^ 

This  shews  that  the  limiting  value  of 

/(z^-f{z) 

~z'-z 

is  in  this  case  independent  of  the  direction  of  the  short  path  by  which  the 
point  z'  moves  towards  coincidence  with  z,  i.e.  it  is  independent  of  the 
direction  in  which  /  lies  as  viewed  from  z. 

It  will  be  found  that  this  property  is  shared  by  all  the  well-known 
elementary  functions;  namely,  that  if  f(z)  be  one  of  these  functions  and 
h  be  any  small  complex  quantity,  the  limiting  value  of 

l\f(z+h)-f(z)} 

is  independent  of  the  mode  in  which  h  tends  to  zero. 

34.     Occasional  failure  of  the  property. 

For  each  of  the  elementary  functions,  however,  there  will  be  certain 
points  z  at  which  this  property  will  cease  to  hold  good.     Thus  it  does  not 

hold  for  the  function  at  the  point  z  =  a,  since  the  limiting  value  of 

1  f       1  1 


h  \z  —  d—h     z  —  a] 
is  not  finite  when  z  =  a.     Similarly  it  does  not  hold  for  the  functions  logz 
and  z^  at  the  point  ^^  =  0. 

These  exceptional  points  are  called  singular  points  or  singularities  of  the 
function  f{z)  under  consideration ;  at  other  puints  the  function  is  said  to  be 
regular. 

35.     The  analytical  f auction. 

The  property  noted  in  §  33  will  be  taken  as  the  basis  of  our  definition  of 
an  analytic  function,  which  may  be  stated  as  follows. 

Let  an  area  in  the  «-plane  be  given ;  and  let  m  be  a  quantity  which  has 
a  definite  finite  value  corresponding  to  every  point  z  in  that  area.  Let 
z,  z  +  Bz  be  values  of  the  variable  z  at  two  neighbouring  points,  and  u,  u+  Bu 
the  corresponding  values  of  u.      Then  if  at  every  point  z  within  the  area 

»-  tends  to  a  finite  limiting  value  when  8z  tends  to  zero,  independently  of 


46  THE   PROCESSES   OF   ANALYSIS.  [CHAP.  III. 

the  way  in  which  Sz  tends  to  zero,  u  is  said  to  be  an  analytic  function  of  z, 
regular  within  the  area. 

We  shall  generally  use  the  word  "  function  "  alone  to  denote  an  analytic 
function,  as  the  functions  studied  in  this  work  will  be  almost  exclusively 
analytic  functions. 

In  the  foregoing  definition,  the  function  u  has  been  defined  only  within 
a  certain  area  in  the  ^-plane.  As  will  be  seen  subsequently,  however,  the 
function  u  will  generally  exist  for  other  values  of  2  not  excluded  in  this  area ; 
and  (as  in  the  case  of  the  elementary  functions  already  discussed)  may  have 
singularities,  for  which  the  fundamental  property  no  longer  holds,  at  certain 
points  outside  the  limits  of  the  area. 

The  definition  of  functionality  must  now  be  translated  into  analytical 
language. 

It  f(z)  be  a  function  of  z,  regular  in  the  neighbourhood  of  a  particular 
value  2,  then,  by  the  definition,  the  quantity 

I 

z  —  z 
tends  to  a  definite  limit,  depending  only  on  z,  when  z'  tends  to  z.     Let  this 
limit  be  denoted  by  the  symbol  /'  {z). 

Then  (by  the  definition  of  a  limit)  for  every  positive  quantity  e,  however 
small,  it  is  possible  to  find  a  quantity  7?,  such  that 

^^4=^> -/■'(.) 
z  —  z 

is  less  than  e,  so  long  as  \z'  —  z\  is  less  than  r). 

If  therefore  we  write 

/(/)  =f{z)  +  (/  -  z)f'  {z)  +  e'  {z'  -  z), 

we  see  that  |  e'  1  is  less  than  e,  so  long  as  \z'  —  z\  is  less  than  77 ;  that  is,  the 
function /(.z)  must  be  such  that  the  quantity  e',  defined  by  the  equation 

/(/)  =f{z)  +  (/  -  z)f'  (Z)  +  6  (/  -  z), 

tends  to  the  limit  zero  as  z'  tends  to  z. 

The  necessity  for  a  atrict  definition  of  the  terra  "function "  may  be  seen  from  the 
following  consideration. 

Let  y  denote  the  temperature  at  a  certain  place  at  time  t.  As  t  varies,  y  will  vary, 
and  y  may  loosely  he  called  a  "function"  of  t.  But  y  cannot  be  expressed  in  terms  of  t 
by  a  Maclaurin's  infinite  series 

for  if  it  could,  the  knowledge  of  the  temperature  for  a  single  day  would  enable  us  to 
determine  the  quantities 
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and  then  from  the  Maclaurin's  expansion  it  would  be  possible  to  predict  the  temperature 
for  the  future  ! 

Maclaurin'.s  series  is  in  fact,  as  will  appear  subsequently,  applicable  only  to  analytir. 
functions,  in  the  sense  in  which  analytic  functions  have  been  defined  above. 

36.     Gauchy's  theorem  on  the  integral  of  a  function  round  a  contour. 

A  simple  closed  curve  in  the  plane  of  the  variable  z  is  often  called 
a  contour:  if  A,  B,  C,  D  be  points  taken  in  order  along  the  arc  of  the 
contour,  and  ify"(^)  be  a  quantity  depending  on  z  and  continuous  at  all  points 
on  the  arc,  then  the  integral 


/. 


f{z)dz, 

ABCDA 

taken  round  the  contour,  starting  from  the  point  A  and  returning  to  A  again, 
is  called  the  integral  of  the  quantity  f(z)  taken  round  the  contour.  Clearly 
the  value  of  the  integral  taken  round  the  contour  is  unaltered  if  some  point 
in  the  contour  other  than  A  is  taken  as  the  starting-point. 

We  shall  now  prove  a  result  due  to  Cauchy,  which  may  be  stated  as 
follows.  If  f{z)  is  an  analytic  function,  regular  at  all  points  in  the  interior 
of  a  contour,  then 


P 


\f{z)dz=i), 

where  the  integration  is  taken  round  the  contour. 

For  let  A,  B,  G,  D  be  points  in  order  on  the  contour.  Join  .4  to  C  by  an 
arc  AEG,  which  will  divide  the  region  contained  within  the  contour  into  two 
distinct  portions.  Then  the  integral  taken  round  the  contour  ABCDA  is 
equal  to  the  sum  of  the  integrals  taken  round  the  two  contours  ABGEA  and 
A  BCD  A  ■  for 


/. 


fiz)dz+l  f{z)dz 

iBCEA  .  A  EC  DA 


=  f       f{z)dz+\       f(z)dz+f        f(z)dz+f       f{z)dz 

J  ABC  J  CEA  J  A  EC  J  CD  A 


ABC  J  CEA  J  A  EC  J  CD  A 

f{z)dz, 


' ABCDA 

since  the  integrals  along  GEA  and  AEG  neutralise  each  other. 

Now  join  any  point  E  on  the  arc  AEG  to  D  by  an  arc  EFD,  and  join 
E  to  B  hy  an  arc  EGB ;  then  in  the  same  way  we  see  that  the  integral 
round  ABGEA  is  equal  to  the  sum  of  the  integrals  round  ABGEA  and 
EOBGE,  and  the  integral  round  A  EG  DA  is  equal  to  the  sum  of  the 
integrals  round  AEFDA  and  DFEGD. 

Thus  the  original  contour-integral  is  equal  to  the  sum  of  the  integrals 
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round  the  four  contours  ABGEA,  KGBGE,  AEFDA,  DFECD,  into  which  it 
has  been  divided  by  drawing  the  cross-lines. 

Proceeding  in  this  way  by  drawing  more  cross-lines,  we  see  that  the 
original  contour-integral  can  be  decomposed  into  the  sum  of  any  number  of 
integrals  round  smaller  contours,  which  constitute  a  network  filling  up  the 
original  contour. 

Now  suppose  that  each  of  these  small  contours  has  linear  dimensions  of 
the  same  order  of  magnitude  as  a  small  quantity  I.  Let  z„  be  a  point  within 
one  of  them.     Then  on  this  small  contour  we  have 

f{z)  =/(Zo}  +  {z-  z,)f'  {z,)  -\-{z-  Zo)  6, 

where  e  is  infinitely  small  when  I  is  infinitely  small. 

Thus       I  f{z)  dz  =  I  f(zo)  dz+  j(z  —  z^)  f{z„)dz+i{z-  z^  e  dz, 

where  all  the  integrals  are  taken  round  the  small  contour. 

Now  I  /  (zo)  dz  =f{zo)  I  dz 

=f{z„)  X  the  increase  in  value  of  z  after  once 
describing  the  small  contour 

=  0. 
Similarly        j/(^o)  (^  -  ■^o)  dz  =  g/C^o)  J  d  {(z  -  ZoY}  =  0, 

when  the  integral  is  taken  round  the  small  contour. 

Thus,  if  17  be  the  greatest  value  of  j  e  |  for  points  on  the  small  contour, 
we  have 

l/{z)dz\^ri    \z-Zo\  \dz\, 

where  the  integrals  are  taken  round  the  small  contour. 

Now  the  right-hand  side  of  this  equation  is  clearly  of  the  order  rjl^  of  small 
quantities.  The  value  of  jfiz)  dz,  taken  round  the  small  contour,  is  there- 
fore a  small  quantity  of  order  rjl^. 

Now  the  number  of  such  small  contours  in  a  given  area  is  of  the  order 
.^.  If  t]'  be  the  maximum  value  of  77  for  all  the  small  contours  in  the 
area,  we  see  therefore  that  the  total  sum  of  the  integrals  for  all  the  small 
contours  in  the  area  is  at  most  of  the  order  r]'l-  x  j^  or  7;';  and  t]'  can  be 

made  indefinitely  small  by  decreasing  I. 

It  follows,  therefore,  that  the  sum  of  the  integrals  round  all  the  small 
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contoui-s  is  zero ;  that  is,  the  integral  round  the  original  contour  is  zero, 
which  establishes  Cauchy's  result. 

Corollary  1.     If  there  are  two  paths  z„AZ  and  Zf,BZ  from  z^  to  Z,  and  if 

f{z)  is  a  regular  function  of  z  at  all  points  in  the  area  enclosed  by  these  two 

rz 
paths,  then  I    f{z)  dz  has  the  same  value  whether  the  path  of  integration  is 

z„AZ  or  ZaBZ.  This  follows  from  the  fact  that  z^AZBz,,  is  a  simple  contour, 
and  so  the  integral  taken  round  it  (which  is  the  difference  of  the  integrals 
along  z^AZ  and  z^BZ)  is  zero.    Thus,  if/(^)  be  an  analytic  function  of  z,  the 

value  of  I     f{z)  dz  is  to  a  certain  extent  independent  of  the  choice  of  the 

J  AB 

arc  AB,  and  depends  only  on  the  terminal  points  A  and  B.  It  must  be 
borne  in  mind  that  this  is  only  the  case  when  f(z)  is  an  analytical  function  in 
the  sense  of  §  3.5. 

Corollary  2.  Suppose  that  two  simple  closed  curves  Cf,  and  Cj  are  given, 
such  that  Co  completely  encloses  C,,  as  e.g.  would  be  the  case  if  Co  and  C, 
were  concentric  circles  or  confocal  ellipses. 

Suppose  moreover  that  f(z)  is  an  analytic  function,  which  is  regular  at 
all  points  in  the  ring-shaped  space  contained  between  Co  and  C,.  Then  by 
drawing  a  network  of  intersecting  lines  in  this  ring-shaped  space,  we  can 
shew  exactly  as  in  the  theorem  just  proved  that  the  integral 


jf(z)dz 


is  zero,  where  the  integration  is  taken  round  the  whole  boundary  0/  the  ring- 
shaped  space;  this  boundary  consisting  of  tivo  curves  Co  and  C,,  the  one 
described  in  a  positive  (counter-clockwise)  direction  and  the  other  described  in 
a  negative  {clockwise)  direction. 

Corollary  3.  And  in-  general  if  any  connected  region  be  given  in  the 
^-plane,  bounded  by  any  number  of  curves  Co,  Ci,  C^,  ...,  and  ii  f(z)  be 
any  function  of  z  which  is  regular  everywhere  in  this  region,  then 


/■ 


fiz)dz 

is  zero,  where  the  integral  is  taken  round  the  whole  boundary  of  the  region;  this 
boundary  consisting  of  the  curves  Co,  Cj,  ...,  each  described  in  such  a  sense  that 
the  region  is  kept  either  always  on  the  right  or  always  on  the  left  of  a  person 
walking  in  the  sense  in  question  round  the  boundary. 

An  extension  of  Cauchy's  theorem  I  /(z)  dz  =  0,  to  curves  lying  on  a  cone  whose  vertex 
is   at   the  origin,  has  been   made   by  Raout   {N'ouv.  Annates  de  Math.  (3)  \\'\.  (1897), 
w    A.  4- 
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pp.  365-7).     Osgood  {Bidl.Amer.  Math.  Soc,  1896)  has  shewn  that  the  property  //(s)  dz=0 

may  be  taken  as  the  defining-property  of  an  analytic  function,  the  other  properties  being 
deducible  from  it. 

Example.  A  ring-shaped  region  is  bounded  by  the  two  circles  \z\  =  l  and  |z|  =  2  in  the 
z-plane.  Verify  that  the  value  of  I  — ,  where  the  integral  is  taken  round  the  boundary 
of  this  region,  is  zero. 

For  the  boundary  consists  of  the  circumference  |2|  =  1,  described  in  the  clockwise 
direction,  together  with  the  circumference  iij  =  2,  described  in  the  coimter-clockwise 
direction.  Thus  if  for  points  on  the  first  circumference  we  write  2=e'*,  and  for  points  on 
the  .second  circumference  we  write  2=26'*,  then  6  and  <f)  are  real,  and  the  integral  becomes 


2"  i.e^^M  ,    f^"  i.2e'*d<l> 
"^    0    ~2?*       ' 


Jo  e*»      +j, 

—  27rt-f-2n-j,  i.e.  zero. 


37.     The  value  of  a  function  at  a  point,  expressed  as  an  integral  taken 
round  a  contour  enclosing  the  point. 

Let  C  be  a  contour  within  which  f{z)  is  a  regular  function  of  z. 

Then  if  a  be  any  point  within  the  contour,  the  expression 

/(£) 
z—  a 

represents  a  function  of  z,  which  is  regular  at  all  points  within  the  contour  C 
except  the  point  z  =  a,  where  it  has  a  singularity. 

Now  with  the  point  ^  =  a  as  centre,  describe  a  circle  7  of  very  small 
radius.     Then  in  the  ring-shaped  space  between  7  and  G,  the  function 

/(£) 
z  —  a 

is  regular,  and  so  by  Corollary  2  of  the  preceding  article  we  have 

(  f{z)dz      lf{z)dz^^ 
] c  z-a      jy  z  -a        ' 

where  I    and  I  denote  integrals  taken  in  the  positive  or  counter-clockwise 
sense  round  the  curves  C  and  7  respectively. 

But  (S  35)  I /^^  =  !  /(«)  +  (^-«)/^W  +  ^(^-a)  ^^ 

"'  Jy  z  —  a      Jy  Z  —  a  ' 
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where  e  is  a  quantity  which  tends  to  zero  when  the  radius  of  the  circle  7  is 
indefinitely  diminished.     Thus 

.         JC       ^-«  'jyZ-a  \Jy  Jy 

Now  if  at  points  on  the  circumference  7  we  write 

z  —  a=  re**, 
where  r  is  the  radius  of  the  circle  7,  we  have 

jyZ-a     Jo      »-e"  Jo 

and  {  dz=i'''ire^'dd  =  0; 

Jy  Jo 

also  I  edz\  ^f}.2vr, 

where  tj  is  the  greatest  value  of  |6J  for  points  2  on  7;  and  therefore  in  the 
limit  when  r  is  made  indefinitely  small  we  have 


/, 


edz  =  0. 


or 


Thus  f  i^^^  =  2nTif{a), 

J c  z-a  J  ^  " 

J^''^-2iri}c  z-a    ■ 


This  remarkable  result  expresses  the  value  of  a  function /(^^)  at  any  point 
a  vrithin  a  contour  G,  in  terms  of  an  integral  which  depends  only  on  the  value 
o{  f(z)  at  points  on  the  contour  itself 

Corollary _  If  f{z)  is  a  regular  function  of  2:  in  a  ring-shaped  region 
bounded  by  two  curves  G  and  G',  and  a  is  a  point  in  the  region,  then 

•'  2Tn  J  c^  —  a  2Tn  ]  c-  z  —  a 

where  G  is  the  outer  of  the  curves  and  the  integrals  are  taken  in  the  positive 
or  counter-clockwise  sense. 

38.     The  Higher  Derivates. 

The  quantity/' (2),  which  represents  the  limiting  value  of 

f{z^h)-f{z) 
h 

when  h  tends  to  zero,  is  called  the  derivate  of  J  (z).  We  shall  now  shew  that 
f  (z)  is  itself  an  analytic  /unction  of  z,  and  consequently  itself  possesses 
a  derivate. 

4—2 
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For  if  (7  be  a  contour  surrounding  the  point  z,  and  situated  entirely 
within  the  region  in  which  f{z)  is  regular,  we  have 

/'(a)  =  Limit^:(^±4-^) 


A=0 


h 


=  Limit     ^   W     /(^)^^  -  \  /(^l 

=  Lnnit    1     f^^>^^ 
A=o     im] c{z  -a){2-a~h) 

27rijc(.2-a)         A=o    27ri  j  c  (^^  -  «)  (^  —  «■  — 'O 

Now  f   ^>>i^^ ^^ 

}  c{z  —  af{z  —  a  —  h) 

is  a  finite  quantity,  since  the  integrand 

■    f{z) 
(z  -af{z-a-h) 

is  finite  at  all  points  of  the  contour  C,  and  the  path  of  integration  is  of  finite 
length.     Hence 

Limit  -  -   I  ./'(^)<^^  ^  0 

7,=o    ^iri  J  c{z  —  af{z  —  a  —  h) 

and  consequently  /'  (a)  =  ±-.  /^^^  , 

a  formula  which  expresses  the  value  of  the  derivate  of  a  function  at  a  point 
as  an  integral  taken  round  a  contour  enclosing  the  point. 

From  this  formula  we  have,  if  h  be  any  small  quantity, 

1  1 


f'(a  +  h)-f'{a)  ^    I    [  f(z)dz 
h  l-rn. 


I    f  f(± 
l-rrij  c      h 


rj/^'^ 


{z-a-  Kf     (z  -  ay, 
h 


2[z-a     2 
dz . 


'  {z  —  a  —  hy  (z  —  ay 

^"TiJ  c  {z  —  ay 
where  J.  is  a  quantity  which  is  easily  seen  to  remain  finite  as  h  tends  to  zero. 
Therefore  as  h  tends  to  zero,  the  expression 


/'(a+h)-f'(a) 
h 


tends  to  a  limiting  value,  namely 

2 
27ri 


r  f{z)dz 
Jciz-ay 
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The  quantity  /'  (a)  is  therefore  an  analytical  function  of  a ;  its  derivate, 
which  is  represented  by  the  expression  just  given,  is  denoted  by  f"  (a),  and  is 
called  the  second  derivate  of  /  (a). 

Similarly  it  can  be  shewn  that  /"  (a)  is  an  analytical  function  of  a, 
possessing  a  derivate  equal  to 


2.3  (■  f{z)dz 
2-ni. 


3  ;■  f{z)dz 
■iJci^-a)'' 


this  is  denoted  by  /'"  (a),  and  is  called  the  third  derivate  of  f{a).     And  in 
general  an  nth  derivate  of/ (a)  exists,  expressible  by  the  integral 

n\    r    f{z)dz 
2TnJc{z-af+'' 

and  having  a  derivate  of  the  form 

(n+l)l  [     A^^_. 

this  can  be  proved  by  induction  in  the  following  way. 

Let  fim(a)  =  J±(  -IM^ 

Then 

h  2Tri)c      h      \(z-a-h)»+'     (z-a)"+'] 

^n^r    f{z)dz    u        h  r"-'_J 

2-ni]c{z-a)"+^h\\        z  -  a)  j 

^{n  +  \)\{     f(z)dz 
"l-ni     Jc(z-a)"+' 

* 

+  terms  which  vanish  when  h  tends  to  zero. 

which  establishes  the  required  result. 

A  function  which  possesses  a  first  derivate  at  all  points  of  a  region  in  the 
z-plane  therefore  possesses  derivates  of  all  orders. 

Example  1 .     Verify  the  theorem 

by  use  of  Taylor's  Theorem. 

By  Taylor's  Theorem  we  have 

27rtjc(2-a)'"''     27riJc  (2 -a)-*' 
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But  when  i;  is  an  integer  other  than  unity,   I    -. rr  is  zero,  since  ; ,,.   ,  resumes 

its  original  value  after  describing  the  contour.     So  the  only  surviving  part  of  the  right- 

l./,»,(a)f-^, 
2jrf'       ^   '  }cZ-a 


hand  side  is  ^r  ./'"'  (a)  I  1  or/(")  (a). 

2jrf'  Jc'~" 


Example  2.     Verify  the  same  theorem  by  means  of  integration  by  parts. 

We  have 

»|  r     f(z)dz  f     {n-l)\   f(z)  1      («-I)!  f  f'{z)dz 

2wi;c  (2 -«)"■"      oX         Stti     {z-aY]"^     %m.     }  c  {z-aY 

and  the  first  term  is  zero,  since  y-     .    resumes  its  original  value  when  z  makes  the  circuit 

(z-a)" 

of  the  contour  C.     Proceeding  in  this  way,  we  have 


71 


!    C     f{z)dz    ^    1     f  f^^)^)dz 


39.     Taylor's  Theorem. 

Consider  now  a  function  f(z),  which  is  regular  in  the  neighbourhood 
of  a  point  z  =  a.  Let  C  be  the  circle  of  largest  radius  which  can  be  drawn 
with  a  as  centre  in  the  z-plane,  so  as  not  to  include  any  singular  point  of 
the  function  /{z);  so  that  f{z)  is  a  regular  function  at  all  points  of  C.  Let 
z  =  a  +  hhe  any  point  within  the  circle  G.     Then  by  §  37,  we  have 

.(/       ix       1     r    fi^)dz 
•^  2^1  J  c  z  —  a  —  h 

_    l_r  f    1  h  /t"  A"+' I 

~27njc-^^^^      V-a''"(^-a)'"^---^(^-a)"+»'^(^-a)»+'(^-a-A)) 

-/(«)-HV<«>4!/"W  +  -4>-'<">+2i.-/„(7---aF|^^4T- 

f(z) 

But  at  points  z  on  the  circle  C,  the  modulus  of  —^ p  will  not  exceed 

^  z—a—h 

some  finite  quantity  M. 
Therefore 


1     r        f{z)dz.h''-*-'  M.^ttR  f 

2'jriJo{z-a)''+'{z-a-h)    ^      l-rr'  \ 


i»f.27ri2/|^|\«+i 

R 


where  R  is  the  radius  of  the  circle  C,  so  that  27riJ  is  the  length  of  the  path 
of  integration  in  the  last  integral,  and  R  =  \z  —  a\  for  points  z  on  the  cir- 
cumference of  G. 

The  right-hand  side  of  the  last  inequality  tends  to  zero  as  n  increases 
indefinitely.     We  have  therefore 

f(a  +  h)  =/{a)  +  hf ' («)  +  '^ /"  (a)  +  . . .  +  '^"/ <"'  (a)+  .... 


39]  THE   FUNDAMENTAL   PROPERTIES  OF   ANALYTIC   FUNCTIONS.  55 

which  we  can  write 

f{z)  =/(a)  +  (^  -  a)/' (a)  +  (^^/"(a)  +  ...  +(i^7(«.  («)+.... 

This  result  is  known  as  Taylors  Theorem ;  the  proof  we  have  given  is  due 
to  Caiichy,  and  shews  exactly  for  what  range  of  values  of  z  the  theorem 
holds  true,  namely  for  all  points  z  which  are  nearer  to  a  than  the  nearest 
singularity  of_/  {z).  It  follows  that  the  radius  of  convergence  of  a  power-senes 
is  always  such  as  just  to  exclude  from  the  circle  of  convergence  the  nearest 
singularity  of  the  function  represented  by  the  series. 

At  this  stage  we  may  introduce  some  terms  which  will  be  frequently 
used. 

If  f{a)  =  0,  the  function  f(z)  is  said  to  have  a  zero  at  the  point  z=a. 
If  at  such  a  pointy"  (a)  is  different  from  zero,  the  zero  of /(a)  is  said  to  be 
simple;  if,  on  the  other  hand,  the  quantities /'(a), /"(a),  .../<"~"  (a)  are  all 
zero,  so  that  the  Taylor's  expansion  of  f{z)  &t  z  =  a  begins  with  a  term 
in  {z  —  ay\  then  the  function  f(z)  is  said  to  have  a  zero  of  the  nth  order  at 
the  point  z  =  a. 

Example  1.     Find  a  function  /(2),  which  i.s  regular  within  the  circle  C  of  centre  at  the 
origin  and  radius  unity,  and  has  the  value 

a  —  cos  6  .  sin  6 

,+■>■ 


a^  — 2acostf  +  l       «■'  — 2acosd+l 
(where  a>l  and  6  is  the  vectorial  angle)  at  points  on  the  circumference  of  C. 

We  have 

f{z)  dz 
'c     2" 

^"^     »,vi    -j/i    «-cosd  +  jisinS  ...  J, 

e-'"^.id6  .  — - — — ~ — ,  putting  z = «•* 


~  Stti  J  0 


277  ./o      a-e'»       27r  t=oa'*' Jo 

n\ 
=  — r-n  since  the  only  non-zero  term  is  that  from  k  =  n. 

Therefore  by  Maclaurin's  Theorem* 

or  fU)=  for  all  points  within  the  circle. 

■  a-z  ^ 

This  example  raises  the  interesting  question,  What  iaf{z)  for  points  outside  the  circle? 

Is  it  still ?    This  will  be  discussed  in  55  41,  42. 

a-z  " 

QO 

Example  2.     Prove  that  the  arithmetic  mean  of  all  values  of  2~"  2  a^z",  for  points  z 

on  the  circumference  of  the  circle  |2|  =  1,  is  a„,  U^a^z"  is  regular  at  all  points  within  the 
circle. 

*  The  result  /(2;)=/(0)  +  2/'(0) +  ^/"  (0)  + ..., 

which  is  obtained  by  putting  a  =  0  in  Taylor's  Theorem,  ia  usually  called  Maclaurin's  Theorem. 


56  THE   PROCESSES  OF  ANALYSIS.  [CHAP.  HI. 

"  /■(>-)  (0) 

Let  2  «►«"  =/(«),  80  that  a^=-^ — )-  .    Then  the  required  mean  is 

l>=0  vi 

i-  r/(^)/^  where  .  =  ..«, 
2jr  y  0        «" 

or  -— .  /   ■'\,'.,    ,  where  0  is  the  circle, 

Siri Jo  «"   ' 

/(»)  (0) 
or  -i — Y^, 

or  o,. 

Example  3.  Prove  that  if  A  is  a  given  constant,  and  (1  -  ^zh  +  K^) "  '  is  expanded  in  the 
form 

\+hP^{z)  +  li^P^{z)+h^P3{!)  + (A), 

where  P^  (z)  is  easily  seen  to  be  a  polynomial  of  degree  n  in  z,  then  this  series  converges  so 
long  as  z  is  in  the  interior  of  an  ellipse  whose  foci  are  the  points  2=1  and  z=-\,  and 

whose  semi-major  axis  is  =  ( A  +  r  )  . 

Let  the  seri&s  be  first  regarded  as  a  function  of  h.  It  is  a  power-series  in  h,  and 
therefore  converges  so  long  as  the  point  h  lies  within  a  circle  on  the  A-plane.  The  centre 
of  this  circle  is  the  point  h  =  0,  and  its  circumference  will  be  such  as  to  pass  through  that 
singularity  oi{l-'2zh  +  h^)~^  which  is  nearest  to  h=0. 

But  \-2zh+h:^  =  {h~z  +  i^!;^~^)  (h-z--^z^-^), 

so  the  singularities  of  {l-2zh+h^)~^  are  the  points  h=z-{z^-l)^  and  h=z  +  (z^-\)^, 
at  which  it  is  infinite. 

Thus  the  series  (A)  converges  so  long  as  |A|  is  less  than  either 

\Z-{Z^-1)^\0T  •Z+{Z^-1)^\. 

Now  draw  an  ellipse  in  the  z-plane  passing  through  the  point  z  and  having  its  foci  at 
the  points  1  and  -  1.     Let  a  be  its  semi-major  axis,  and  6  the  eccentric  angle  of  z  on  it. 

Then  «=aco8fl-(-i(a'''-l)*sin  ^, 

which  gives  z±(z^-l)^={a±(a^-l )*}  (cos  d+i sin  6), . 

so  |2  +  (22_l)i|=a  +  (a2_l)i. 

Thus  the  series  (A)  converges  so  long  as  h  is  less  than  the  least  of  the  quantities 
a + (a* -  1  )*  and  a  -  (a^  - 1  )*,  i.e.  so  long  as  /t  is  less  than  a-(a^-l)^.     But 

A  =  a-(a2-l)*  when  a  =  5(^+l)- 

Therefore  the  series  (A)  converges  so  long  as  z  is  within  an  ellipse  whose  foci  are  1  and 
- 1,  and  whose  semi-major  axis  is^  lh+y\. 

40.     Forms  o/  the  remainder  in  Taylor's  Series. 

The  form  found  in  the  last  article  for  the  remainder  after  n  terms  in 
Taylor's  series  is 

f{z)h-^dz 

■hy 


J_   /•    _  f{z)h-dz 
"     27riJc(«~a)"(^-a-i 
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It  is  not  difficult  to  derive  from  this  expression  the  forms  of  the  remainder 
usually  given  in  treatises  on  the  Differential  and  Integral  Calculus.     For 

/■A    (li  _  A»-l(^^ 

on  integrating  by  parts  the  quantity  n  j     -h — -r^-  ,  we  have 

j  0  \z  ~  (I  —  t) 

^)o(z-a-  tY+'~{z  -  a)"+'  ■*"  ^"  "^    ''  Jo  {z  -  a- «)"+' 

I^ _A''+' 

~{z-  af+'-  ■*'  (7^^a)"+=  "^  ■  ■  ■ ' 

by  successive  repetition  of  this  process, 

^ A» 

(0 -  aY{z  —  a  -  h)' 

or  i?„  =  ,     \,.  f \a  -  0"-'/ ""  (a  +  «) ^<. 

{n  —  1)1  J  f) 

iuhich  is  a  neiu  form  for  the  remainder. 

Now  suppose  that  all  the  quantities  concerned  are  real.     Then  along  the 
line  of  integration,  (/i  —  <)"~'  has  a  fixed  sign,  so 


«»  =  («T?i^r('^-^>"-'^'' 


where  H  lies  between  the  greatest  and  least  values  of  / ""  (a  + 1)  between 
t  =  0  and  t  =  h.  We  can  therefore  write  H  =/""  (a  +  9h),  where  0  <  0  <  1, 
and  then 

or  R^^fm)(a^0h), 

n : 

which  is  Lagrange' s  form  for  the  remainder. 

Darboux  gave  in  1876  (Journal  de  Math.  (3)  ll.  p.  291)  a  form  for  the  remainder  in 
Taylor's  Series,  which  is  applicable  to  complex  variables  and  resembles  the  above  form 
given  by  Lagrange  for  the  case  of  real  variables. 

41.     The  Process  of  Continuation. 

Near  every  point  P  (/o)  at  which  a  function  f(z)  is  regular,  we  have 
seen  that  there  is  an  expansion  for  the  function  as  a  series  of  ascending 
positive  integral  powers  of  (z  —  z,,),  the  coefficients  in  which  are  the  suc- 
cessive derivates  of  the  function  at  z,,. 

Now  let  ^4  be  the  singularity  of  f{z)  which  is  nearest  to  P.  Then  the 
circle  within  which  this  expansion  is  valid  has  P  for  centre  and  PA  for 
radius. 
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Suppose  that  we  are  given  the  values  of  the  function  at  all  points  of  the 
circumference  of  this  circle,  or  more  strictly  speaking,  of  a  circle  slightly 
smaller  than  this  and  concentric  with  it :  then  the  preceding  theorems  enable 
us  to  find  its  value  at  all  points  vnthin  the  circle.  The  question  arises,  How 
can  the  values  of  the  function  at  points  outside  the  circle  be  found  ? 

In  other  words,  given  a  power-series  which  convei'ges  and  represmits  a 
function  only  at  points  within  a  circle,  to  derive  from  it  the  values  of  the 
function  at  points  outside  the  circle. 

For  this  purpose  choose  any  point  Pj  within  the  circle,  not  on  the  line 
PA.  We  know  the  value  of  the  function  and  all  its  derivates  at  P,,  from 
the  series,  and  so  we  can  form  the  Taylor  series  with  Pi  as  origin,  which 
will  represent  the  function  for  all  points  within  some  circle  of  centre  Pj. 
Now  this  circle  will  extend  as  far  as  the  singularity  which  is  nearest  to  P,, 
which  may  or  not  be  A  ;  but  in  either  case,  this  new  circle  will  generally*  lie 
partly  outside  the  old  circle  of  convergence,  and  for  points  in  the  region 
which  is  included  in  the  new  circle  hut  not  in  the  old  circle,  the  neiu  series  will 
furnish  the  values  of  the  function,  although  the  old  series  failed  to  do  so. 

Similarly  we  can  take  any  other  point  Pa,  in  the  region  for  which  the 
values  of  the  function  are  now  known,  and  form  the  Taylor  series  with  P, 
as  origin,  which  will  in  general  furnish  the  values  of  the  function  for  other 
points  at  which  its  values  were  not  previously  known ;  and  so  on. 

This  method  is  called  continuation-^.  By  means  of  it,  starting  from  a 
representation  of  a  function  by  any  one  power-series  we  can  find  any  number 
of  other  power-series,  which  between  them  furnish  the  value  of  the  function 
at  all  points  where  it  exists ;  and  the  aggregate  of  all  the  power-series  thus 
obtained  constitutes  the  analytical  expression  of  the  function. 


Example.     Tbe  series 
represents  the  function 


1  Z         2^        23 

a     a'     a^     a* 


'  ^  '     a-z 


only  for  points  z  within  the  circle  \z\  =  a. 

But  any  number  of  other  power-series  exist,  of  the  type 

1  z-b       (z-b)^      {z-b)\ 


a  -  b^  {a-by^  (a-bf     (a-b)* 
which  represent  the  function  for  points  outside  this  circle. 

*  The  word  "generally"  must  be  taken  as  referring  to  the  oases  which  are  likely  to  come 
under  the  student's  notice  before  he  reads  the  more  advanced  parts  of  the  subject, 
t  In  German,  Fortietzung. 


I 
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OnfuTietions  to  which  the  continuation-process  cannot  he  applied. 

It  is  not  always  possible  to  carry  out  the  process  of  continuation.    Take  as  an  example 
the  function  /(z)  defined  by  the  power-series 

/(2)=l+j2  +  24  +  08-l-0>8+...+z2"-t-..., 

which  clearly  converges  in  the  interior  of  a  circle  whose  radius  is  unity  and  whose  centre 
is  at  the  origin. 

Now  as  z  approaches  the  value  +1  by  real  values,  the  value  of/(z)  obviously  tends 
towards  +  x  ;  the  point  + 1  is  therefore  a  singularity  of /(«). 

But  f{^)  =  ^^'+f{^^'), 

so  if  z  is  such  that  2^=1,  and  therefore  f{z'^)  is  infinite,  then  f{z)  is  also  infinite,  and  so 
«  is  a  singularity  oif{z) :  the  jwint  z=  -\  is  therefore  a  singularity  oif{z). 

Similarly  since 

f{z)=z''-  +  z^+f{t^\ 

we  see  that  if  z  is  such  that  •i'=l,  then  z  is  a  singularity  of  f{z) ;  and  in  general,  any  root 
of  any  of  the  equations 

z2=l,  r»=l,  28  =  1,  2i6  =  i^  ...^ 

is  a  singularity  of  f(z).  But  these  points  all  lie  on  the  circle  \z\  =  l  ;  and  in  any  arc 
of  this  circle,  however  small,  there  are  an  infinite  number  of  them.  The  attempt  to 
carry  out  the  process  of  continuation  will  therefore  be  frustrated  by  the  existence  of  this 
unbroken  front  of  singularities,  beyond  which  it  is  impossible  to  pass. 

In  such  a  case  the  function  /(z)  does  not  exist  at  all  for  points  2  situated  outside  the 
circle  |2|  =  1  ;  the  circle  is  said  to  be  a  limiting  circle  for  the  function. 

42.     The  identity  of  a  function. 

The  two  series 

1  +  z  +  z^  +  z'+  ... 

and  -i+(2-2)-(2-  2)=  +  {z -2y -(z -2)*  +  ... 

are  not  simultaneously  convergent  for  any  value  of  z,  and  are  distinct 
expansions.  Nevertheless,  we  generally  say  that  they  represent  the  same 
function,  on  the  strength  of  the  fact  that  they  can  both  be  represented  by  the 

same  rational  expression . 

This  raises  the  question  of  the  identity  of  a  function.  Under  what 
circumstances  shall  we  say  that  two  different  expansions  represent  the  same 
function  ? 

We  shall  define  a  function,  by  means  of  the  last  article,  as  consisting  of 
one  power-series  together  with  all  the  other  power-series  which  can  be 
derived  from  it  by  the  process  of  continuation.  Two  different  analytical 
expressions  will  therefore  be  regarded  as  defining  the  same  function  if  they 
represent  power-series  which  can  be  derived  from  each  other  by  continuation. 

It  is  important  to  observe  that  a  single  analytical  expression  can  represent 
different  functions  in  different  parts  of  the  plane.  This  can  be  seen  from  the 
following  example. 
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Consider  the  series 

I  {'  +  l)-\i  {'  -  J)  (iT7«  - 1 +'."-)  • 

The  sum  of  the  first  n  terms  of  this  series  is 

2         \  z)       l+^» 

The  series  therefore  converges  for  all  finite  values  of  z.  But  since  when 
n  is  infinitely  great,  ^"  is  infinitely  small  or  infinitely  great  according  as  |  z  | 
is  less  or  greater  than  unity,  we  see  that  the  sum  to  infinity  of  the  series  is 

z  when  |^|<1,  and  -  when   \z\>\.     This  series   therefore   represents   one 

function  at  -points  in  the  interior  of  the  circle  \z\  =  \,  and  an  entirely  different 
function  at  points  outside  the  same  circle. 


Example.    Shew  that  the  series 


^     25      jr 


represent  the  same  function  in  the  common  part  of  their  domain  of  convergence. 


and 


43.     Laurent's  Theorem. 

A  very  important  extension  of  Taylor's  Theorem  was  published  in  1843 
by  Laurent ;  it  relates  to  the  expansion  of  functions  under  circumstances  in 
which  Taylor's  Theorem  cannot  be  applied. 

Let  G  and  C"  be  two  concentric  circles  of  centre  a,  of  which  C  is  the  inner; 
and  let  f{z)  be  a  function  which  is  regular  at  all  points  in  the  ring-shaped 
space  between  G  and  C".  Let  a  +  h  be  any  point  in  this  ring-shaped  space. 
Then  we  have  (§  37,  Corollary) 

zTTi  J cz  —  a  —  h         2in  J c  z  —  a  —  h 

where  the  integrals  are  supposed  taken  in  the  positive  or  counter-clockwise 
direction  round  the  circles. 

This  can  be  written 

1     /■  (    1  h  h"  /i"+'  ] 

1     f    ^/  X  (1     ■2- a  (z-a)"         (z-a)''+'     ), 

+  %.ijj^'^  [h  +      ¥     +  •  ■  •  +     -  A^  +  An):  (,  _i--A)}  '^- 


w 
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We  find,  as  in  the  proof  of  Taylor's  Theorem,  that 

r         f(z)dz.h-+^  r   f(z)dz{z-ar*^ 

Jc(z-  «)"+' (z-a-h)  Jc    (z-a-h)  A"*' 

tend  to  zero  as  n  increases  indefinitely ;  and  thus  we  have 

f(a  +  h)=  cio  +  aji  +  aJi-  +••.  +  t  +,!  +  ••• , 

This  result  is  Laurent's  Theorem;  changing  the  notation,  it  can  be 
expressed  in  the  following  form :  If  z  be  any  point  in  the  ring-shaped  space 
within  which  f{z)  is  regular,  and  which  is  hounded  by  the  two  concentnc 
circles  C  aiid  C"  of  centre  a,  then  f  (z)  can  he  expanded  at  the  point  z  in  the 
form 

f(z)  =  a,  +  a,(z-a)  +  a,(z-ar-+...  +  :^^  +  ^^„  +  ..., 

where  ««=2^/^(-^i  and  b,,  =  1-.  j ^(t - af-^ f  (t) dt. 

An  important  case  of  Laurent's  Theorem  arises  when  there  is  only  one 
singularity  within  the  inner  circle  C,  namely  at  the  centre  a.  In  this  case 
the  circle  C  can  be  taken  to  be  infinitely  small,  and  so  Laurent's  expansion 
is  valid  for  all  points  in  the  interior  of  the  circle  C,  except  the  centre  a. 

Example  1.     Prove  that 

-iy,(.r)+i./,(:i-)-...  +  ^^^-V„(.r)  +  ..., 

1      Pir 

where  Jn(x)  =  ^r-  |     cos  {n6  -  x  sin  $)  dB. 

M  J  0 

For  Laurent's  Theorem  gives 

/v"^''  =  aj+aiZ  +  a2^2  +  ...  +  J  + -|  +  ... , 

where  a„  =  ^.(  ^  ^'""^  -^^  and  b„  =  ^.  (  e^^"^'  z» "  ■  dz, 

and  where  C  and  C"  are  any  circles  with  the  origin  as  centre.     Taking  C  to  be  the  circle  of 
radius  unity,  and  writing  z=e  ,  we  have 


1  r 


'2ir 

gteslnS     e-"'Oi.dd 

0 


1    P" 

=  —  I     COS  (nd  —  X  sm  6)  dd, 
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since  the  parts  of  I     sin  {nd  — x  sin  d)d6  which  arise  from  6  and  2it  -  6  will  destroy  each 
other.    Thus 

Now  6„  =  ( -!)"«„,  since  the  function  expanded  is  unaltei-ed  if  --  be  written  for  z. 
Thus 

which  completes  the  proof. 

Example  2.     Shew  that,  in  the  annulus  defined  by 

la|<|2;<|6|, 

the  expression  i. r-rr — rf    can  be  expanded  in  the  form 

where  ^,=  ^2^  2«*».  i!  («+„)!  \b)  ' 

For  by  Laurent's  Theorem  if  C  denote  the  circle  \z\=r,  where  |a|<r<|6|,  then  the 
coefficient  of  z"  in  the  required  expansion  is 

J_   [     dz^i  bz U 

an-ijc^"*' t(«-a)(6-«)J   ■ 

Putting  3= re'*,  this  becomes 

The  only  terms  which  give  integrals  different  from  zero  are  those  arising  from  k  =  l  +  7i. 
So  the  coefficient  of  z"  is 

±  P"  rfri  s  l•3.■■(2^-l)  1.3...  (2^  +  2ra-l)    a' 
2»rjo  i  2'.i!  2'*''.(i  +  re)!        6'+"' 

5„ 
6" 

Similarly  it  can  be  shewn  that  the  coefficient  of  —  is  <?„«". 

Example  3.     Shew  that 

e-^+-,^a,+a,z+a.^^+...+^'  +  ^J  +  ..., 

1     /■««■ 
where  «n  =  £r   I      e(''+'^^)'^'»»cos{(M-i;)sin5-nfl}ci^, 

iff  y  0 

and  ^n  =  s-  I     «<''+''' ™''*  cos  {(r- a)  sin  fl-n^jc^^. 
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44.     The  nature  of  the  singularities  of  a  one-valued  function. 

Consider  now  a  function  f{z)  which  is  regular  at  all  points  of  a  certain 
region  in  the  ^-plane,  except  a  point  ^  =  a;  so  that  the  point  a  is  a  singularity 
of  the  function  f{z). 

Surround  the  point  a  by  a  small  circle  7,  with  a  as  centre.  Then  in  the 
ring-shaped  space  between  7  and  some  larger  concentric  circle  G,  the  function 
f  {z)  can  by  Laurent's  Theorem  be  expanded  in  the  form 

A^  +  Ai{z  -  a)  +  A.{z  -  af  +  A^iz  -  ay  +  ... 

x>i  &  Bt 

z  —  a     {z  —  ay     {z  —  ay 

The  terms  in  the  last  line  are  called  the  Principal  Part  of  the  expansion  of 
the  function  at  the  singularity  a ;  if  they  were  non-existent,  the  function 
would  clearly  be  regular  at  the  point ;  so  they  may  be  regarded  as  consti- 
tuting the  analytical  expression  of  the  singularity. 

Now  these  terms  of  the  Principal  Part  may  be  unlimited  in  number, 
i.e.  the  series 

-Bi  Bj            B, 

z  —  a  {z  —  af  {z-  af 

may  be  an  infinite  series ;  in  this  case  the  point  a  is  said  to  be  an  essential 
singularity*  of  the  function  /  {z).  Or  on  the  other  hand,  they  may  be 
limited  in  number,  i.e.  the  series  just  written  down  may  be  a  terminating 
series ;  so  that  the  expansion  can  be  written  in  the  form 

^"       .       ^-^      +...+  —  '    +Ao+A,(z-a)  +  A,{z-af+.... 


(z-a)"     {z-a)"~'     '"     z-a 

In  this  case  the  function  is  said  to  have  a  pole  of  order  n  at  thelpoint  a. 
When  n  is  unity,  so  that  the  expansion  is  of  the  form 

-^+A,+A,{z-a)  +  A,{z-af  ■¥..., 
z  —  a 

the  singularity  is  said  to  be  a  simple  pole. 
Example  1.     Find  the  singularities  of  the  function 

c 
gs-a 

z 

Near  z  =  0,  the  function  can  be  expanded  in  the  form 


*  The  name  essential  singularity  is  also  applied  to  any  singularity  of  a  one-valued  function 
which  is  not  a  pole,  i.e.  to  singularities  for  which  no  Laurent  expansion  at  all  can  be  found. 
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'a  .a      .?./c      1\  ...  , 
e  o  I  -  +  g  I  +  positive  ix)wers  of  z. 


There  is  therefore  a  simple  pole  at  z=0.     Similarly  there  is  a  simple  pole  at  each 
of  the  points  27rrtta  (?J=  ±1,  ±2,  +3,...). 

Near  z  =  a,  the  function  can  be  expanded  in  the  form 


e.e  "  -1 


c  c' 

1  + +5-77 v,  +  ... 

z-a      2l{z-ay 


-"-■■)■ 


which  gives  an  expansion  involving  all  positive  and  negative  powers  of  {z  —  a).     So  there  is 
an  essential  singularity  at  2  =  a. 

There  is  also  an  essential  singularity  at  ^  =  oo  ,  as  will  be  seen  after  the  explanations  of 
the  next  article.  , 


Example  2.     Shew  that  the  function  defined  by  the  series 


00         ^^ 

n= 


has  a  simple  pole  at  each  of  the  points 

z=(l  +  -je«      (|-  =  0,  1,2,  ...;i-l;  m  =  1,  2,  ...co). 

(Cambridge  Mathematical  Tripos,  Part  II.,  1899.) 

46.     The  point  at  infinity. 

The  behaviour  of  a  function  /(z)  for  infinite  values  of  the  variable  z 
can  be  brought  into  consideration  in  the  same  way  as  its  behaviour  for  finite 
values  of  z. 

For  v^rite  z=  -,  so  that  the  infinite  values  of  z  are  represented  by  the 

point  /  =  0  in  the  /-plane.  Let  f{z)  =  (f> (z').  Then  the  function  <j) (z)  may 
have  a  zero  of  order  m  at  the  point  «'  =  0 ;  in  this  case  the  Taylor  expansion 
of  <f>  (/)  will  be  of  the  form 

Az'"'  +  Bz'"'+'  +  Gz'"'+-  +..., 

and  so  the  expansion  of  J  (z)  valid  near  z  =  oo  will  be  of  the  form 

A      ^        G_ 

In  this  case,  f(z)  is  said  to  have  a  ze7-o  of  order  m  at  z  =  co  . 
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Again,  the  function  (f>  (z)  may  have  a  pole  of  order  m  at  the  point  z'=0; 
in  this  case, 

and  so  for  large  values  of  z,/{z)  can  be  expanded  in  the  form 

N     P 
f{z)  =  Az"'  +  52"*-'  +  Gz<^-"-  +  ...  +  LZ  +  M +-+—  +  .... 

z      z^ 

In  this  case,  «  =  oo  is  said  to  be  a  pole  of  order  m  for  the  function  f{z). 

Similarly  f{z)  is  said  to  have  an  essential  singularity  at  «  =  x  ,  if  ^  (z) 

has  an  essential  singularity  at  the  point  z  =0.     Thus  the  function  e*  has  an 

1 
essential  singularity  at  ^  =  oo  ,  since  the  function  e*'  or 

1      _1_      J^ 

has  an  essential  singularity  at  /  =  0. 

Example.    Discuss  the  function  represented  by  the  series 

The  function  represented  by  this  series  has  singularities  at  z=—   and  2= -, 

{n  =  \,  2,  3,  ...),  since  at  each  of  these  points  the  denominator  of  one  of  the  terms  in  the 
series  is  zero.  These  singularities  are  on  the  imaginary  axis,  and  are  infinitely  numerous 
near  the  origin  2  =  0  :  so  no  Taylor  or  Laurent  expansion  can  be  formed  for  the  function 
valid  in  the  region  immediately  surrounding  the  origin. 

For  values  of  2  other  than  these  singularities,  the  series  converges  absolutely,  since  the 

ratio  of  the  (n  +  l)th  term  to  the  mth  is  ultimately  -, rr— 5,  which  is  very  small  when  n 

is  large.  The  function  is  an  even  function  of  2  (i.e.  is  unchanged  if  the  sign  of  z  be 
changed),  is  zero  for  all  infinite  values  of  2,  aud  is  regular  at  all  points  outside  a  circle 
C  of  radius  unity  and  centre  at  the  origin.  So  for  points  outside  this  circle  it  can  be 
expanded  in  the  form 

j2  +  24+2«+— ' 


where,  by  Laurent's  Theorem, 


oD      1         /z~2n 

6.=  ^.|2-..^^^-.,^&. 


^a-'"/      g-^"     g-4n     a-°"        \ 

wT(a-2''  +  22)  ^T  V""?""*"     2*  2«     +••■;' 


a-^zit-l  22i-3a-2»/         a-2n       a-4»       (j-On 

Now 


and  the  coefficient  of  -  on  the  right-hand  side  of  this  equation  is  ^ — j . 

\v.  A.  5 
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Therefore,  since  oiJy  terms  in  -  can  furnish  non-zero  integrals,  we  have 


**     Stti  n=0  J  c  n\ 

»      (_l)«r-l 


=  2 


=  (_l)i-leaa. 

Therefore  for  large  values  of  z  (and  indeed  for  all  points  z  outside  the  circle  of  radius 
unity)  the  function  can  be  expanded  in  the  form 

i      J.        i 

^-^  +  ^-  — ■ 

The  function  has  a  zero  of  the  second  order  at  2=  x ,  since  the  expansion  begins  with 

a  term  in  -. , 
z' 

46.     Many-valued  /unctions. 

In  all  our  previous  work  we  have  supposed  the  function  /(z)  to  have  one 
definite  value  corresponding  to  each  value  of  z. 

But  functions  exist  which  have  more  than  one  value  corresponding  to 
each  value  of  2.  Thus  the  function  z^  has  two  values  (viz.  +  vz  and  —  'Jz) 
corresponding  to  each  value  of  z,  and  the  function  tan~'  z  has  an  infinite 
number  of  values,  expressed  by  the  formula  tan~'  z  ±  kir,  where  k  is  any 
integer. 

We  may  however  for  many  purposes  consider  +  V^s  and  —  VJ  as  if  they 
were  two  distinct  functions,  and  apply  to  either  of  them  separately  the 
theorems  which  have  been  investigated  in  this  chapter.  When  we  in  this 
way  select  some  one  determination  of  a  many-valued  function  for  considera- 
tion, it  is  called  a  branch  of  the  many-valued  function.  Thus  the  values 
log  z,  log  z  +  2Tri,  log  z  +  4fn-i, ...,  would  be  said  to  belong  to  different  branches 
of  the  function  log  z. 

There  will  be  certain  points  for  which  the  values  of  the  function  given  by 
different  branches  coincide :  these  points  are  called  branch-points  of  the 
function,  and  must  be  included  among  its  singularities.  Thus  the  function 
2^  has  a  branch-point  at  ^  =  0,  since  either  branch  there  gives  the  same  value, 
zero,  for  the  function. 

It  must  not  however  be  supposed  that  the  branches  of  a  many-valued 
function  really  are  distinct  functions.  The  following  example  shews  how 
the  different  branches  of  a  many-valued  function  change  into  each  other. 

Let  /(z)  =  z^. 
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Write  z=7-  (cos  ^  +  i  sin  6),  where  0  <  0  <  2Tr.  Then  the  two  values  of 
f  {z)  are 

,-  /    e    .  .  e\     ,     /-  /    d    .  .  e 

+  vr  I  cos  ;^  +  t  sin  ^  1  and  —\r[  cos  ^  +  i  sin 

Let  us  take  the  former  of  these  values,  and  consider  its  changes  as  the 
point  z  describes  a  circle  round  the  origin  {z  =  0).  As  the  point  travels,  r  is 
unchanged,  but  6  constantly  increases,  and  when  the  point  reaches  again  the 
starting-point  after  completing  the  circuit,  9  has  increased  by  2-n:  The 
function  has  therefore  become 

r  (       6  +  2-77      .   .    e  +  '2.-n- 
+  vr  (  cos  — ^ h  I  sin  — ^ — 

(a  a 

cos  ^  +  t  sin  ^ 

In  other  words,  the  branch  of  the  function  with  which  we  started  has  passed 
over  into  the  other  branch. 

In  following  the  succession  of  values  of  f(z)  along  a  given  path,  the  final 
value  is  deduced  without  ambiguity  from  the  initial  value ;  and  all  con- 
ceivable paths  lead  to  one  of  two  final  values,  viz.  'Jz  and  —  Vz.  But  it 
appears  from  the  above  that  it  is  not  possible  to  keep  these  branches  per- 
manently apart  as  distinct  functions,  because  paths  lead  from  one  value  to 
the  other. 

The  idea  of  the  dififerent  branches  of  a  function  helps  us  to  understand  many  of  the 
"paradoxes"  of  mathematics,  such  as  the  following. 

Consider  the  function 

for  which  -y- =  z' (1 -\-\og s). 

When  0  is  negative  and  real,  -i-  is  not  real.     Now  if  2  is  a  negative  quantity  of  the 
form     ^    (where  p  and  q  are  positive  or  negative  integers),  u  is  real. 
If  therefore  we  draw  the  real  curve 

we  have  for  negative  values  of  j  a  series  of  conjugate  points,  arranged  at  infinitely  small 
intervals  of  z :  and  thus  we  may  think  of  proceeding  to  form  the  tangent  as  the  limit  of 

the  chord,  just  as  if  the  curve  were  continuous ;  and  thus  -j- ,  when  derived  from  the 

inclination  of  the  tangent  to  the  axis  of  x,  would  appear  to  be  real.     The  question  thus 

arises,  Why  does  the  ordinary  process  of  differentiation  give  a  non-real  value  for  -j- 1    The 

5—2 
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explanation  is,  ttiat  these  conjugate  points  do  not  all  arise  from  the  same  branch  of  the 
function  M =2*.     We  have  in  fact 

and  log  z  has  an  arbitrary  additive  part  2kiri,  where  k  is  any  integer.  To  each  value  of  k 
corresponds  one  branch  of  the  function  u.  Now  in  order  to  get  a  real  value  of  u  when  z  is 
negative,  we  have  to  choose  a  suitable  value  for  k :  and  this  value  of  h  varies  as  we  go  from 
one  conjugate  point  to  an  adjacent  one.  So  the  conjugate  points  do  not  represent  values  of 
w  arising  from  the  same  branch  of  the  function  u=z',  and  consequently  we  cannot  expect 

the  value  of  -j-  to  be  given  by  the  tangent  of  the  inclination  to  the  axis  of  x  of  the 
dz 

tangent-line  to  the  series  of  conjugate  points. 

Example  1.     If  log  z  be  defined  by  the  equation 

I 

log2=Limit  n{z"—\), 

n=oo 

shew  that  logz  is  a  many-valued  function,  which  increases  by  Stti  when  z  describes  a 
closed  path  round  the  origin. 

For  put  z  =  r  (cos  6  +  is,m.6). 

Then  one  of  the  values  of  log  z,  on  this  definition,  is 


Limit m  \i^  (cos — l-i'sin-  )  — iL 


where  »*  is  the  positive  nth  root  of  r. 
This  can  be  written 


1 
Limit  n  {r"-  \}  +  i6. 


When  z  describes  a  closed  path  round  the  origin,  the  first  term  in  this  expression 
remains  unaltered,  while  the  second  increases  by  27ri ;  hence  the  result. 

Example  2.    Find  the  points  at  which  the  following  functions  are  not  regular. 


(«) 

z\ 

Answer,  2=00. 

(6) 

cosec  2. 

Answer,  2  =  0,  ±n,  +2n-,  +877,  .... 

w 

2-1 

Answer,  2  =  2,  3. 

z^-bz+Q' 

{d) 

1 
e'. 

Answer,  2  =  0. 

(«) 

{{z-\)z}K 

Answer,  2=0,  1,  00. 

Example  3.    Prove  that  if  the  different  values  of  a',  corresponding  to  a  given  value  of  «      J 
are  represented  on  an  Argand  diagram,  the  representative  points  will  be  the  vertices  of  an 
equiangular   polygon  inscribed  in  an  equiangular  spiral,  the  angle  of  the  spiral  being 
independent  of  a. 

(Cambridge  Mathematical  Tripos,  Part  I.,  1899.) 
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47.     Liouville's  Theorem. 

We  know  by  §  38  that  H  f(z)  be  any  function  of  z  which  is  regular  at 
all  points  of  the  2;-plane  within  a  circle  C,  of  centre  a  and  radius  r,  then 


Now  let  M  be  the  greatest  value  of  \f{z)\  at  points  on  the  circle  C. 
Then  this  equation  gives  (§  32) 

n'     M 

n\M 

From  this  inequality  an  important  consequence  can  be  deduced.  Suppose 
that  f{z)  is,  if  possible,  a  regular  function  of  z  over  the  whole  z-plane, 
including  infinity,  i.e.  that  it  has  no  singularities  at  all. 

Then  in  the  above  equation  M  is  finite  when  r  is  infinite,  whatever  n  is ; 
and  therefore  /<"'  (a)  is  zero  for  all  values  of  n  and  a,  i.e.  f{a)  is  a  constant 
independent  of  a.  We  thus  arrive  at  Liouville's  theorem,  that  the  only 
function  which  is  regular  everywhere  is  a  constant. 

As  will  be  seen  in  the  next  article,  and  again  frequently  in  the  latter  half  of  this 
volume,  Liouville's  theorem  furnishes  short  and  convenient  proofs  for  some  of  the  most 
important  results  in  Analysis. 

48.     Functions  with  no  essential  singularities. 

We  shall  now  shew  that  the  only  one-valued  functions  which  have  no 
singularities  in  either  the  finite  or  infinite  part  of  the  plane,  except  poles,  are 
rational  functions. 

For  let  /  {z)  be  such  a  function ;  let  its  singularities  in  the  finite  part 
of  the  plane  be  at  the  points  Ci,  c^,  ...  c^ :  and  let  the  principal  part  (§44) 
of  its  expansion  at  the  pole  c,  be 


Let  the  principal  part  of  its  expansion  at  the  pole  z=  x>  he 

a^z  +  a.^''  +  . . .  +  UnZ" ; 

if  z  =  00  is  not  a  pole,  but  a  regular  point  for  the  function,  then  the  coefficients 
in  this  expansion  will  be  zero. 

Now  the  function 

^^    ^       A  \z-Cr'^{z-  Cr)^'^  -^(Z-  C,)"r| 

—  OiZ  —  a^'-  —  ...  —  a„«" 


k 
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has  clearly  no  singularities  at  the  points  c,,  c,,  ...  c*,  x ;  it  has  therefore  no 
singularities  at  all,  and  so  by  Liouville's  theorem  is  a  constant ;  that  is, 

f{z)  =  constant  +  a^z  +  a^"-  +  . . .  +  On^" 


r=>\\z  —  Cr        {z  —  Crf       '"       (z  —  CrYr  j   ' 

f(z)  is  therefore  a  rational  function,  and  the  theorem  is  established. 

Miscellaneous  Examples. 

1.  Obtain  the  expansion 

2.  Obtain  the  expansion 
/W=/(a)+^if[/'(a)+/'(.)  +  2(/'(a  +  ^)+/'(a+^-?^)  +  ... 

+  ....  (Corey.) 

3.  Obtain  the  expansion 

+  ...  (Corey.) 

4.  In  order  that  values  U+  Vi,  which  are  given  as  continuous  functions  of  the  arc 
of  a  circle,  should  be  the  boundary  values  of  an  analytic  function,  shew  that  it  is  necessary 
and  sufficient : 

(a)    That  —^ — ^^^ — — — —  at  the  place  i^=0  should  be  uniformly  integrable  for 

all  values  of  a  ; 
(6)     That  the  values  of  V  shall  be  given  by 

F(a)  =  j^  ('  {U {a- \Ia)-  U {a +  y(r)}  cot iyjrd^l,.  (Tauber.) 

Z-TT  J  0 
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5.    Shew  that  for  the  series 

00  1 


the  region  of  convergence  consists  of  two  distinct  areas,  namely  outside  and  inside  a  circle 
of  radius  unity,  and  that  in  each  of  these  the  series  represents  one  function  and  represents 
it  completely. 

(Weierstrass.) 

6.     Shew  that 


(l-.=)-i  =  l  +  LHi4^  +  -  + 


1.3...(2n-l)^„ 


2        2.4      2.4...2»i 

(Jacobi  &  Scheibner.) 

7.  Shew  that 

m{m  +  l)     jm  +  n)  [%»  (i  _,),»- irf,. 

« !  Jo 

(Jacobi  &  Scheibner.) 

8.  Shew  that 

(1     z)      jj    (I     t)      ^«-,„+i-[i  +  ,„  +  3^+-  +  (,„^.3)...(^  +  2n-l)'       / 

+  (l-.2)-i  _(«^+2)(m+4)...(m  +  2>»)      i't,.,un-fir^dt. 
^^         '      (»i+l)(m  +  3)...(m  +  2n-l)jo  ^  ' 

(Jacobi  &  Scheibner.) 

9.  If,  in  the  expansion  of  {a +0^2+0^'^)'"  by  the  multinomial  theorem,  the  remainder 
after  n  terms  be  denoted  by  R,  so  that 

shew  that 

(Jacobi  &  Scheibner.) 

10.  If  {af,  +  a^z  +  a^^^)-^-^  j    {a„  +  ait  +  a/')'"dt 

J  0 

be  expanded  in  ascending  powers  of  z  in  the  form 

.412  +  ^22^  +  ..., 

shew  that  the  remainder  after  (ji—  1)  terms  is 

(a„  +  ai2  +  a222)-m-i  r(a^  +  Oi<  +  a/)™{«a„^„-(2»i  +  n  +  l)a2^n_i<}<— 'rf<. 

(Jacobi  &  Scheibner.) 

11.  Shew  that  the  series 

n=0  "'■' 

where  ^»W=  "  ^+^"2! +  3I  ~- -^Tl' 
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and  where  <(>  («)  is  a  regular  function  of  z  near  0=0,  is  convergent  in  the  neighbourhood  of 
the  point  z=0 ;  and  shew  that  if  the  sum  of  the  series  be  denoted  by  f{z),  then  /(«) 
satisfies  the  differential  equation 

/'(2)=/(^)-*W-  (Pincherle.) 

12.  Shew  that  the  arithmetic  mean  of  the  squares  of  the  moduli  of  all  the  values  of 
the  series  2  a^a*  on  a  circle  |2|  =  r,  situated  within   its  circle  of  convergence,  is  equal 

0 

to  the  sum  of  the  squares  of  the  moduli  of  the  separate  terms. 

(Gutzmer.) 

13.  Shew  that  the  series 

2    g-2(om)>  ^n^l 

converges  when  \z\  <  1;  and  that  the  function  which  it  represents  can  also  be  represented 
when  \z\  <  1  by  the  integral 

1  a 

fciy  /""    e'x    dx 

\"J   J  0    e'-z  x^' 

and  that  it  has  no  singularities  except  at  the  point  z-— 1.  (Lerch.) 

14.  Shew  that  the  series 

T  T      \{l-  2u-2v'zi)  {2v  +  2u'ziy^  {l-2„-2v'z-H)  (2„  +  2v'z-Hfj  ' 

in  which  the  summation  extends  over  all  integral  values  of  v,  v,  except  the  combination 
(»=0,  i''=0),  converges  absolutely  for  all  values  of  z  except  purely  imaginary  values ;  and 
that  its  sum  is  + 1  or  —  1,  according  as  the  real  part  of  z  is  positive  or  negative. 

(Weierstrass.) 

15.  Shew  that  sin-{M(«  +  -U  can  be  expanded  in  a  series  of  the  type 

ao+«i'5+«22^+  —  +  -  +  -2+---. 

in  which  the  coefficient  of  either  2"  or  2""  is 

1    /^' 

—  \     sia  {211  cos  6)  coanO  do. 

16.  If 

hew  that/(z)  is  finite  and  continuous  for  all  real  values  of  z,  but  cannot  be  expanded  as 
Maclaurin's  series  in  ascending  powers  of  z ;  and  explain  this  apparent  anomaly. 


CHAPTER    IV. 
The  Unifobm  Convergence  of  Infinite  Series. 

49.     Uniform  Convergence. 

We  have  seen*  that  the  sum  of  a  convergent  series  of  analytic  functions 
of  a  variable  z  can  have  discontinuities  as  z  varies.  It  was  found  by  Stokes"t* 
and  Seidel;]:  in  1848  that  this  can  never  happen  except  in  association  with 
another  phenomenon,  that  of  non-uniform  convergence,  which  will  now  be 
investigated. 

Consider  the  series 

o ^'  ,  z+z'{z-l) 

(1  +  2z)  (1  +  2^  +  ^=)     (1  +  2^  +  z''){l  +  3^  +  ^)  "^ ■■• 

,  z  +  z«{z-l) 

(1+ w^  +  ^»)  {1+ («+ 1) 0  +  2;"+') 

We  shall  first  shew  that  this  series  is  convergent  for  all  values  of  z  except 
certain  isolated  points. 

For,  except  for  the  roots  of  1  +  nz  +  z"  =  0,  the  wth  term  can  be  put  in 
the  form 

1 1 . 

1+nz  +  z"     1 +(n  +  l)^+ 2"+'' 

so  the  sum  of  the  first  n  terms  is 

1  1 


S„  =  - 


l  +  2z     l  +  (n  + 1)2 +  «»+>' 

which,  as  n  becomes  infinitely  great,  tends  to  the  value  r- — ^  for  all  points 
except  2  =  0:  and  for  z  =  0,  we  have  S  =  0. 

Thus  (except  at  the  roots  of  the  equations  I  +nz+  z"  =  0)  the  series 
converges ;  and  it  represents  a  regular  function,  except  at  2  =  0,  where  it  has 
a  discontinuity. 

♦  In  §  42. 

t  Collected  Papers,  Vol.  i.  p.  236. 

*  Miinch.  Abh. 
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What  lies  at  the  root  of  the  discontinuity  ? 

The  remainder  after  n  terms  is 

1 


Rn  = 


l  +  {n  +  l)z  +  z" 


For  ordinary  values  of  z,  say  z  =  l,  this  remainder  decreases  rapidly  as 
n  increases.  Thus  if  n  =  10,  z  =  S,  the  remainder  =orx«iii'  ^  negligible 
quantity.  But  now  let  z  approach  near  to  its  discontinuity  0 :  say 
^:=  .     Then  with  this  value  of  z,  the  remainder  after  1000  terms  is 

nearly  1,  and  the  remainder  after  1000000  terms  is  still  nearly  ^.     This 

shews  that,  as  z  approaches  the  discontinuity  at  z=>0,  the  terms  which 
contribute  sensibly  to  the  sum  tend  to  recede  to  the  infinitely  distant  part  oj  the 
series,  so  the  first  1000  terms  do  not  furnish  a  good  approximation  at  all. 

We  can  express  this  analytically  as  follows : — The  number  of  terms  n, 
which  we  have  to  take  in  order  to  make  |ii„|  less  than  a  given  small  positive 
quantity  e,  tends  to  oo  as  we  approach  the  point  of  discontinuity. 

This  circumstance  is  the  basis  of  the  following  definition  : — 

Let  Ut{z)  +  u^(z)  +  u,(z)  +  Ut{z)  + ... 

be  a  series  of  functions  of  z,  which  is  convergent  at  all  points  z  within  a  given 
area  in  the  ^^-plane.  Let  R^  be  the  remainder  after  n  terms.  Then  since 
the  series  converges,  if  we  take  a  small  finite  quantity  e  we  can  find  at  any 
point  on  the  area  a  number  r  (varying  from  point  to  point)  such  that  |2?„|  <  e 
so  long  as  n  >  r.  If  the  numbers  r  corresponding  to  the  aggregate  of  points 
in  the  vicinity  of  a  given  point  z  are  all  less  than  some  definite  finite  number, 
the  series  is  said  to  be  uniformly  convergent  at  the  point  z ;  but  if  near  any 
point  z  the  number  r  tends  to  infinity,  so  that  no  definite  upper  limit  can  be 
assigned  to  it,  the  convergence  of  the  series  is  said  to  be  non-uniform*  in 
the  neighbourhood  of  the  point  z. 


Example  1.    Shew  that  the  series 


2' 


,3 


^  ■''l-|-z=''*'(14-z')2"'""*'*"(l+z2)» "•■•■•' 

which  converges  absolutely  for  all  i-eal  values  of  z,  is  discontinuous  at  2=0  and  is  non- 
iiniformly  convergent  in  the  neighbourhood  of  2=0. 


The  sum  of  the  first  n  terms  is  easily  seen  to  be  1  +2^  — ,- ^^r — : .     So  when  z  is  not 

zero  the  sum  is  1  +z^,  and  when  z  is  zero  the  sum  is  zero. 


•  An  interesting  geometrical  treatment  of  uniform  convergence  is  given  by  Osgood  in  Vol.  in. 
of  the  null,  of  the  Amer.  Math.  Soc.  p.  59  (1896). 
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The  remainder  after  n  terms   is  — =7 — ,  .     Thiis  can  be   made  smaller  than   any 

(1+2^)""'  •' 

log- 
assigned  small  finite  positive  quantity  e  by  choosing  n  so  that  n-  l>j      .  .    But  aa 

2  tends  to  zero,      — ^r  tends  to  infinity,  so  n  must  tend  to  infinity,  i.e.  we  have  to 

include  an  infinite  number  of  terms  in  order  to  get  the  remainder  less  than  «.     This  series 
is  therefore  non-uniformly  convergent  in  the  neighbourhood  of  ?  =  0. 

Example  2.     Shew  that  at  z  =  0  the  sum  of  the  series 
z  z  z 

+  •••  +  ,/..      ,v      .   ,w-     .    .1  +  — 


l(«+l)"^(2+l)(2z+l)^"      {(7i-l)z+l}{raz+l} 
is  discontinuous  and  the  series  is  non-uniformly  convergent. 

The  sum  of  the  first  n  terms  is  easily  seen  to  be  1 ,  ;  so  when  z  is  zero  the 

sum  is  0. 

The  remainder  after  n  terms  of  the  .series  is ;  ;  so  when  z  is  nearly  zero,  say 

«2+l 

2  =  one-hundred-millionth,  the  remainder  after  a  million  terms  is  ^^^^  or  1  -    .rr  ,  so 

100  +  ^ 
the  first  million  terms  of  the  series  do  not  contribute  one  per  cent,  of  the  sum.     And  in 
general  if  z  be  small,  it  is  necessary  to  take  n  large  compared  with  the  large  quantity 

-  in  order  to  make  the  remainder  after  n  terms  small.     There  is  therefore  non-uniform 

z 

convergence  in  the  neighbourhood  of  2  =  0. 

Example  3.     Discuss  the  series 

«     2{?t(n-H)z'-l} 

The  jith  term  can  be  written  = =-5  —  ,--^ rcs~b .  so  the  sum  to  infinity  is  _  ,    „ , 

l-t-?l%2       1 -)-(»-)- 1)2  22'  •'  l-fz'! 

and  the  remainder  after  n  terms  is  ,— ^ tso-o- 

l-t-(n-|-l)2  22 

However  great  n  may  be,  if  we  take  z  equal  to  r- ,  this  remainder  will  have  a  finite 

value,  namely  \  ;  the  series  is  therefore  non-uniformly  convergent  at  2  =  0. 

Note.    In  this  example  the  sum  of  the  series  is  not  discontinuous  at  2=0. 

Cayley*  regards  non-uniform  convergence  s»  consisting  essentially  in  the  occurrence  of 
a  discontinuity  in  the  sum  of  a  series.     The  condition  for  a  discontinuity  in  a  series 

M,  (2)-»-?<2(2)-f  M3(2)-(-... 

at  the  point  2= a  is  that  the  series 

I    «rW-M,.(2) 
r=J  a  —  z 

shall  have  an  indefinitely  large  sum  when  (a  — 2)  is  indefinitely  small. 

*  "  Note  on  Uniform  Convergenee,"  Proc.  Roy.  Soc.  Kdinb.  xix.  (1891-2),  pp.  203-8. 
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Thus  in  the  series 

(l-2)+2(l-2)  +  2»(l-2)+..., 

which  is  non-uniformly  convergent  and  discontinuous  at  z=l,  we  have 

"^  ' =-^=-2",  when  a=l, 

a-z 

to       «/     (qA  —  9/     (z\  1 

so  the  sum  of  the  series  2     "      '^-^  is  :; —  ,  which  is  infinite  for  2=1. 

„=,  a-z  1-2' 

50.     Connexion  of  discontinuity  with  non-uniform  convergence. 

We  shall  now  shew  that  the  sum  of  a  series  of  continuous  functions  of  z, 
if  it  is  a  uniformly  convergent  series  for  values  of  z  within  certain  limits, 
cannot  he  discontinuous  for  values  of  z  within  those  limits. 

For  let  the  series  be  f{z)  =  Mj  (^)  +  «,  (^^)  +  . . .  +  m„  (^)  +  . . .  =  /S„  {z)  +  R^  (z), 
where  i?„  is  the  remainder  after  ?i  terms. 

Since  the  series  is  uniformly  convergent,  we  can  to  any  small  positive 
number    e    find   a  corresponding   integer  n   independent   of    z,   such   that 

\Rn{z)\  <  ^  for  all  values  of  z  within  the  area. 
o 

Now  n  and  e  being  thus  fixed,  we  can,  on  account  of  the  continuity  of 
Sn  (z),  find  a  positive  number  i)  such  that,  when  \z  —  z'\<r),  the  inequality 

|,Sf„(z)-,S„(/)|<^ 
is  satisfied. 

We  have  then 

l/(^)  -/(^')  I  =  I  {S«  (^)  -  Sn  (Z')}  +  Rn  {Z)  -  Rn  (/)  | 

<\Sn{z)-S^iz')\  +  \Rn(z)\  +  \Rniz')\ 

which  establishes  the  result. 

Example  \.    Shew  that  at  2=0  the  series 

■>h{z)  +  Ui{z)  +  U3{z)  + ...  , 

where  Mj(2)  =  2,     «„(2)=22"-1-2*»~', 

and  real  values  of  z  are  concerned,  is  discontinuous  and  non-uniformly  convergent 

The  sum  of  the  first  n  terms  is  2^""' ;  as  ra  tends  to  infinity,  this  quantity  tends  to 
1,  0,  or  -  1,  according  as  2  is  positive,  zero,  or  negative.  The  series  is  therefore  absolutely 
convergent  for  all  values  of  2,  and  has  a  discontinuity  at  z=0. 

i_ 

The  remainder  after  n  terms,  when  2  is  small  and  positive,  is  1  -2'''''~i ;  however  great 

w  may  be,  by  taking  2=e"(2"-i)  we  can  cause  this  remainder  to  take  the  value  1  -  -  ,  which 
is  different  from  zero.    The  series  is  therefore  non-uhiformly  convergent  at  2=0. 
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Example  2.     Shew  that  at  2  =  0  the  series 

-2?(l+z)"-' 


„',  {l+(l+2)»-l}{l+(l+2)"} 

is  discontinuous  and  non-uniformly  convergent. 
The  nth  term  can  be  written 

l-(l+2)»        l-(l+z)"-t 

1 +(!+?)"     l+(H-^)"-i' 

so  the  sum  of  the  first  n  tenns  is  t—j-. (7,  ■     Thus  considering  real  values  of  z  greater 

than  - 1,  it  is  seen  that  the  sum  to  infinity  is  1,  0,  or  —  1,  according  as  2  is  negative  and 
greater  than  -2,  zero,  or  positive.  There  is  thus  a  discontinuity  at  ^=0.  This  discon- 
tinuity is  explained  by  the  fact  that  the  series  is  non-uniformly  convergent  at  2  =  0  ;  for 
the  remainder  after  n  terms  in  the  series  when  2  is  positive  is 

-2 


l  +  (l+2)«' 

akingr   2=- 
°         n 

,  which  is  different  from  zero.     The  series  is  therefore   non-uniformly  convergent 


and  however  great  n  may   be,   by  taking   2=-    this  can   be   made   to  take  the  value 


\+e 
at  2  =  0. 

51.     Distinction  between  absolute  and  uniform  convergence. 
The   uniform  convergence  of  a  series  does  not  necessitate  its  absolute 
convergence,  nor  conversely.     Thus  the  series  (§  49,  Ex.  1)  S..        ^.„  con- 

verges  absolutely,  but  (at  z  =  0)  not  uniformly  :  while  if  we  take  the  series 

»   (-  l)"-i 

„=i    z""  +  n 
its  series  of  moduli  is 

5        1 


„=i  \n+z^\' 

which  is  divergent,  so  the  series  is  only  semi-convm'gent ;  but  for  all  real 
values  of  z,  the  terms  of  the  series  are  alternately  positive  and  negative  and 
numerically  decreasing,  so  the  sum  of  the  series  lies  between  the  sum  of  its 
first  n  terms  and  of  its  first  {n  -f  1)  terms,  and  so  the  remainder  after  n  terms 
is  less  than  the  nth  term.  Thus  we  only  need  take  a  finite  number  of  terms 
in  order  to  ensure  that  for  all  real  values  of  z  the  remainder  is  less  than  any 
assigned  quantity,  i.e.  the  series  is  uniformly  convergent. 

Absolutely  convergent  series  behave  like  series  with  a  finite  number  of 
terms  in  that  we  can  multiply  them  together  and  transpose  their  terms. 

Uniformly  convergent  series  behave  like  series  with  a  finite  number  of 
terms  in  that  they  are  continuous  and  (as  we  shall  see)  can  be  integrated 
term  by  term. 
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52.  Condition  for  uniform  convergence. 

A  sufficient  though  not  necessary  condition  for  the  uniform  convergence 
of  a  series  may  be  enunciated  as  follows  : — 

If  for  all  values  of  z  within  a  certain  region  the  moduli  of  the  terms  of  a 

series 

S  =  ih  {2)  +  u-2  (^)  +  ih(z)+  ■■■ 

are  respectively  less  than  the  corresponding  terms  in  a  convergent  series  of 
positive  constants 

then  the  series  S  is  uniformly  convergent  in  this  region.  This  follows  from 
the  fact  that,  the  series  T  being  convergent,  it  is  always'  possible  to  choose  n 
so  that  the  remainder  after  the  first  n  terms  of  T,  and  therefore  of  S,  is  less 
than  an  assigned  positive  quantity  e ;  and  since  the  value  of  n  thus  found 
is  independent  of  2,  the  series  S  is  uniformly  convergent. 

Corollary.  The  theorem  is  still  true  if  the  moduli  of  the  terms  of  S, 
instead  of  being  less  than  the  terms  of  T,  are  to  them  in  a  variable  but  finite 
ratio. 

Example.     The  series 

C0S2+22C0S2^+  -joos'z  +... 

is  uniformly  convergent  for  all  real  values  of  z,  because  the  moduli  of  its  terms  are  not 
greater  than  the  corresponding  terms  of  the  convergent  series 

11 
^  +  22  ■*■  32  "*■•■■' 

whose  terms  are  positive  constants. 

53.  Integration  of  infinite  series. 

We  shall  now  shew  that  if  S (z)  =  v^  (z)  +Ui(z)+  ...  is  a  uniformly  con- 
vergent series  of  continuous  functions  of  z,  for  values  of  z  contained  within 
some  domain,  then  the  series 

liti(z)dz  +  j  iUi{z)dz  + ..., 

where  all  the  integrals  are  taken  along  with  some  path  G  in  the  domain,  is 
convergent,  and  has  for  sum  iS(z)  dz. 

For  let  n  be  some  definite  finite  number,  and  write 

S  (Z)  =  Mi  (z)  +  U,(z)+  ...  +  Un  (z)  +  R„  (z), 


80 


j 8  {z)dz=  juj{z)dz  +  ...  +  jun(z)dz  +  JRn{z)dz. 
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Now  since  the  series  is  uniformly  convergent,  to  every  positive  number  e 
there  corresponds  a  number  r  independent  of  z,  such  that  when  n  >  r  we  have 
I  Rn  {z)  j  <  6,  for  all  values  of  z  in  the  area  considered. 

Therefore  if  I  be  the  length  of  the  path  of  integration,  we  have  (§  32) 


I' 


<el. 


\Rn{z)dz 

Therefore  the  modulus  of  the  difference  between  I  S  {z)  dz  and  the  sum 

of  the  n  first  terms  of  the  series  2  I  «„  (z)  dz  is  less  than  any  positive 
number  provided  n  is  large  enough.  This  proves  both  that  the  series 
2  I  M„  {z)  dz  is  convergent,  and  that  its  sum  is  I  S  (z)  dz. 

Example  1.     As  an  example  of  the  necessity  of  this  theorem,  consider  the  series 

nil  {1  +>t^sin2  22}{l  +  (n+ 1)2  sin2z2}  * 

The  nth  term  is 

2zncoaz''         2z(n  +  l)cosz^ 


l+n^sin^z^     l+(92  +  l)2sin2z2' 

and  the  sum  of  n  terms  is  therefore 

23  cos  2^         2z{n  +  \)coaz'' 
l+sm^z^~  l  +  (n  +  iyaii^^' 

The  series  is  therefore  ahsolutely  convergent  for  all  real  values  of  z :  but  the  remainder 
after  n  terms  is 

.     2z(re  +  l)c(}sz' 
H-(ra+l)2sin2^' 

and  if  n  be  any  number  however  infinitely  great,  by  taking  z= ;  this  has  the  finite  value 

2.     The  series  is  therefore  non-uniformly  convergent  at  «=0. 

22  COS  z 

Now  the  sum  to  infinity  of  the  series  is    —  .  -.^.^,  and  so  the  integral  from  0  to  ^  of 

the  sum  of  the  series  is  tan"*  (sin  z^).     On  the  other  hand,  the  sum  of  the  integrals  from 
0  to  z  of  the  first  n  terms  of  the  series  is 


tan  ~  1  (sin  ^2)  _  tan  " '  (?t  + 1  sin  z^), 
and  for  »  =  00  this  tends  to 

tan"'  (sinz^)  — -. 

Therefore  the  integral  of  the  sum  of  the  series  difiers  from  the  .sum  of  the  integrals  of 
the  terms  by  -  . 

Example  2.     Discuss  the  series 


»     2e''z{l-TO(e-l)  +  e"  +  'z'} 
nil  n{n+l)(i+g^z^){l+e''*h^) 


for  real  values  of  c. 
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The  nth  term  of  the  series  may  be  written 

2e»z  2e'*  +  >^ 


The  sum  of  the  first  n  terms  is 

Zez 2e"-^'? 

r+ez^     (?i  +  l)(l+e"  +  V)" 

2ez 

The  series  therefore  converges  to  the  value  = ;, :  and  since  the  terms  are  rgal  and 

l  +  ez' 

ultimately  of  the  same  sign,  the  convergence  is  absolute.     The  integral  from  0  to  z  of  the 

simi  of  the  series  is 

\og{l+ez^). 

The  sum  of  the  first  n  terms  of  the  series  formed  by  integrating  the  terms  of  the  series 
is 

log  (l  +  ez^)  -  -~  log(l  +e»  + V), 

which  for  ?i  =  oo  tends  to 

log(l+e22)-l 

This  discrepancy  is  accounted  for  by  the  non-uniform  convergence  of  the  series  at  2=0 ; 
for  the  remainder  after  n  terms  in  the  original  series  is 


2e»+>2 


(»+l)(l+«»^V)  n_+l^^^^^^^  ' 

z 

and  however  great  n  may  be,  on  taking  z= this  takes  the  value  unity  ;  so  the  series 

is  non-uniformly  convergent  at  2  =  0. 

Example  3.    Discuss  the  series 

where 

Mj = ze~^,     Un  =  nze-'^'-{n-l)  ztH"-')**, 

for  real  values  of  z. 

The  sum  of  the  first  n  terms  is  nze-'^,  so  the  sum  to  infinity  is  0  for  all  real  values 
of  2.  Since  the  terms  Un  are  real  and  ultimately  all  of  the  same  sign,  the  convergence 
is  absolute. 


In  the  series 


/u^dz  +  \  u.^dz-\- \   u^dz-\-... 
0  Jo  Jo 


the  sum  of  n  terms  is  ^  (1  -  e"*^),  and  this  tends  to  the  limit  J  as  n  tends  to  infinity  ;  this 
is  not  equal  to  the  integral  from  0  to  2  of  the  sum  of  the  series  2  m„. 

The  explanation  of  this  discrepancy  is  to  be  found   in   the   non-uniformity  of  the 
convergence  near2=0,  for  the  remainder  after  n  terms  in  the  series  U1  +  U2  +  ...  is  —nze-'"'; 

and  however  great  n  may  be,  by  taking  s=-  we  can  cause  this  to  tend  to  the  limit  -1, 

which  is  different  from  zero :  the  series  is  therefore  non-uniformly  convergent  near  z=0. 
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54.     Differentiation  of  infinite  series. 

The  converse  of  the  last  theorem  may  be  thus  stated : 

If  8{z)  =  Ml  {z)  +  U2  {z)+  ...  is  a  convergent  series  of  analytic  functions  of  z, 
which  are  regular  when  the  variation  of  z  is  restricted  to  he  within  a  certain 

domain,  and  if  the  series  '2{z)  =  -r-  u^  (z)  +  ^  u„{z)  -\-  ...  is  uniformly  convergent 

within  this  domain,  then  this  latter  series  represents  -r-  S  (z). 

For  by  the  preceding  result,  if  a  and  z  are  two  points  within  the  domain, 
we  have 

r  t{t)dt = r  m/  (t)  dt  +  r^^'  (t)dt+... 

J  a  J  a  J  a 

=  lli{z)-Ui{a)+  ...  +  Uniz)-Un{a)  +  ...  . 

Since 

Ml  (z)  +  Ui(z)+  ...  and  u^ (a)  +  m, (a)  +  . . . 

are  each  of  them  convergent  series,  we  can  write  this 

ri{t)dt  =  {it,  (z)  +  u, (^)  +  ...j  -  {Ml  (a)  +  u^(a)  +  ...} 

J  a 

=  S{z)-S{a), 
and  hence 

l(^)  =  lsiz). 

We  may  note  that  a  derived  series  may  be  non-uniformly  convergent  even  when  the 
original  series  is  uniformly  convergent ;  for  instance  the  series 

.sinz  — ^sin  22  +  Jsin3z+... 

is  non-imiformly  convergent  at  z=Tr;  although  the  series  from  which  it  can  be  derived, 
namely 

1        o       1        „ 

—  cos  z+zra  cos  22  —  ^  cos  3z  + . . . , 

is  uniformly  convergent  for  all  real  values  of  2. 

55.     Uniform  convergence  of  Power-Series. 

We  shall  now  shew  that  a  power-series  is  uniformly  convergent  at  all 
points  within  its  circle  of  convergence. 

For  let  iJ  be  a  region,  forming  part  of  the  area  of  the  circle,  and  let  r  be 
a  quantity  greater  than  the  modulus  of  every  point  of  R,  but  less  than  the 
radius  of  convergence.  Then  if  z  be  any  point  of  R,  the  moduli  of  the  terms 
of  the  series 

«(,  +  a^z  +  a.^-  +  . . . 

W.  A.  6 
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are  less  than  the  moduli  of  the  corresponding  terms  of  the  convergent  series 

tto  +  (hr  +  a^i^^  +  ... . 

But  the  latter  series  does  not  involve  z,  and  so  (§  52)  the  power-series  is 
uniformly  convergent  within  the  region  R;  as  R  is  arbitrary,  the  series  there- 
fore converges  uniformly  at  all  points  within  the  circle  of  convergence. 

It  must  be  observed  that  nothing  is  proved  regarding  points  on  the 
circumference ;  we  do  not  even  know  that  the  series  is  convergent  there  at  all. 

Corollary.  A  power-series  is  continuous  within  its  circle  of  convergence : 
and  the  series  obtained  by  differentiating  and  integrating  it  term  by  term 
are  equal  to  the  derivate  and  integral  of  the  function  respectively. 

Example.     As  an  example  of  this,  consider  the  series 

1^2  =  1-^'+^-^  +  -. 

which  is  convergent  at  all  points  within  a  circle  of  radius  1.  We  can  integrate  it  term  by 
term,  so  long  as  the  path  of  integration  lies  in  this  circle ;  the  result  is 

joT+z^'^'z'^b    •••• 

Now  I J  clearly  represents  that  value  of  ta,n~^z  which  lies  between  --  and  +-  . 

So  the  series  represents  this  value  of  tan  ~ '  z  and  no  other. 

Miscellaneous  Examples. 
1.     Shew  that  the  series 


n=l(l-^")(l -«"''') 

represents  .^  when  \z\<\  and  represents  .^  when  |2|>1. 

Is  this  fact  connected  with  the  theory  of  uniform  convergence  ? 

2.  Shew  that  the  series 

2sini+4sin^^+...-f2-sini-^+... 
converges  absolutely  for  all  values  of  s,  but  does  not  converge  uniformly  near  ^=0. 

oo 

3.  If  a8eries5r(z)=  2    (c^- c^^.,)  sin  (2x4-1)  zn-  (in  which  c,  is  zero)  converges  uni- 

formly  in  an  interval,  shew  that  a  (z)  -. is  the  derivate  of  the  series 

•'  '  "  ^  '  Bin  nz 

f(z)=  2   -sin2i/«jr.  (Lerch.) 


CHAPTER   V. 

The  Theory   of    Residues  :   Application   to  the 
Evaluation   of  Real   Definite   Integrals. 

56.     Residues. 

If  a  point  z  =  a  is  a  pole  of  order  m  for  a  function  /{z),  we  know  by 
Laurent's  theorem  that  the  expansion  of  the  function  near  ^  =  a  is  of  the  form 


(z-ay"     {z-ay^^     '"     z  —  a 
where  <p  (z)  is  regular  in  the  vicinity  oi  z  =  a. 

The  coefficient  a_i  in  this  expansion  is  called  the  residue  of  the  function 
f(z)  relative  to  the  pole  a. 

Consider  now  the  value  of  the  integral  lf(z)dz,  where  the  integration  is 

taken  round  a  circle  7,  whose  centre  is  the  point  a  and  whose  radius  is  a  small 
quantity  p. 

We  have  f  / (z)  dz  ='s  a_,  f       ^^      +  f  ^{z) dz. 

Jy  r=m         J  y  \^  ~  ^)         Jy 

Now  1  ^  {z)  dz  =  0,  since  ^  {z)  is  a  regular  function  in  the  interior  of  the 
circle  7  :  and  (putting  z  —  a  =  pe'*)  we  have 

]y{z-ay     .'0    p'e"0       ^        U 


2ir 
0 


,  when  ?•  4=  1 


-r  +  1 
=  0,  when  7'4=1- 
But  when  r=  I  we  have 

f  _ii-  =  ^ide  =  l-rri. 
JyZ-a     Jo 

Hence  finally  I  f(z)dz  =  2-7ria^i. 

J  y 

Now  let  C  be  any  contour,  containing  in  the  region  interior  to  it  a  number 

6—2 
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of  poles  a,  b,  c,  ...  of  a  function  /(«),  with  residues  a_i,  6_i,  c_i,  ...  respec- 
tively :  and  suppose  that  the  fuuction  f{z)  is  regular  at  all  points  in  the 
interior  of  C,  except  these  poles. 

Surround  the  points  a,  b,  c,  ...  by  small  circles  a,  ^,  y,  ...  :  then  since 
the  function  f(z)  is  regular  in  the  region  bounded  by  C,  a,  /3,  7,  ...,  its 
integral  taken  round  the  boundary  of  this  region  is  zero.  But  this  boundary 
consists  of  the  contour  C,  described  in  the  positive  sense,  and  the  contours 
a,  fi,  y,  ...  described  in  the  negative  sense. 

Hence  0  =  f  f{z) dz-i  f(z)dz-f  /(z) dz..., 

J  C  J  a  J  fi 

or  0=  I   f(z)dz  —  27rta_i  —  2irib-i 

J  c 

Thus  we  have  the  theorem  of  residues,  namely 

f(z)dz  =  2-intR, 


L 


'  c 

where  XR  denotes  the  sum  of  the  residues  of  the  function  y(0)  relative  to 
those  of  its  poles  which  are  situated  within  the  contour  C. 

This  is  an  extension  of  the  theorem  of  Chapter  III.  §  36. 

57.    Evaluation  of  real  definite  integrals. 

A  large  number  of  real  definite  integrals  can  be  evaluated  by  the  use  of 
contour-integrals  and  the  theorem  of  residues.  The  following  examples  will 
serve  to  illustrate  the  various  ways  in  which  these  aids  to  the  evaluation 
may  be  applied. 

Example  1.    To  find  the  values  of 

P'e«'»*oos(«d-sin(9)rffl  and    {'''' e'^''^  &m{iid-WD.d)d6. 
Denoting  these  integrals  respectively  by  /  and  J,  we  have 


=/: 


Write  e>*  =  2,  and  let  C  be  a  circle  of  radius  unity  round  the  origin  in  the  2-plane.    Then 
as  6  assumes  the  sequence  of  real  values  from  0  to  Sn-,  z  describes  the  circle  C. 

Hence  1-iJ^-  I    e?z-"-^dz 


=  2n-  X  the  residue  of  -— r-,  at  2  =  0 


2>r 
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2_ 

Therefore  l=—r, 

n\ 

J=0. 

Example  2.  The  method  used  in  Example  1  can  be  very  generally  applied  to 
trigonometrical  integrals  taken  between  the  limits  0  and  2ir.  As  another  example, 
consider  the  integral 

-^=  ,  I        a  ia>b). 

J  0  a  +  b  cos  6 

Write  e'^  =  z;  and  let  C  be  the  circle  on  the  z-plane  whose  centre  is  at  the  origin  and 
whose  radius  is  unity. 

fc  u{2a  +  bz+bz-^) 
2   f  dz 

i  J  c  b^  +  2az+b 


Then  /=  j 


=iirx  sum  of  residues  of  i-^ — ,  at  poles  contained  within  C. 

XT  1  1  (  -1  11 


Therefore  the  two  poles  are  at  2  =  - ;- j —  and  0=  -  =-  H ; ,  and  the  residue 

00  00 

at  the  former  (which  is  the  only  one  within  C)  is       -    —  . 

•^  2s/a^-b^ 

Hence 


\/a2-6»' 
Example  3.     Shew  that 

d6  2n-a 


/: 


I  6    (a  +  6cosd)2     (a2 -62)3/2  ■ 
Example  4.     Find  the  value  of 


/ 


.K  sm  mx  , 


Let  C  be  a  contoiu-  formed  by  the  real  axis  together  with  a  semicircle  y,  consisting  of 
that  half  of  a  circle,  whose  centre  is  at  the  origin  and  whose  radius  is  very  large,  which 
lies  above  the  real  axis. 

Then    ^      2  '^  ^  function  of  2  which  has  only  one  pole  in  the  interior  of  C,  namely  at 

„ — „dz  =  2ni  X  residue  of   ., — „  at  its  pole  at.     But  writing 
cz^  +  a^  z'  +  a^  ' 

z=ai+(,  we  have 

igmri  _(ai  +  f)e-'»<'  +  "''< 

z^~+ai~    ~2aiC+{^ 

g—ma 

==— g-     +  positive  powers  of  f. 
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Therefore  -= =  =  „ ,         ^  +  positive  powers  of  (z  —  ai). 

z'+a^     2[z-at)     '^  '^ 

26"***  1 

Thus  the  residue  of  -5 5  at  ai  is  -  e"™". 

z'  +  a^  2 

Therefore  .ie-  =  j^^,^^,rf.=  {j_^ +jj^,-,«fe. 


Since 


•^nui 


"5 .  is  infinitesimal  compared  with  — ;  at  points  on  y,  the  integral  round  y  is 

r  \dz\ 

infinitesimal  compared  with  |     —    or  27r,  and  is  therefore  zero. 

Therefore  ,^^■«~"'"=  I        „    -,rf2. 

Equating  imaginary  parts,  we  have 

f    X  sin  mx  , 

Example  5.    To  find  the  value  of 

I    e"  ^s  i^^  sin  (a  sin  6^)  -5 = . 

Jo  ^  "t"^ 

We  have  I     e"™' ^  sin  (a  sm  6.r)    „ — ^=  r-.e<«     ~,-ni- 

^0  '  .r^  +  r"      J -^2t         x^+r^ 

Take  a  contour  (7  composed  as  in  Example  4  of  an  infinite  semicircle  y  and  the  real 
Axis. 

Then   /     ^.e"'^'.,      „  rf2  =  27ri  x  residue  of  ^r^  e<«  ^' „      „  at  its  poles  inside  C 
y  c  2t         2''+r2  2i         z^  +  r' 


But  r-.e<"    -= J  has  only  one  pole  in  the  interior  of  C,  namely  at  the  point  z=ri. 

2r         z'  +  r'  J         r 

Now  if  2=ri  +  f,  we  have 

2i'^     ^+-^  =  2»-^  2nf+r^  =  4if^         +  positive  powers  off. 

Therefore  the  residue  is   .  — .  e<^'     . 

But  at  points  on  y,  e''^'  =  0,  so  e««  ■"  =  1,  and  so 

xdx        I   f  dx     IT 


ry  .f       2" 


r    I       bxijid^^  1   f 

Jy2l  ^  +  7-2        ajjy 

IT  — ?»»•  TT  f  ■  XOi3C 

Therefore  5  «"'       =  5  +        e"  '°*  *''"  sin  (a  sin  hx)  ~^—-„ , 

2,  ^       J  Q  X^-x-T 

/"  ,.,.,,    xdx       n  ,  ,,-br     ,, 

gacosta  sin(asin6x)_j-^  =  2  (e««       -1). 

We  may  note  that  in  the  above  I       stands  for  the  limit  of  I      where  k  is  infinitely 
great,  and  is  not  equal  to  the  limit  of  I      where  k  and  I  are  difierent. 
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Example  6.     Prove  by  integrating 


/; 


e*'dz 


round  the  contour  used  in  Examples  4  and  5,  that 
Example  7.     Find  the  value  of 


/, 


sin  mx     J 


Consider  a  contour  C,  formed  of  1°  a  semicircle  r  whose  centre  is  at  the  origin  and  whose 
radius  is  very  large,  2°  a  semicircle  y  whose  centre  is  also  at  the  origin  and  whose  radiiis  is 
very  small,  and  3°  the  portions  of  the  real  axis  intercepted  between  these  circles.  The  semi- 
circles are  to  be  drawn  in  the  upj)er  half  of  the  z-plane,  i.e.  the  half  above  the  real  axis. 

Then  |   — ^-s ^;r^  =  27ri  x  the  residue  of  —r., i,  at  the  singularity  z=ai. 

J  C2{z^  +  a')^  z{z-+a^)  °  •' 

But  if  we  write  z  =  ai  +  f,  where  f  is  small,  we  have 

V      a)-jc'{z'  +  a^f-\J-^  +ir      }y]z{z-'+a^r 


g— wia 

Thus  the  residue  at  at  is  — -— =- 


Therefore        — 


2a3 
Now  r^-r^r^  is  infinitely  small  at  points  on  r,  so  the  integral  taken  round  r  vanishes. 


{^+a'f 


..  [       e'^"dz  fdz  (I    ,  .   \       \    f  dz     wi 

^'^°  J ,  ii^+a^f  =  j  T-  fc  +  P°^"™  ''^  ^1  =  a^  j ,  7  =  ^• 

Thei^fore  f"       g-^rf.    _,r»     i^e-""  (        2\ 

Ihei-etore  j  _„  z(22+a2)2-a4        2a'     ^™+a;- 

In  this,   I       means  I     +  I     ,  where  the  two  t's  are  the  same  :  but  in  the  final  result 

J  -cc  J  e         J  -00 

we  can  put  f =0,  since  the  final  integrand  is  finite  at  the  origin. 

Equating  the  imaginary  parts  on  both  sides  of  this  equation,  we  obtain 

/""     sin  7ru::d.v       w      n-e-"^  /        2\ 
J  _.  F{x^  +  a^)^ "  a*  ~  ~25^  V'"'^«/  ' 
,  f  Bm7HX-dx        rr        ne-™" /        2\ 

^"^  '"  jo  .^^T^^  =  2^  -  -^^V^'-a)  ■ 

Example  8.     Find  the  value  of 


/: 


cos  2oj?  -  cos  2bx  , 
7, dx. 


Take  the  contour  C  formed  as  in  Example  7  by  an  infinite  semicircle  r,  a  small  semi- 


L 
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circle  y  round  the  origin,  and  the  parts  of  the  real  axis  intercepted  between  them.    Within 

g2au 

this  contour  the  function  —^  has  no  singularities. 

Therefore  0=1    —^ck=j    —^-dz-j   -^dz+j      ~f  dz. 

t 
In  this  equation  |    must  be  regarded  as  an  abbreviation  for  /     +  I       where  c  is  the 
radius  of  y. 

e^°"  .      1 

Now  at  points  on  r,  —^  is  zero  compared  with  - ,  so  the  integral  round  r  is  zero. 

—^  <fe= one-half  of  2jrix  the  residue  of  — j    at  the  origin 

.    .,          .,        .l  +  2aiz+... 
=  7n  X  the  residue  of s 

=  -  2iTa. 
Therefore  |       — s-cfo=— 2)ro, 

J    — QO       Z 

f    giau_^2biM 

and  so  /       ^ dz=2Tr{b-a). 

J   —00  Z 

Taking  the  real  part  of  this  we  have 

/"   cos  2a^  -  cos  26a;  ,      „     ,,       , 
J ax=2n  (0-  a), 

and  since -^ is  finite  when  x=0,  wo  need  no  longer  restrict  1      to  mean 

Example  9.    Find  the  value  of 

/V->sin(f-6.)^^J,         (a>0). 

We  have  I    a;""' sin  (-^ -6x1 -j-— 


rdx 

Tr3. 


1    /-"^--i;  ?jr.to      -"^^hix\   rdx 


rdx 

0 

rdx 


1    /""  r 

2y_„^        '  x^ 


x^  +  r' 


Consider  a  contour  C,  formed  as  in  E.xamples  7  and  8  by  an  infinite  semicircle  r, 
a  small  semicircle  y  round  the  origin,  and  the  parts  of  the  real  axis  intercepted  between 
them. 

Then  I  j   {- zi)""' «""  "t-^  =  ^tti x  the  residue  of  ^  ( - zi)"-^ e««  ^^^ at  its  singularity 
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Putting  z=ri+(  and  neglecting  powers  of  f,  we  see  that  the  expansion  of 

1  (_,,■)»-!  e*._^^ 


begins  with  a  term 


i  )•«-»  e-'" 


4        C       ' 


I 


-1  „-br 


80  the  required  residue  is  —  t  r"-'  e~ 

rdz 


Therefore  ^ '■""'«"'"'=H  I   (-^O""' 

Z  Z  ]  o 


at  _ 


z'+r^ 


At  points  on  r  the  integrand  is  infinitesimal  compared  with  - ,  and  so  the  integral 
round  r  is  zero. 

At  points  on  y  the  integrand  is  approximately  ^ — ^ —  z"~^,  and  so  if  a  >  0  the  integral 
round  y  is  zero. 

Therefore        f  ".r«-i  sin  (^^-6.rV  ~  =  1   ("  {-xiY-U^^  lf^2  =  5 '^-'«"*'- 

/"  dx 

e"  cosine  ain  (a  sin  bx)  —  . 
0  ^ 

Wehave  ["e^«»»='sm(a8mbx)— =^.  C"  ^^—, 

Jo  '  X      2i  J  -„  X  ' 

where  iu  the  latter  integral  j       must  be  regarded  as  an  abbreviation  for  I     +1       where 

J    -«  J  t  J    -00 

e  is  a  small  quantity. 

Take  a  contour  C,  consisting  as  in  Examples  7,  8,  9,  of  an  infinite  semicircle  r,  a  small 
semicircle  y  of  radius  t  round  the  origin,  and  the  parts  of  the  real  axis  intercepted  between 
them. 

Then  0=  (   e'^*^-=  (  X"- -  (  «««*^*— +  /"   e««^*  — . 

Jc  X       Jt  ^       Jy  X       J .^  X 

At  points  on  r,  we  have  e''"  =  0,  «"«'"'  =  1,  and  so 

At  points  on  y,  e'^'isl,  so 

J  y  ^  J  y 

Therefore  /       e«<^*  —  =  jrt  (e"  -  1 ), 

J  -co  X 

and  so  /     gacoate sin  („  gjn  j^.)    *  =  ^  (ga _  jj. 

Jo  X       I 

/e^<iz 
round  the  same  contour  as  that  used  in  Example 


idx      f  dx 

-=7rt. 


dx 


7,  8,  9,  10,  shew  that  ["?^^rfx= 
Jo     ^ 
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Example  12.    To  find  the  value  of 

^6fc.,and        f-dx         (0<a<l). 

f — cte,  and  £•=  /    .; dx. 

0  1+a:  jo  1-^ 

As  will  be  seen  from  the  working  below,  the  integral  A'  has  a  meaning  only  when  I  is 
understood  to  mean  |        +1         ,  where  r'  is  a  small  positive  quantity. 

;  1+1^    J  0 

Consider  a  contoiu-  C  formed  of  (a)  that  half  r  of  a  circle,  whose  centre  is  at  the  origin 
and  whose  radius  is  a  large  quantity  R,  which  is  above  the  real  axis,  (6)  that  half  y  of  a 
circle  whose  centre  is  at  the  origin  and  whose  radius  is  a  small  quantity  r,  which  is  above 
the  real  a.\is,  (c)  that  half  y'  of  a  circle,  whose  centre  is  at  the  point  (-1)  and  whose 
radius  is  a  small  quantity  /,  which  is  above  the  real  axis,  {d)  the  parts  of  the  real  axis 
intercepted  between  the.se  semicircles. 

/z^~^dz 
,  where  the  many-valued  function  is  supposed  to  have  that  one  of 
c  1+2 
its  determinations  which  is  real  and  positive  when  z  is  real  and  positive.    The  integrand  is 
regular  in  the  interior  of  the  contour  C,  and  so 

0-  f  ^-^^ 
Jc  1+2' 

a_i_/       /-+«   \^-irf^      /  f         f         [  \z'-idz 

r 

Now  on  y  the  integrand  is  sensibly  equal  to  2""',  aiid  so  the  integral  to     —   ,  which 

-r 

is  infinitesimal,  since  a  >  0. 

f_  1)0-1 
On  y',  the  integrand  is  sensibly  equal  to  ^       ' — ;  putting  l  +  z  =  r'e^,  the  integral 

1  +2 

along  y  is  /    id6,  or  in  (  -  1)"~^ 
jo 

On  r,  the  integrand  is  sensibly  equal  to  ^^^ ,  the  modulus  of  which  is  infinitesimal 
compared  with  .-- ;  so  the  integral  along  V  is  zero. 

Thus  ;rt  =  (-l)*"°/+A''=  -/(cosa7r-i'sinair)  +  A. 

Therefore  equating  real  and  imaginary  parts,  we  have 


sm  aw 
K=7r  cot  avr. 

Example  13.     By  using  the  result 

'x"-^d.v         n 


1: 


1+x       sman- 


shew  that  — -  =  5-  .  Limit   2    -, —  .  (Kronecker.) 
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58.     Evaluation  of  the  definite  integral  of  a  rational  function. 

The  principles  which  have  been  applied  in  the  preceding  paragraph  can 
also  be  used  to  evaluate  an  integral  of  the  form 


/: 


/(*■)  dx, 


where /(.r)  is  a  rational  function  of  x,  in  the  cases  when  this  integral  has  a 
meaning. 

For  suppose  that  f(a;)  is  brought  to  the  form  of  a  quotient  j-r-i ,  where 

g  (x)  and  /;  (*■)  are  polynomials  in  x.  In  order  that  the  integral  may  have  a 
meaning  unconditionally,  it  is  necessary  that  the  degree  of  g  (x)  should  be 
at  least  two  units  lower  than  that  of  h  (x),  and  that  the  equation  h  (x)  =  0 
should  have  no  real  roots. 

Consider  now  a  contour  C,  formed  of  the  real  axis  together  with  a 
semicircle  F  of  large  radius,  whose  centre  is  at  the  origin,  and  which  lies  in 
the  upper  half  of  the  ^-plane. 

We  have  I    f  {z)  dz  ■=  iiri  x  sum  of  residues  of  f{z)  at  the  poles  of  f{z) 
J  c 

contained  within  C. 

Now  i  —  j  +  I  •  *'^*^  since  f{z)  has  a  zero  of  at  least  order  2  at 
.2  =  CZ5 ,  it  follows  that  I    is  zero. 

Hence   (      f(x)  dx=  ^iri  x  sum  of  residues  oi  f{x)  at  those  of  its  poles 

which  are  contained  in  the  upper  half  of  the  ^-plane. 

If  the  degree  oi  g{x)  is  lower  than  that  of  h  {x)  by  only  one  degree,  or  if  h  (x)  has  real  non- 
repeated  roots,  the  integi-al  will  still  have  a  meaning  provided  we  make  certain  restrictions, 

i.e.  that    j       shall  be  understood  to  mean  the  limit,  when  k  tends  to  x  and  t  to  zero,  of 

re-.       rk 

I        +  /       )  where  c  is  a  typical  root  of  the  equation  k  (x)  =  0. 

J  ~k         J  c+t 

Example  \.     The  function  7-2T  fvj  has  a  single  pole  in  the  upper  half  of  the  i-plane, 

3i 
namely  at  z  —  i,  and  the  residue  there  is  -  vr.  i  we  have  therefore 

lb 


/: 


dx 


(^+1)3       8  ■ 
3^dx 


Example  i.     Shew  that  j      -, ,   „t, 

] -o,{aJrbx^y 


lea'ft*' 
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59.  Cauchy's  integral. 

We  shall  next  discuss  a  class  of  contour-integrals  which  are  very  fre- 
quently found  useful  in  analytical  investigations. 

Let  C  be  a  contour  in  the  ^-plane,  and  let  f(z)  be  a  function  regular 
everywhere  in  the  interior  of  C.  Let  <f>  (z)  be  another  function,  which  in  the 
interior  of  G  has  no  singularities  except  poles ;  let  the  zeros  of  (f>  {z)  in  the 
interior  of  C  be-a,,  a,,  ...,  and  let  their  degrees  of  multiplicity  be  r^,  r.^,  ...; 
and  let  its  poles  in  the  interior  of  C  be  6j,  62,  ...,  and  let  their  degrees  of 
multiplicity  be  Sj,  Sa 

Then  by  the  fundamental  theorem  on  residues,  we  have 
„— .  I    f<z)  v-r^  dz  =  sum  of  residues  of  "^     rf  S     in  the  interior  of  C. 

Now     ^T ■}      can  have   singularities  only  at  the  poles  and  zeros  of 

<}>  (z).     At  one  of  the  zeros,  say  a, ,  we  have 

<j>{z)  =  A(z-  a^Y'  +Biz-ihy'+'  +  .... 

Therefore     <j}'  (z)  =  Ar,  (z  -  a,)'''"'  +  B{r,  +  l){z-  u.Y'  +  ..., 
and  f{z)=f(a,)  +  {z-a,)f'{a,)+.... 

Therefore  ^    .  ,  ,     -  =  ^^ — -  +  a  constant  +  positive  powers  of  (z  —  a,). 

(f)(z)  Z  —  Ui 

Thus  the  residue  of        .f}    ,  at  the  point «  =  ai ,  is  ^1/(01). 

Similarly  the  residue  at  2;  =  6]  is  —  Si/(6,) ;  for  near  z  =  bi,  we  have 

<li{z)  =  Ciz-  b,)-"  +  I){z-  6,)-*'+'  +  •  • . , 

and  fiz)  =f{b,)+(z  -  6,)/' (60  +  ..., 

f(z)d>'  (z)      -sj(b,)  ..,-.•  r        / 

80  '^-^~  /  .       = ,      +  a  constant  +  positive  powers  01  z  —  o,. 

(f>{z)  z-b, 

the  summations  being  extended  over  all  the  zeros  and  poles  of  <j>  (z). 

60.  The  number  of  roots  of  an  equation  contained  within  a  contour. 

The  result  of  the  preceding  paragraph  can  be  at  once  applied  to  find  the 
number  of  roots  of  an  equation  <f>{z)=0  contained  within  a  contour  0. 

For  on  putting  f{z)  =  1  in  the  preceding  result,  we  obtain  the  result  that 
- — :  I      ,  ;  ,  dz  is  equal  to  the  excess  of  the  number  of  zeros  over  the  number 


59 — 61]  THE   THEORY    OF   RESIDUES.  93 

of  poles  of  ^(z)  contained  in  the  interior  of  C,  each   pole  and  zero  being 
reckoned  according  to  its  degree  of  multiplicity. 

Example  1.     Shew  that  a  polynomial  (p  (s)  of  degree  m  has  m  roots. 
Let  <t>  (z)  =  a„^'''+a,z'"-'  +  ...+a„.. 


Then 


0'(^)  _  Jnopz'"  -'  +  ...+aM- 1 


For  large  values  of  2,  this  can  be  expanded  in  the  form 

Thus  if  C  be  a  large  circle  whose  centre  is  at  the  origin,  we  have 
1     f  (j)'  {z)  ,  _  in    [  dz  _ 

Hence  as  <^  (2)  has  no  poles  in  the  interior  of  C,  we  have 

number  of  zeros  of  (b  (z)  =  w~--  I    ^-7-!  dz=in. 
27rt  J  c<t>{^) 

Example  2.     If  at  all  points  of  a  contour  C  the  inequality 

|at2*|>|a„  +  Oi2+...  +  a;fc_,2*-'  +  ai  +  i2*  +  '  +  ...+a„2"' 

is  .satisfied,  then  the  contour  contains  k  roots  of  the  equation 

a„2'"  +  a,„_j2»'-i  +  ...  +  ai2  +  (i„=0. 

For  write        /(2)  =  o„.2'»  +  a,„_i2'»-i  +  ...+a,2+a„. 

Then  /(2)  =  a.2'  (l+''-^+-+°*^'^+"*-'^~'+-+°o) 

=  ai,z''  (1  +  U)  say,  where  |i7|  <  1  on  the  contour. 
Therefore  the  number  of  roots  of  /(z)  contained  in  C 


«C^2 


~2,rtjcV      l  +  C'^y' 

/dz 
—  =  %ri ;  and  since  |  i/ 1  <  1  we  can  expand  (1  +  C/^) " '  in  the  form 
C  ^ 

Therefore  the  number  of  roots  contained  in  C  is  equal  to  k. 

61.     Connexion  between  the  zeros  of  a  function  and  the  zeros  of  its  derivate. 

Macdonald*  has  shewn  that  if  f{z)  be  a  regidar  function  of  z  in  the  interior  of  a 
contour  C,  defined  by  an  equation  \f(z)\=If  where  M  is  a  constant,  then  the  number  of  zeros 
of  f{z)  in  this  region  exceeds  the  number  of  zeros  of  the  derived  function  f'{z)  in  the  same 
region  by  unity. 

*  Proc.  Land.  Math.  Sac.  xxix.  (1898). 
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For  since  f{z)  has  no  essential  singularity  in  the  region,  the  number  iV  of  its  zeros  in 
the  region  is  finite.  Now  if  m  be  a  small  number,  the  part  of  the  locus  \f{2)=m  in  the 
interior  of  the  contour  C  consists  of  X  closed  curves  surrounding  the  N  zeros  of  /(z).  As 
m  increases,  the.se  ovals  increase,  until  two  of  them  coalesce,  the  point  at  which  they 
coalesce  being  a  node  on  the  curve  corresponding  to  that  particular  value  of  m.  When 
m  has  increa.sed  to  its  final  value  M,  the  N  closed  curves  have  coalesced  into  one  closed 
curve,  and  therefore  iV— 1  nodes  have  been  passed  through.  Each  of  these  nodes  is 
a  zero  of /'(z);  for  if /(2)  =  ^  +  «V',  where  <p  and  -^  are  functions  of  x  and  y  with  real 

coefficients,  then  -S  and  ^  vanish  at  a  node  on  the  curve  <i2+\^*  =  constant;  that  is, 
'  dx  oy 

f'(z)  vanishes.     Moreover,  two  ovals  cannot  coalesce  at  more  than  one  point,  as /(z)  is 

single-valued. 

Hence  the  number  of  zeros  of  /'  (z)  inside  the  contour  is  (iV  -  1 ). 

The  proof  assumes  the  zeros  of /(z)  in  the  interior  of  C  to  be  all  simple :  the  case  where 
f{z)  has  multiple  zeros  cati  be  at  once  reduced  to  this,  by  dividing  out  the  factor  common 
to/(z)  and  /'  (z).  If  /'  (z)  has  two  zeros  equal,  two  of  the  double  points  coalesce,  that  is, 
three  ovals  coalesce  at  the  same  point. 

Similarly  it  can  be  shewn  that  the  number  of  zeros  of  /'(z)  in  the  region  between  the 
contours  |/(z)|  =  »ii  and  |/(2)|=»n2  i^  equal  to  the  number  of  zeros  of /(z)  in  the  same 
region,  if /(z)  is  regular  in  the  region. 

Example  1.  Deduce  from  Macdonald's  result  the  theorem  that  a  polynomial  of  degree 
n  has  n  zeros. 

Example  2.  Deduce  from  Macdonald's  result  that  if  a  function  /(z),  regular  for  real 
finite  values  of  z,  has  all  its  coefficients  real,  and  all  its  zeros  real  and  diffei-ent,  then 
between  two  consecutive  zeros  of  /(z)  there  is  one  zero  and  one  only  of/'  (z). 


Miscellaneous  Examples. 

1.     A  function  (^  (z)  is  zero  for  z  =  0  and   regular  when  Izj^l.     If  f{x,  y)  is  the 
coefficient  of  i  in  (^  (x+yi),  prove  that 

rain  3 


/■*»        Xi 


i/(costf,  aixiff)d3=n<j>{x). 


'o   l-2;i-co8  tf+^" 

(Trinity  College  Examination,  1898.) 

2.  Shew  that  j„  ^STZl '^•^=4  ^^^- 2^-  (Lcgendre.) 

3.  By  integrating  le-'^dz  round  the  perimeter  of  a  rectangle  of  which  one  side  is  the 

real  axis  and  another  side  is  parallel  to  the  real  axis  and  at  a  distance  a  from  it,  shew  that 

/*■*  _ 

I       e-*'cos2atdt  =  '^/Tre-<''\ 

and  /      e-"'  .sin  2atdt=0. 

cu       J.X.  ±  [^      l-rcos2fl      ,        •-,./,     T,      l-*" 

4.  Shew  that  I    , — ^ dZ~rZ3  ^^  *™  6de=j  log  — :— . 
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6.      Shew  that 


/ 


— ;^a;clx=—log{l+a)  if  -l<a<l 


0  l-2acoax+a^  4a 


^"'1  -4a 


6.     Shew  that 


^  log  (^1  +  ^^  if  «2  >  1 .  .  (Cauchy.) 


['° Bind), X  sin  cboX     sin<i)„x  sin(M7  ,       ir  ,    .         , 


if  a  be  diSerent  from  zero  and 

«>l*ll  +  l*2l+---  +|<^„H-|aiH-...+  |a„ 


(StOnner.) 


7.  If  a  jwint  z  describes  a  circle  C  of  centre  a,  any  one-valued  function  u=f{z)  will 
describe  a  closed  curv'e  y  in  the  !«-plane.  Shew  that  if  to  each  element  of  y  be  attributed 
a  mass  proportional  to  the  corresponding  element  of  C,  the  centre  of  gravity  of  y  is  the 

point  r,  where  r  is  the  sum  of  the  residues  of  ■=^-^    at  poles  in  the  interior  of  C. 

(Amigues.) 

8.  Shew  that 

dx  _    7r(2a+6) 


/: 


9.     Shew  that 

dx       _      IT       1.3..,(2»-3)     1 


/: 


,{a  +  bx^)"      2»-i6*    1.2...(?i-l)    a»-i' 


10.     If        F„{x)  =  {\-.v){\  -x'-)  ...(l-x^-i) ...  {l-x^)  {\-x*) ...  {1-x'^-^)... 

.,.(1 -.»»-')  (l-a;2,,-2)_,.(l_^«-lH)^ 

shew  that  the  series 

converges  when  x  is  not  a  root  of  one  of  the  equations 

and  that  the  sum  of  the  residues  of  f{x)  contained  in  the  ring-shaped  space  included 
between  two  circles  whose  centres  are  at  the  origin,  one  having  a  small  radius  and  the 
other  having  a  radius  between  n  and  m+1,  is  equal  to  the  number  of  prime  numbers  les.s 
than  ?i-t-l. 

(Laurent.) 


CHAPTER  VI. 
The   Expansion   of   Functions   in   Infinite   Series. 

62.     Darhoux's  formula. 

Darboux  has  given*  a  formula  from  which  a  large  number  of  expansions 
in  infinite  series  can  be  derived. 

Let  f{z)  be  an  analytic  function  of  z,  regular  at  all  points  z  within  a 
circle  of  centre  a  and  radius  r;  and  let  ^;  be  a  point  within  this  circle. 
Let  <i>  (z)  be  any  polynomial  in  z,  of  degree  n.  Then  if  ii„  denotes  the 
expression 

(-  1)"  (^  -  a)"+>  f'  <^  (<)/'"+>'  {a  +t{z-a)}  dt, 
Jo 

where  the  integration  is  taken  along  the  real  axis  of  t,  we  have  on  integration 
by  parts 

Rn  =  \\-  1)"  (^  -  a)"  <^  (<)/•"'  [a  +  t(z-  a)}] 

.0  J 

+  (- 1)"-  (z  -  rt)»  f  <f>'  (0/'"'  {a  +  t{z-  a)}  dt, 
or  i?„  =  i-lY(z-  aT  {4>  (1)/""  (^)  -  <t>  (0)/""  («)} 

+  (-  1)"-'  (z  -  a)"  f  <f>'  (<)/'"'  {a  +  t(z-  a)]  dt. 
J  u 

Integrating  the  last  integral  by  parts  iu  the  same  way,  we  obtain 
ie„=  (-  1)"  (z  -  ar  {<!>  (1)/'"'  (^)  -  <}>  (0)/""  (a)} 

+  (-  1)"-'  (z-a)"-'  {f  (l)/<»-»  (z)  -  <f>'  (0)/<"-"  (a))  +  ... 
-{z-a)  {</,'"->•  (1)  /'  (z)  -  <^"'-"  (0)/'  {a)} 

+  {z-a)(  <^""  («)/'{«  + « (^  -  a)}  dt. 
Jo 

Now  ^'"1  (t)  is  a  constant  independent  of  t,  since  0  (<)  is  a  polynomial  of 
order  n  ;  and  hence 

(z  -  a)  f  <^""  (0/'  {a  +  t(z-  a)}  dt  =  <^»  (0)  {/(z)  -/(a)}. 
Jo 

*  Liouville's  Journal  (3),  ii.  (1876),  p.  271. 
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Thus  finally  we  have  Darboux's  formula 
,^<")  (0)  {f{z)  -y  (a)j  ={z-a)  {<^"-"  (1)/'  {z) -  </>'"-"  (0)/'  (a)}... 

+  (-  1)"  (^  -  af+'  r  4>  (<)/"^"  {a  +  t{z-  a)]  dt. 

Jo 

Taylor's  expansion  may  be  derived  from  this  formula  by  putting 
<^(<)  =  (i— 1)",  and  then  making  n  tend  to  infinity:  other  new  expansions 
may  be  obtained  by  substituting  special  polynomials  of  degree  n  for  <f)  (t),  and 
in  the  resulting  formula  making  ?i  tend  to  infinity :  in  each  case  it  must 
of  course  be  shewn  that  i?„  tends  to  zero  as  n  tends  to  infinity. 

Example.     By  substituting  2n  for  n  in  Darboux's  formula,  and  taking  (f)  (<)  =  <»(<- 1)", 
obtain  the  expansion 

/(^)-/(a)=   i   ^  "  K'^' "  ''^" {/"" (^)  +  ( -  l)"-^'/""(a)}, 
and  find  the  expression  for  the  remainder  after  n  terms  in  this  series. 

63.     The  Bernoullian  numbers  and  the  BernouUian  polynomials. 

2  Z 

If  the  constants  which  occur  in  the  expansion  of  ^  cot  ^  |in  ascending 
powers  of  z  be  denoted  by  Bj,  B,,,  B^,  ... ,  so  that 

|cot|  =  l-£,|-,-£,^-£3|;..., 
then  5„  is  called  the  nth  Bei-noullian  number.     It  is  found  that 

D    ±       n j^       f> f_ 

-Dl     —    g    ,       X)j   -    gjj  ,       X)3  —    ^2    ,      .  .  .     . 

The  Bernoullian  numbers  can  be  expressed  as  definite  integrals  in  the 
following  way. 


We  have  — ~ — —  =  2    I    g-""*  sin  pxdx 


=  v 


P 


^ 


„=i  n'TT-'+p'' 
■  cot  ip 


1     U 


2p     2 
~     2p^2py-^-^'    2!        ^'    4!    -j' 


Equating  coefficients  of  ^™~'  on  the  two  sides  of  this  equation,  and  writing 
X  =  2t,  we  obtain 

A  proof  of  this  result,  depending  on  contour  integration,  is  given  by  Carda,  Monatshefte 
far  Math,  mid  Phys.  v.  (1894),  pp.  321-4. 

W.  A.  7 
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Example.    Shew  that 

_  ^         2n  r  x^-^dx 

"~7r'*'(2'i»-l)jo     sinh:r  * 

The  Bemoullian  polynomial  of  order  n  is  defined  to  be  the  coeflBcient  of 

fn  .  e** 1    . 

— j  in  the  expansion  of  t  -^ — ^  ^°  ascending  powers  of  t.     It  is  denoted  by 

^„  (z),  so  that 

*¥^^~„Zi~^^r' ^^^• 

This  function  possesses  several  important  properties.  Writing  (z  + 1) 
for  z  in  the  preceding  equation  and  taking  the  difference  of  the  two  results, 
we  have 

n-l  ni 


On  equating  coefficients  of  <"  on  both  sides  of  this  equation  we  obtain 
ri^"-^  =  ^„(^+l)-(^„(^), 
which  is  a  difference-equation  satisfied  by  the  function  <^„  (z). 

The  explicit  expression  of  the  Bemoullian  polynomials  can  be  obtained 
as  follows.     We  have 


and 


ezt_ 

1 

zH'     z't' 

t 

«  c«  +  1      t 

e«- 

1 

2e«-l     2 
(         t 

~2  £      .12 
t      ,  t       t 

2"^   2!        4!  ^' 


Hence 


„=i      «!      ~r^^+  3!  +-J  I        2+2!        4!+ -J- 
From  this,  by  equating  coefficients  of  <",  we  have 

the  last  term  being  that  in  ^^  or  ^° ;  this  is  the  explicit  expression  of  the  nth 
Bemoullian  polynomial. 
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The  BernouUian  a  umbers  and  polynomials  were  introduced  into  analysis  by  Jacob 
Bomoulli  in  1713. 

Example.     Shew  that 

64     The  Maclaurin- BernouUian  eocpansion. 

In  Darboux's  formula  write  ^  (t)  =  ^„  (t),  where  <f>n  (t)  is  the  nth  Bernoul- 
lian  polynomial. 

Now  from  the  equation 

<^„(<+l) -</>„(<)  =  «<"-', 
we  have  by  differentiating  k  times 

^»*  (« +  1)  -  </>»'*'  («)  =  n(n  -  1) ...  (n- A;)i"-*-'. 
Putting  <  =  0  in  this,  we  have 

</),.*' (1)  =  </>«*' (0). 
But  the  value  of  ^„'*'  (0)  is  obtained  by  comparing  the  expansion 

<l>n  (Z)  =  <j>n  (0)  +  ^</.„'  (0)  +  ~  </,„"  (0)  +  . . . 

with  the  expansion 

Substituting  the  values  of  ^„*(1)  and  <^n*(0)  thus  obtained  in  Darboux's 
result,  we  find  what  is  known  as  the  Maclaarin-BernouUian  formula, 

(z  -  a)/'  (a)  =f{z)  -f(a)  -  ^  {/'  (z)  -/'  (a)\ 

(z  —  a)^"^^  /■! 
-   — 2«!   "   io  *»(*)/'"^"  t'*  +  (^  -  «)  *)  ^*- 

In  certain  cases  the  last  term  tends  to  zero  as  n  tends  to  infinity,  and  we 
can  thus  derive  an  infinite  series  from  the  formula. 

Example.     lff{z)  be  an  odd  function  of  z,  shew  that 
where  0„  (t)  is  the  BernouUian  polynomial  of  order  n. 

7—2 
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65.     Burmann's  theorem. 

We  shall  next  consider  a  number  of  theorems  which  have  for  their  object 
the  expansion  of  one  function  in  powers  of  another  function. 

Let  <f>(z)  be  a  function  of  z,  which  takes  the  value  b  when  z  takes  the 

value  a,  so  that 

b=(f>{a). 

Suppose  that  (^  (z)  is  an  analytic  function  of  z,  regular  in  the  neighbour- 
hood of  the  value  z  =  a,  and  that  tj>'  (a)  is  not  zero.  Then  Taylor's  theorem 
furnishes  the  expansion 

<f>(z)-b^<l>' (a) {z-a)  +  '^^^  {z  -  ay+  ... , 
and  on  reversing  this  series  we  obtain 

which  expresses  z  as  a  regular  function  of  the  variable  {(f)(z)  —  b},  for  values 
of  z  in  the  neighbourhood  of  a.  If  then  f{z)  be  a  regular  function  of  z  in 
the  neighbourhood  of  a,  it  follows  therefore  that/(^)  is  a  regular  function  of 
{(f>  (z)  —  b]  in  this  neighbourhood,  and  so  an  expansion  of  the  form 

.  f{z)  =f(a)  +  a,  {</.  (z)  -  6}  +  J,  (<^  (z)  -  b]^ 

+  %[<i>{z)-bY+... 

will  exist,  which,  as  it  is  a  power-series  in  (<^  (z)  —  b},  will  be  valid  so  long  as 

\<f>{z)-b\<r, 
where  r  is  some  constant. 

The  actual  expansion  is  given  by  the  following  theorem,  which  is 
generally  known  as  Burmann's  theorem. 

If-^{z)  be  a  function  of  z  defined  by  the  equation 

z  —  a 


f(z)  = 

^unction  f(z)  can  fo 
the  form 


■<t>(z)-b' 
then  the  function  f(z)  can  for  a  certain  domain  of  values  of  z  be  expanded  in 


f{z)  =f{a)  +  1^  i^Mp^^,  [/' (a)  {f  (a)]"] ; 


and  the  remainder  after  n  terms  in  the  series  is 


2mJaJy 


'<^{z)-b- 
.4>{t}-b_ 


'f'(t)cf>'(z)dtdz 
<^{t)-<^{z)     ' 


where  y  is  a  simple  contour  in  the  t-plane,  enclosing  the  point  t  =  a. 
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To  prove  this,  we  have 

_    1    t^tf'{t)4>'{z)dtdz  r       <i>{z)-h 


101 


But 


<f(t)  -bj 


^{<j>{t)-b\'^-^{cj>{t)-<f>{z)\_ 


>^f'(t)<i>'{z)dtdz  _  {cf>(z)-b}^^^  f       f'(t)dt 

y 


(f>{t)-b  liri  {k+l)  }^{^  (t) -  6j*+' 

27ri  (A;  +  1)  j,        (« -  a)*+'        "  2,ri  (A;  +  1)!  d^*  ^-^  ^"''  ^^  ^'^'''     ^• 
Therefore    /(.)=/(«)+    S      '^^1-^  '   £fJ/' (a)  {f  (a)]*] 


*=i         2TrtA; !      da*' 

+ 


27nJaJylct>{t)-bj         j>{t)-4>{z) 


Example  1.     Prove  that 


z=a+  2 


(-!)"-» C„(^-a)»e"(^-<^) 


where 


/>      /T     \n  1     «(»-l)(»-2),„     w   ,  ,  k2(„_i)(„_2)(«-3)(?i-4),„     .     , 
C„=(2?jo)''-i ^^ -~ '{2naY-^-\ i '-^ -i^ '-^ '(2na)"-6., 

To  obtain  this  expansion,  write 
in  the  above  expression  of  Burmann's  theorem  ;  we  thus  have 


But 


z=a+  2    -I-(j_a)»e»(^-a=)J.^ — ^e^X"-^)} 

=  (m  — 1) !  X  coefficient  of  i""!  in  the  expansion  of  e""'^'''''') 
=  («-!)!  X  coefficient  of  p-i  in   i    (-1)''"''"'^(^"+^)'' 


=  (?i-l)!  X    2     ■  '-      ^ 


;o(«-l-r)!  (2>--n  +  l)!" 

The  highest  value  of  r  which  gives  a  term  in  the  summation  is  r=n-l.     Arranging 
therefore  the  summation  in  descending  indices  r,  beginning  with  r=n—  1,  we  have 


=(-1)"-'^,, 


which  gives  the  required  result. 
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Example  2.     Obtain  the  expression 


,      .,,21..       2.4    1    .  . 
22=sin2s+-.  -sm«z+^-^  .  -sm«z+. 


Example  3.  Let  a  lino  p  be  drawn  through  the  origin  in  the  «-plane,  perpendicular  to 
the  line  which  joins  the  origin  to  any  point  a.  If  z  be  any  point  on  the  2-plane  which  is 
on  the  same  aide  of  the  line  p  as  the  point  a  is^  shew  that 


2m+l 


log2=loga  +  2   2 ■=  I 1 

^  ^    ^    „_i2«  +  l  \z+aj 

66.     Teixeira's  extended  form  of  Burmann's  theorem. 

In  the  last  paragraph  we  have  not  investigated  closely  the  conditions  of 
convergence  of  Burmann's  series,  for  the  reason  that  the  theorem  itself  will 
next  be  stated  in  a  much  more  general  form,  which  bears  the  same  relation 
to  the  theorem  just  given  that  Laurent's  theorem  bears  to  Taylor's  series: 
viz.,  in  the  last  paragraph  we  were  concerned  only  with  the  expansion  of  a 
function  in  positive  powers  of  another  function,  whereas  we  shall  now  discuss 
the  expansion  of  a  function  in  positive  and  negative  powers  of  the  second 
function. 

The  general  statement  of  the  theorem  is  due  to  Teixeira*,  whose  exposi- 
tion we  shall  follow  in  the  next  two  paragraphs. 

Suppose  (1)  that/(^^)  is  a  regular  function  of  ^  in  a  ring-shaped  region  A, 
bounded  by  an  outer  curve  S  and  an  inner  curve  s ;  (2)  that  0  (z)  is  a 
regular  function  everywhere  inside  S,  and  has  a  single  zero  a  within  this 
contour ;  (3)  that  x  is  the  affix  of  some  point  within  A ;  (4)  that  for  all 
points  of  the  contour  S  we  have 

\e{x)\<\d{z)\, 

and  for  all  points  of  the  contour  s  we  have 

\0ix)\>\e(z)\. 

The  equation 

e{z)-0(x)  =  O 

has,  in  this  case,  a  single  root  z  =  x  in  the  interior  of  S,  as  is  seen  from  the 
equation 

1    [      0'iz)dz     _    I    [  [  0\z)  J       /,/  N  r  ^'(^)j  1 

2-,ri]se{z)-0{x)-2i^\]s0{z)    ^^^"'nsd^izy'^-] 

e'{z)dz 


^■n-ij  s 


0{z)    • 

of  which  the  left-hand  and  right-hand  members  represent  respectively  the 
number  of  roots  of  the  equation  considered  and  that  of  the  roots  of  the 
equation  0{z)=O  contained  within  S. 

•  CreUe't  Journal,  oxxn.  (1900),  pp.  97—123. 
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Cauchy's  theorem  therefore  gives 


/<-)  =  i 


-  /•  f{z)e'{z)dz  _  [  f(z)e'iz)dzi 

JsO{z)-e(x)     ],6(z)-dia;)j 


The  integrals  in  this  formula  can,  as  in  Laurent's  theorem,  be  expanded 
in  powers  of  6  (x),  by  the  formulae 

We  thus  have  the  formula 

»=o  «=i  "   yy^) 

where  __    1     U{^)e'{z)dz 

^^^""^  ^"^     linrjs      e-^'{z)      • 

Bn=^j/i^)&^H^)0'iz)dz. 

This  gives  a  development  of  f(x)  according  to  positive  and  negative 
powers  of  0  (x),  valid  for  all  points  x  within  the  ring-shaped  space  A. 

67.     Evaluation  of  the  coefficients. 

If  the  function /(^^)  has  no  singularities  but  poles  in  the  region  limited 
by  the  curve  s,  the  integrals  which  occur  in  the  preceding  formula  can 
be  evaluated  in  the  following  way. 

Let  bi,  62,  ...  bk  be  the  poles;  and  let  c,,  Co,  ...  Ck,  c,  be  circles  with 
centres  6,,  b^,  ...  fcj.,  a,  respectively,  and  with  very  small  radii. 

Then  ^    -  J-  f  fi^llS"}!'  -  JL  [  f('>  dz 

"      27rijs      ^+'(^)      ~  2m  j  s  ne^'iz) 

==|    JLl"    f'i^dz         1       ff'{z)dz 
„=i2m7rj,„     d»{z)     ^2niir},     0«{z)    ' 

and  £„  =  A  £  /(^)  gn-^  (^)  g'  (^)  ^^ 
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0  (x) 
Thus  if  Om  be  the  degree  of  multiplicity  of  the  pole  bm,  and  if  — -^  be 

denoted  by  0^  (a:),  we  have 


*       1 


<i^\n\_daf-\  0^{x)  |j^-6„  ' 


in=iam!« 


and 


*       1 


^{/'(^)^(^)(^-6„)-+>}]^__^. 


It  may  happen  that  a  is  also  a  pole  of  f{x).     It  is  easily  seen  that  in 
this  case  An  is  given  by  the  formula 


*       1 

Ar.=    2 


m=l  ttroln 


'  d'^   {f{x){x-h,n)'^* 
dx"' 


x-b„ 


(n  +  ^y.n 


0^{x) 


#+»  (f'{x)(x-ay+' 


da^+''  \        0^"  {x) 


where  /9  is  the  degree  of  multiplicity  of  the  pole  a ;  the  formula  for  Bn  must 
likewise  be  replaced  by 


B.  =  -X 


when 


n^^. 


The  preceding  formulae  do  not  give  the  value  of  A^ ;  this  can  be  found 
from  the  formula 

1     r   f{z)e'{z)dz  ,     1    [/(z)0'(z)dz 


*      1     C   fiz)l^z)±       l_ff(z)lU 
''~™:i2?7rj^        0(^)         +2tVJ,        0{z) 


which 


gives 
A,=  X 


Zi{«m-iy. 


d'^-'   {f(x)0'(x)(x-b„)°' 


when  a  is  a  regular  point  for /(a;);  and 


■1        +/(«), 


A.=  2 


i(a„-l)!Lci»°' 


d--'  f/(a;)g^(^)(^'-U^) 


0 


when  a  is  a  pole  oif(x). 


dfi   (f{x)d'{x){x-af 


daf 


e.{x) 


r:){x-b„fn 
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Example  1.     Shew  that 

"^"2(^1+^      2.4  U+ar'V  ■*'2.4.6  Vl+W       ""  ' 
when  —  1  <  ^-  <  1. 

Shew  that  the  second  member  represents  -  ,  when  [ :;;  |  >  1. 

Example  2.     If  >S'Jj"'  denote  the  sum  of  all  combinations  of  the  numbers 

22,  42,  6V-(2ji-2)2, 
taken  m  together,  shew  that 

l_j_         .    (-1)"-W      1 ;C±1),         +<n+l,1   ,i^    .,„., 

2     8inz^„to(2n  +  2)!  \2n+3      2«  +  l  ^""^      3      /'-""'^^       ' 

the  expansion  being  valid  for  all  values  of  z  represented  by  points  within  the  oval  whose 
equation  is  |  sin  z  |  =  1  and  which  contains  the  point  z  =  0.  (Teixeira.) 

68.  Expansion  of  a  function  of  a  root  of  an  equation,  in  terms  of  a 
parameter  occurring  in  the  equation. 

Now  consider  the  equation 

e  {x)  =  {x-a)  di  (x)  =  t, 

where  t  is  a  number  such  that  along  the  contour  S  we  have  |5  (^:)|  >  [t],  and 
along  the  contour  s  we  have  |  ^(«)|  <  \t\. 

The  equation  0  (x)  =  t,  regarded  as  an  equation  in  x,  will  then  have  a 
single  root  in  the  ring-shaped  region  bounded  by  the  curves  S  and  a;  we  see, 
in  fact,  from  the  equations 

2'7riJ,0{z)-t-27rilJsO{z)'^'^lse'{^)    ^'"i 

\j^  6'  {z)  dz  +  ^6'  iz)e(z)  dz+.J 


=  1, 

and  ^[^'(^)d^_       1 


2mJ,e{z)-t        2iri 
=  0, 

that  the  equation  in  question  has  one  root  in  the  interior  of  S  and  none  in 
the  interior  of  s. 

Then  if  the  function  f{x)  is  regular  in  the  region  limited  by  S  and  s,  we 
see  from  the  preceding  articles  that  the  formula 

f(x)=lA,r+l^, 

»-0  n  =  l  '' 

where  An  and  jB„  have  the  values  already  found,  gives  the  expansion  in 
powers  of  t  of  the  function  /  (x)  of  the  root  considered. 

As  an  example  of  this  formula  consider  the  equation  {x  -  a)  cosec  .r =<,  and  let 

f{x)  =  -^. 
^        x-a 
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Then  we  find 

.  _     cos  a 
°        sm  a ' 

1         (f«  +  i(sin"a) 

"~     (re+l)!n       rfa-^i      ' 

A-—     ,    5,=^3  =  ...=0. 
'    sma'       ''       ^ 


Hence 


1  cosa       "  <"         rf»  +  i(8in''a!)  1 

^ ^ r  J 


x-a        sinci     „_i(n  +  l)!n       ofa"*'  tsina' 


and  thus  gives  the  expansion,  in  ascending  powers  of  t,  of  ,  where  x  is  given  in  terms 

of  t  by  the  equation 

x=a+t  sin  x.  (Teixeira.) 

69.     Lagrange's  theorem. 

Suppose  now  that  the  function  _/'(^)  is  regular  at  all  points  in  the  interior 
of  (S,  so  that  the  poles  6i,  62,  ...  fti  do  not  exist.  Then  the  formulae  which 
give  the  quantities  A^  and  5„  now  become 

,        1    d"-'  {f'{a)\  ,    ^^. 


^0  =/(a), 
5„  =  0. 

Moreover  the  contour  s  can  now  be  dispensed  with,  and  the  theorem  of 
the  last  article  takes  the  following  form  : 

Let  f{z)  be  a  regular  function  of  z  at  all  points  in  the  interior  of  a 
contour  S,  and  let  6  (z)  be  a  regular  function  with  no  zero  in  the  interior  of  S. 
Let  a  be  a  point  inside  /S,  and  t  a  number  such  that  for  all  points  2;  on  S  we 
have 

|(^-a)^(^)|>|«|. 

Then  the  equation  (z  —  a)0  (z)  =  t  will  have  one  root  x  in  the  interior  of 
S,  and/ (a;)  will  be  given  as  a  power-series  in  t  by  the  expansion 


/«-/«+.!,  a  ,£^|^!}'-- 


This  result  was  published  by  Lagrange  in  1768 ;  it  is  usually  stated  in  a 
slightly  different  form,  to  obtain  which  we  shall  write 

the  result  may  now  be  enunciated  as  follows  : 

If  f(z)  and  (j)  (z)  be  regular  functions  of  z  within  a  contour  8  surrounding 
a  point  a,  and  if  the  a  quantity  such  that  the  inequality 

\t4>{z)\<\z-a\ 
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is  satisfied  at  all  points  z  on  the  perimeter  of  S,  then  the  equation 

z  =  a  +  t(f>  (z), 

regarded  as  an  equation  in  z,  has  one  root  in  the  interior  of  S:  and  if  this  root 
be  denoted  by  x,  then  any  regular  function  of  x  can  he  expanded  as  a  power- 
series  in  t  by  the  formula 

/(.)=/(a)+i^^|Pj/'(a)(./.(a)}"]. 

This  result  is  of  course  a  particular  case  of  the  more  general  theorem 
given  in  §  68. 

Example  1.     Within  the  contour  surrounding  z—a  and  defined  by  the  inequaUty 

\z{z-a)\>\a\, 
the  equation 

z-a —  =  0 

z 

has  one  root  z,  the  expansion  of  which  is  given  by  Lagrange's  theorem  in  the  form 

_         "    (-i)»-if2?t-l)!    „ 
''"""'■„=,  n!(»i-l)  la^"-!"- 

Now  from  the  ordinary  theory  of  quadratic  equations,  we  know  that  the  equation 

has  two  roots,  namely 

a 
2 


z  —  a  —  =  0 

z 


{i.yr;:5}and|{i-yr^}; 


and  our  expansion  represents  the  former  of  these  only — an  example  of  the  need  for  care  in 
the  discussion  of  these  series.  If  however  we  regard  the  expansion  as  a  power-series  in  a, 
and  derive  other  power-series  from  it  by  continuation  in  the  a-plane,  we  shall  ultimately 
arrive  at  the  series 

„ti     n\  {n-l)\     a2»-i' 
which  represents  the  other  branch  of  the  function  z. 

Example  2.     If  y  be  that  one  of  the  roots  of  the  equation 

y  =  \+zy^ 

which  reduces  to  unity  when  z  is  zero,  shew  that 

„     .          ,  nin  +  Z)  ..  ,  n(n  +  4)(n  +  5)  , 
y''=l-h?tz+    ^^^    'z^->r~^ ^-^ 'i? 

n{n  +  b){n+Q){n  +  'J)  ^    m(w+6)  (?t+7)(w+8)(?H-9)^ 
"^  4!  "•"  5! 

so  long  as  \z\<^. 

Example  3.     If  x  be  that  one  of  the  roots  of  the  equation 

X=\+y3!f 
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which  reduces  to  unity  when  y  is  zero,  shew  that 

(3a- 1)  (3a -2) 


iogx=y+ "2 


y'  +  ' 


2.  3 


3^  + 


the  expansion  being  valid  so  long  as 

|y|<|(a-l)"-ia-'-|. 


(McClintock.) 


70.     Rouchd's  extension  of  Lagrange's  theorem. 

Consider  now  two  functions  f{z)  and  (/>  («),  which  are  regular  at  all  points 

within  a  contour  G,  on  the  perimeter  of  which  the  inequality  j  ^rV^  <  1  is 

satisfied. 

Then  we  shall  shew  that  if  the  equation  f  (z)  =  0  have p  roots  a^,  a,,  ...  a^ 
in  the  region  contained  by  C,  the  equation  f{z)  —  a<^(2)  =  0  will  have  p  roots 
Oi',  a^, ...  ap,  in  that  region;  and  for  every  ftmction  F{z)  regular  in  the  region 
we  shall  have 


p   _      ..      £    _ ,    .       ^   o^  I    d"-'    fJ"(a^)(^(a^)|"' 


r=l  r=\  »  =  i  ?1!  r=l  "tt. 


t(^" 


where 


^{z) 


^fM. 

Z  —  ttr 


We  may  note  that  this  theorem  reduces  to  that  of  Ijagrange  when 

f{z)  =  z  —  a  and  p=l. 
The  result  stated  may  be  obtained  in  the  following  way : 

We  have  S F (a/)  =  ^.  f  F{^/'//l~ ""f^l ^' 

!/(^)l"{/(^)-«'/'(^))J 

27rtjc  \_f{z)         dz  [f 

_  a"  (111)}""'  ^l(f)  +  a"  ('^(^)]".r(^)-«<^'(4 


When  n  is  large,  the  last  integral  tends  to  zero:  we  thus  have  on  the 
right-hand  side  a  power-series  in  a,  in  which  the  coefficient  of  a"  is 


2'rrin 


or 


;  1_  [^'JF'(z){4>(z)]''(z-arr[- 
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1     £      d" 
or  — ;    Z 


F'iar)<l}(ar)\' 

which  establishes  the  theorem.     Putting  F(z)  =  l,  it  is  seen  that  the  number 
of  roots  a'  is  p. 

71.     Teixeira  has  published  the  following  generalisation  of  Lagrange's  theorem,  the 
proof  of  which  may  be  left  to  the  student.     Let 

Z  =  t+X(j)j^  {z)+x''(j>2  (2)+ ...  +x^<t>k  (2), 

where  </>!  (z),  ...  <^i  (z)  are  regular  functions  of  z  in  the  interior  of  a  contour  K,  and  <  is  & 
point  inside  K.     Let  a  be  a  positive  quantity,  so  small  that  the  condition 


z-t 


■  I ""'^2 (2) I  ,     ,  |f!!*tWL-i 


is  satisfied  along  the  contour  K.  Then  to  every  value  of  x  which  satisfies  the  condition 
I  ^  1  <  a  there  corresponds  a  unique  value  of  r  in  the  interior  of  K ;  and  /  (z),  where  /  is  a 
regular  function  at  all  points  in  the  interior  of  K,  can  bo  expanded  in  ascending  powers  of 
X  by  the  formula 

where  the  summation  is  extended  over  all  positive  integral  solutions  of  the  equation 

a  +  2(3  +  3y  +  ...+/f-X  =  re, 
and  where 

Another  form  of  this  result  is 

x^       d' 

M-O   .-=0   {V+1)\  dt' 


f{z)=f{t)+   2     2    ^—-^ —  {/'(<) <^,_,,^(0}, 


where  the  quantities  <i>v,ij.  are  obtained  from  the  equations 

72.     Laplace's  extension  of  Lagrange's  theorem. 

Lagrange's  result  can  easily  be  extended  to  a  case  in  which  the  given 
equation  is  of  a  somewhat  more  general  type. 

Suppose  that  the  equation 

z  =  y^  {a  +  t^ (0)} 

is  given,  and  that  it  is  desired  to  expand  some  function  f{z)  of  a  root  of  this 
equation  in  ascending  powers  of  t. 

If  we  write  a  +  t<l>{z)=  u, 

the  equation  reduces  to  m  =  a  +  i(^  {if-  (m)}. 

The  problem  of  expanding /(«)  is  therefore  equivalent  to  that  of  expand- 
mgf{i^{u)\,  where  u  is  given  by  the  last  equation;  and  this  can  be  done  by 
Lagi-ange's  theorem. 
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73.     A  further  generalUation  of  Taylor's  theorem. 

The  series  of  Laurent,  Darboux,  Burmann,  etc.  may  be  regarded  as  extensions  in 
diflFerent  directions  of  the  fundamental  series  of  Taylor.  A  generalisation  of  Taylor's 
theorem  of  a  somewhat  different  character  to  these,  is  furnished  by  the  following  result, 
the  proof  of  which  may  be  left  to  the  student. 

If  f{i)  and  6  (?)  are  regular  functions  of  z  in  the  neighbourhood  of  the  point  z=x,  and  if 
6i  (z)  =\6  (t)  dt.         Si  (2)  =  f  $1  (t)  dt, 

J  X  J  X 

and  getiercMy 

e„{z)=j'jn-At)dt, 

then,  for  values  of  z  in  the  neighbourhood  of  the  point  x,  f{z)  can  he  expanded  in  a  series  of 
the  form 

f{z)=a^e(z)+aiei{z)+ai6^(z)  +  ...+a„e^{z)  +  ..., 

where 

a  -^^ 

^d    f/Wl 

"i  dx\e{x)j> 

and  generally 

-=ldr-E["'"i{'<"i(-["«s{f|}])}]' 

the  number  of  differentiations  in  the  last  expression  being  n. 

It  is  clear  that  Taylor's  series  is  obtained  from  this  expansion  by  putting  0  {z)=l. 
Example  1.    Shew  that 

Example  2.    Shew  that 

da^_,     ,       ,.  ff  (x) 

(Laurent,  Joum.  Math.  Sp^c,  1897.) 

Example  3.  By  writing  6{z)  =  e',  obtain  the  expansion  of  an  arbitrary  function  of  z  in 
a  series  of  the  form 

a„e»-'=  +  a,  (C-"-  1)+  ...+a„|e-'-l  -  (^-.r)...  -^^^-^J"  ,'}  +... , 

where  a^,  a^  are  independent  of  z. 

Example  4.    In  the  general  result,  shew  that  when  .1=0  we  have 

2a„t''x2B„t''=SA„P', 

where 

/(«)-S  -1  z"  and  e  (z)=2  ^  z\ 
■'  ^  '        n\  ^  '        n\ 

(Guichard,  Annales  de  V&.  Norm.,  1887.) 
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74.     The  expansion  of  a /unction  in  rational  functions. 

Consider  now  a  function  fiz),  whose  only  singularities  in  the  finite  part 
of  the  plane  are  simple  poles  a^,  a^,  a,,  ...:  let  Cj,  Cj,  ...  be  the  residues  at 
these  poles,  and  let  (7  be  a  circle  of  very  large  radius  R  not  passing  through 
any  poles,  so  that  /(z)  is  finite  at  all  points  in  the  circumference  of  G.  (The 
function  cosec  z  may  be  cited  as  an  example  of  the  class  of  functions  con- 
sidered.) Suppose  further  that  at  all  points  on  the  circumference  of  C,  the 
modulus  of  /{z)  is  less  than  M,  where  if  is  a  quantity  which  remains  finite 
when  large  values  of  R  are  taken. 

Then  „—  .  |    -^^^  dz  =  sum  of  residues  of  -^        at  points  in  the  interior 
zin  J  o  z  —  x  .    z  -  X       '^ 

ofO 
=/(«;)  + 2^^, 

where  the  summation  extends  over  all  poles  in  the  interior  of  C. 

But     ^.i  f'^'^dz-  \[f('^'^'\  ^f  /(^)  d= 

27rt  J  c  z  —  x  2iri  Jo      z  1-ni  J  c  z(z  —x) 

=  f(0)  +  -E2iL  +  JL(  /(fli^ 
•^  ^  -^      „  a„      2-7nJoz{z-x)' 

if  we  suppose  the  function /(^)  to  be  regular  at  the  origin. 

Now  R  being  supposed  large,  I     7^ — ^  is  of  the  order  ^  of  small  quantities, 

JfyZyZ — X)  Jx 

and  so  tends  to  zero  as  R  tends  to  infinity. 

Therefore  on  making  R  infinitely  great,  we  have 

0  =  /(^)-/(0)  +  2c„(^-l), 

/(^)=/(0)  +  2c„{^+^}, 

which  is  an  expansion  of/ (a;)  in  rational  functions  of  a;. 

If  instead  of  the  condition  \f{z)\  <  Mv/e  have  the  condition  |/(z)  |  <  MR'^,  where  M  is 

iinite   for  all  values  of  R  and  n  is  a  positive  integer,  then  we  should  have  to  expand 

[  F{z)dz, 

I   — ^^ —  by  writing 

1        1      X  ^  +  1 

-  +  -5  +  ...+- 


z-x     z     z^    '"     ^*^{z-x)' 

and  should  obtain  a  similar  but  somewhat  more  complicated  expansion. 

Example  1.     Prove  that 

cosec2  =  -  +  2(-l)"( +  —  I, 

2  \z  —  njr     nnj 

the  summation  extending  to  all  positive  and  negative  values  of  n. 

To  obtain  this  result,  let  cosec  2  —  =/(2).     The  singularities  of  this  function  are  at  the 
points  z=nn,  where  n  is  any  positive  or  negative  integer. 
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For  points  near  one  of  these  singularities,  put  z=mr  +  f.    Then 

/(z)  =  cosec(nn-  +  f) 1_  =  1^"  -  i.  (1+-^^"' 

(  - 1)"       1 
=  ^^ 1-  positive  powers  of  C 

The  residue  oif{z)  at  the  singularity  nn  is  therefore  (—1)".    Applying  now  the  general 
theorem 

/(.)=/(o)+.c„[^-L.  +  l], 

where  c„  is  the  residue  at  the  singularity  a„,  we  have 

/(.)=/(0);.(-l)n{-L_+I-}. 


But 


/(0)  =  Lt,=o    -  + (positive  powers  of  2)--    =0. 


Therefore 

00860  0  = 


z  \_z-ntT     uttj' 

which  is  the  required  result. 

Example  2.     If  a  is  real  and  positive  and  less  than  unity,  shew  that 

e"       1        *   22  cos  2naiT  —  inn  sin  'inarr 

^^^1^  nil  z2  +  4jiV  ■ 

^       1 
For  iif(z)=- — r  — ,  the  singularities  of/ (2)  are  at  the  points  2=2w7rt',  where 

n=±l,    ±2,   +3,  ...  ±00. 
For  points  z  near  2=2ra7rt',  put  z—2niri+(.     Then 

^2Tiairt 

=  — —  +a  series  of  positive  powers  of  f. 


The  residue  at  z  =  2nni  is  therefore  e^noirj 
Also 

12  +  2  +  -        J«-o 
Applying  the  general  theorem 

/(2)=/(0)+2C„(^^  +  l), 


we  have  therefore 


e*-!     2  ^      „_±i  \z-invir     2nniJ 

±«      gZni^o  »   8in2re(Mr 

=  a--i+    2    ^-^  +   S   . 

»i-±i  ^  -  2mir     n-i      >* 
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But 


1 
=  2-"- 

«•  — 1      2     „^iz-2ni7r      „Zi\z-2ntiT  '  z  +  2niw 

»    22  cos  2na7r  -  4re»r  sin  2na7r 

'«3. 

Prove  that 

1                          111.2 

1 


7rx«(e*-2co8^+e-=)     2nx*     e'-e''  n*  +  ix*     e^'-e-^"  (2w)*+ix* 

3 1 

« 
For  the  general  term  of  the  series  on  the  right  is 

(-l)'-r  1 

which  is  the  residue  at  either  of  the  four  singularities  r,  —  r,  ri,  -  ri,  of  the  function 

TTZ 

{n-*z* -- ix*){e'" -  e-'")amirz  ' 

The  singularities  of  this  latter  function  which  are  not  of  the  type  r,    -r,  ri,  —ri, 
are  at  the  points 

2  =  0,     2  = -zr-    -,    2=  . 

V2    T  \/2       1- 

2 

At  2  =  0  the  residue  is  —-j; 

at  either  of  the  foiu"  points  z—  ~ — ~ —  ,  the  residue  is 
^  V2      ^ 


TT  .  2ii;2  \e V2  - e    ^2/  sin  ^-^ 
V2 

Therefore 

■Kix^  VeVa  _e    v^y  \e'  ^2  -e    '  VV 

_   1      /■    ifzdz 

""  2S  ]  c{'«*^^-\'^) i^' - e - «)  sin  7r2 ' 

where  C  is  an  infinite  contour.     But  at  points  on  C,  this  integrand  is  infinitely  small 

compared  with  -  ;    the  integral  round  C  is  therefore  zero. 

z  . 

W.  A.  8 
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Thus         „— _i  +  2 


-1 


1 


jra;'(e«-  2  cos  x+e-") ' 
which  is  the  required  result. 

Example  4.     Prove  that 

_       /      1 3_^      _5  \ 

sec  x-in  (^^2-^^      9^2  _  4^  +  26^8-4^.2  -)■ 

Example  5.     Prove  that 

1     „    /     1  1  1  \ 

cosech  j;=  -  -  2a;  (    j- — 5  -  —-5- — ^^  +  --5- — ^ ...  ) . 
a;  \iT^+x^     ^^+x^     Dtt^+a-^     / 

Example  6.     Prove  that 

sech  a;  =  4,r  (^^2  ^4^2  -  9^2  +  4^  +  25,r2  +  4a^  -)  ' 

Example  7.     Prove  that 

cothar=-+2a;  (    .,,"5  +  7-^,    j  +  n-a". — ;+•••)• 
X  \n'+x''     in'+x^     9n^+x'         J 

Example  8.     Prove  that 

00  00  J  ^2 

2       2       ,-^r-; — „.  ,  o  ,  ,,,  =  -7  coth na  coth  nb. 


m^-oo  n=-«» 


(Cambridge  Mathematical  Tripos,  Part  I,  1899.) 

75.     Expansion  of  a  function  in  an  infinite  product. 

The  theorem  of  the   last   article   can   be   applied   to  the   expansion  of 
functions  as  infinite  products. 

For  let  /  (z)  be  a  function,  which  has  simple  zeros  at  the  points  a, ,  ttj,  Oj, . . . 
where  Limit  |  a„  |  is  infinite ;  and  suppose  that  f(z)  has  no  singularities  in 

n=« 

the  finite  part  of  the  plane. 

Then  clearly /'(a:)  can  have  no  singularities  in  the  finite  part  of  the 
plane,  and  so"^^,  .-  can  have  singularities  only  at  the  places  a,,  a,,  a, 
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Now  for  values  o{  z  near  Ur,  we  have  by  Taylor's  theorem 

/(z)  =  (^  -  a.)/'  (a,)  +  ^-^^V"  («r)  +  . .  . 

and  /'  (z)  =/'  (ar)  +  {z-  ar)f"  (a,)  +  . . . . 

Thus  we  have 

^.y/  = h  a  constant  +  positive  powers  of  (z  —  «,). 

/  \^)      z  —  ar 

f  (z) 
At  each  of  the  points  a,,  the  function  -—H^  ^*^  therefore  a  simple  pole,  with 

the  residue  +  1. 

f'(z)  ... 

If  then  'JT^  has  at  infinity  the  character  of  the  functions  considered  in 

the  last  theorem,  it  can  be  expanded  in  the  form 

/(■2)         f{^)  n  =  l   \Z  -  an        an) 

Integrating  this  expression,  and  raising  it  to  the  exponential,  we  have 
/(2)  =  ce-'(»>       n  \[\ )e«4- 

n=\  { \  an/         ) 

where  c  is  a  constant  independent  of  z. 

Putting  2  =  0,  we  see  that/(0)  =  c,  and  thus  the  general  result  becomes 

n  =  l   l\  "n/ 

This  furnishes  the  expansion,  in  the  form  of  an  infinite  product,  of  any 
function y"(^:)  which  fulfils  the  conditions  stated. 

This  theorem  is  a  case  of  a  general  theorem  on  the  factorisation  of  functions,  which 
is  due  to  Weierstrass,  and  which  will  be  found  in  Forsyth's  Theory  of  Functions, 
Chajiter  v. 

Example  \.     Consider  the  function /(«)= ,  which  has  simple  zeros  at  the  points 

Tn,  where  r  is  any  positive  or  negative  integer. 

In  this  case  we  have  /(0)  =  1,    /'(0)  =  0, 

and  so  the  theorem  gives  immediately 


since  the  condition  relative  to  the  behaviour  of  -y^/  at  infinity  is  easily  seen   to  be 

fulfiUed. 

8—2 
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Example  2.     Prove  that 

{-©■}  {-fci  J)  {-(s^.)}  (-Uyi  (-(a^^J} 


cosh  ^  -  cos  X 


1  —  cosir 

(Trinity  College  Examination,  1899.) 

76.     Expansion  of  a  periodic  function  in  a  series  of  cotangeiUs. 
Another  mode  of  expansion,  which  may  be  applied  to  periodic  functions 
whose  poles  are  all  simple,  is  that  indicated  in  the  following  example. 

Consider  the  function 

cot  {x  —  O])  cot  {x  —  a^...  cot  {x  —  a„). 

This  is  a  trigonometric  function  of  a;,  having  poles  at  the  points  Oj,  Kj,  ...  a„, 
and  also  at  all  other  points  whose  affixes  differ  from  one  of  these  quantities 
by  a  multiple  of  tr.  There  is  clearly  no  loss  of  generality  in  supposing  that 
the  real  part  of  each  of  the  quantities  a^,  a,,  ...  a„,  lies  between  0  and  tt. 

Now  let  ABCD  be  a  rectangle  in  the  .^-plane  whose  cornei-s  are  the  points 
A  {z  =  —  ixi  ),  B{z=ir—  ice  ),  C  {z=7r-\-  ioo  ),  and  D(z  =  ioo);  and  consider 
the  integral 

- — ;  I  cot  (z  —  tti)  cot  {z  —  fij)  . . .  cot  (z  —  a„)  cot  (z  —  x)  dz 

taken  round  the  perimeter  of  the  rectangle. 

The  integrals  along  DA  and  CB  are  equal  but  of  opposite  sign  and  cancel 
each  other.     Along  CD,  each  of  the  cotangents  has  the  value  —  i,  so  the 

integral  along  CD  is  ^—^    .     Similarly  the  integral  along  AB  has  the  value 
-^ .     The  whole  integral  has  therefore  the  value 

2        '• 

The  singularities  of  the  integrand  in  the  interior  of  the  contour  are  at  the 
points  z=  a,,  a^,  ...  a„,  x;  and  clearly  the  residue  at  a^  is 

cot  {Uf  —  a,)  cot  (a,  —  a^  ...  cot  (a^  —  ctr-i)  cot  (a^  —  a^+i)  . . . 

cot  (ttr  —  a„)  cot  (a,  —  x), 
while  the  residue  at  x  is 

cot  (a;  —  O])  . . .  cot  {x  —  a„). 

Since  the  value  of  the  integral  is  equal  to  the  sum  of  all  these  residues,  we 
thus  have 


l±<zi)",»  = 


2 


i"  =  cot  {x  —  a^...  cot  {x  —  a„)  +  S  cot  (a,  —  Ui) ... 


r=l 


cot  (ttr  —  a„)  cot  {ttr  —  x). 
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Thus  if  n  be  even,  we  have 

r~n  * 

cot  (x  —  Oi) ...  cot  {x  —  a„)  =  S  cot  (ar  —  Wi)  . . .  cot  (a^  —  an)  cot  (x  —  a^)  +  (—1)', 
and  if  n  be  odd  we  have 

cot  (x  —  Oi) . . .  cot  (a;  —  a„)  =   ^  cot  (a^  —  Oi)  ...  cot  (ar  ~  <^n)  cot  (a;  —  a,). 

r=l 

This  method  of  decomposition  into  a  series  of  cotangents  is  of  very 
general  application  to  periodic  functions ;  it  may  be  regarded  as  the  trigono- 
metrical ^alogue  of  the  decomposition  of  a  rational  function  into  partial 
fractions. 


Example.     Prove  that 

sin(a;-6j)  s\n{x-b^  ...  s\n{x—b^  _sin  (a, -6,) ...  sin  (a,  —  6„) 
sin  (if  -  aj)  sin  {x-a^  ...  sin  {x - o„)     sin  (Oi  -a^  ...  sin  (a,  -  a„) 

sin(g;-6i)  ■■.sin(a3  - 6„) 


cot  {x  —  a^ 

cot  (^  —  Oj) 


sin  {a^  —  a,) . . .  sin  (aj  -  a„) 
+ 

+  cos(ffii  +  a2  +  "-+«n-*i  -b-i—.-.-K). 

77.     Expansion  in  inverse  factorials. 

Another  mode  of  development  of  functions,  which  although  investigated 
by  Schlomilch  as  long  ago  as  1863  has  hitherto  not  been  much  used*,  is  that 
of  expansion  in  inverse  factorials. 

Let  I  be  a  line  drawn  parallel  to  the  imaginary  axis  in  the  2^-plane ;  and 
draw  a  circle  of  large  radius,  having  its  centre  at  the  point  where  I  cuts  the 
real  axis. 

Consider  a  function  f{z),  which  has  no  singularities  within  the  semi- 
circular area  which  is  bounded  by  I  and  this  circle  and  which  lies  on  the 
positive  side  of  I;  let  7  be  the  semi-circular  arc  which  bounds  this  region. 
Suppose  moreover  that  at  all  points  of  7  we  have  the  inequality 

\f{z)\<M 

satisfied,  where  M  is  finite  however  large  the  radius  of  7  may  be  chosen. 

Then  if  ^  be  a  point  within  this  semi-circular  region,  we  have 


f^'^-UMY^- 


Now 


f{t)dt      f  zf{t)dt 

t  Jyt(t-2)' 

Beferences  to  some  recent  work  are  given  by  Kluyver,  Comptea  Rendus,  oixxiv.  (1902),  p.  587. 


ff(t)dt_rj 

iy    t-Z         J., 
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But 


r  zf{t)dt\    I  ,  w  f 


dt 


\t-z\ 


f^'^'U:- 


which  is  infinitesimal  when  the  radius  of  7  is  infinitely  great. 

Thus 

1    [/it)dt      1    rf(t)dt^ 
t  2-jri  J  I  t  —  z 

if  we  now  suppose  that  the  direction  of  integration  along  I  is  from  —  ioo  to 

+  100. 

Now  if  n  be  any  positive  integer  and  z  be  not  equal  to  0,  -  1,  —  2,  etc., 
we  have  the  identity 

t        ^        <(*  +  !)         .         ,         t{t_+\)...(t  +  n) 


1         1 

=  -  +  ■ 


:+   ...+ 


z-t     z  '  z{z  +  l)'  z{^z-^\){z-\-2)^  '"  '  z{z-i-l)...{z  +  n){z-t)' 
on  substituting  this  in  the  second  integral  we  have  therefore 


a^ 


z      z(z+\) 


+  ...+ 


where 


z{z+l)  ...{z  +  n) 

i_r  /(<)<(<+ i)...(t  +  «) 

■*■  27ri  i ,  iiz'+l  )..:{z+n)i,z-i)     ' 
1     [f{t)dt 

^=2^-//(*^'*' 


^n+^  =  ^.\  f{t)t{t  +  l)...(t  +  n-\)dt. 
Now  the  product 


t{t+\)...(t  +  n) 


z{z+\)...{z->rn) 

can  be  written 

in. 

1  +  ^ 

r 

[         r 

- 

and  it  diverges  to  zero  or  to  infinity  when  z  tends  to  oo  according  as  the  real 
part  of  t  —  z  is  negative  or  positive,  as  can  be  seen  by  comparing  it  with 
the  product 
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which  has  the  value  («  +  l)'~^  But  the  real  part  ot  t  —  2  is,  in  the  case 
under  consideration,  negative  ;  and  so  the  product 

t(t  +  l)...(t  +  n) 
z(z+l)...iz  +  7i} 

is  infinitesimal  when  n  is  infinite. 

Since /"(<)  is  finite  along  /,  and  i  -! — -.  is  finite,  we  see  that 

I    f{t)t{t+l)...(t  +  n)     ^^ 
J I  z(z+l)...{z+n){z-i) 

is  infinitesimal  when  n  is  infinite. 

We  can  therefore  expand  f{z)  in  the  form 

A\  fti  Uo  eta 

^)  =  "°  +  7  +  .(.Ti)  +  .(.+  i)(.  +  2)  +  -' 

the  coefficients  a  being  given  by  the  above  equation;  and  this  expansion  is 
valid  for  all  values  of  z  whose  real  part  is  greater  than  the  real  part  of  z  at 
any  of  the  singular  points  oif{z),  except  for  the  points 

z  =  Q,  -1,  -2 

Example  1.     Obtain  the  .same  rasult  by  using  the  equalities 

1 


,      =,-,  -^^ — , -r=— ,  /'u»(l-M)'-"rfa, 

i(«+l)(0  +  2)...(2+n)     n!7o 


Example  2.     Obtain  the  expansion 

^\^^)      z      z{z+l) 


1)     z{z+\){z  +  2) ' 

where  a„=  \   t{\-t){2-t) ...  {n-\-t)dt, 

and  discuss  the  region  of  its  convergency.  (Schlomilch.) 

Miscellaneous  Examples. 

1.     Let  «-«'/'„  denote  the  mth  derivate  of  e"^,  so  that 

Pg  =  l,  P^=-2z,   P^  =  4z^-'3t,    etc. 

Shew  that  if  f{z)  is  an  arbitrary  function,  then/(2)  can  be  expanded  in  the  form 

1  /■" 

where  a„= I      e--^''I\(x)f{x)dx, 

2.4.  6...  2ra  ^itJ  -" 

and  find  the  region  of  convergence  of  this  series.  (Hermite.) 
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2.    Obtain  (from  Darboux's  formula  or  otherwise)  the  expansion 

/(2)-/(a)=|^{/'(2)-r/'(a)} 


+  . 


+ ; 

find  the  remainder  after  n  terms,  and  discuss  the  convergence  of  the  series. 

3.     Shew  that 


-(- 1)- A-+1  j'^,(0/"-^>  (x+ht)  dt, 


where  y„(^)  =  __i__  ^.+i  (j  _^)„+ig.{^-i  (i_^)-i} 

and  shew  that  y„  (x)  is  the  coefficient  of  » !  <"  in  the  expansion  of  {( 1  —  to)  ( 1  +  <  -  to)}  -  Hn 
ascending  powers  of  t. 

4.     By  taking 

^^    ^   '     n !  l^dW  \  1  - re-«  J  Ja=o 
in  Darboux's  formula,  shew  that 

/{x  +  h)  -fix)  =  -  a,k  {/'  (X  +  A)  - 1/'  (^)| 

+(-i)-A»*i  r4,„{t)/''*'{x+ht)dt, 

1                                              1  —  r                  M         m'         «' 
where =i -a.~+a,^,-a,ir-,  + 
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5.  Shew  that 

+ 

+  (_  l)n-l  2jni2^"-lH^-a)'"-'  {_^(2„.l,(„)+/(2n.I,(,)J 

where  V-n (0=  —  ff  "  f  — "l! 

6.  Prove  that 

/  ih)  =f{h)  +  C:  (^2  -  Zj)  /'  {Z^)  +  C2  (02  -  Z,fr  (0,)  +  (^3  (^2  -  %)'  /'"  (^2) 

+  c,{h-hypHh)+ , 

where  C„  is  the  coefficient  of  z"  in  the  expansion  of  cot  ( ^  -  -  )  in  ascending  powers  of  z. 

(Trinity  College  Examination.) 

7.  If  ^i  and  x^  are  integers,  and  <i>  {z)  is  a  function  which  is  regular  for  all  values  of  z 
(finite  or  infinite)  of  which  the  real  part  lies  between  .i?j  and  x.^,  shew  (by  integrating 

[  <p  (z)  dz 
J  giiriz  _  1 

round  a  rectangle  whose  sides  are  parallel  to  the  real  and  imaginary  axes)  that 

i0(*-i)+<^(^i  +  l)  +  <^(^i  +  2)  +  ...+(^(.t;a-l)+i<^(^2) 

Jo  ^^  i  Jo  e^'V-l  ^' 

Hence  by  applying  the  theorem 

where  fii,  £3,  ...  are  the  Bemoullian  numbers,  shew  that 

<^(l)+<^(2)  +  ...+<^(»)  =  C+*0(«)+f"0(z)rfz+  2    ^~^C^''"' »"--"(«). 

J  n=l  *''f  • 

(where  C  is  a  constant  not  involving  11)  provided  that  the  last  series  converges. 

8.  Obtain  the  expansion 

M=_+   2(-l)»-' \ '  — 

2      „=2  1!  2» 

for  one  root  of  the  equation  x=2u+u\  and  shew  that  it  converges  so  long  as  |  x  |  <  1. 
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9.     If  Sr:    denote  the  sura  of  all  combinations  of  the  numbers 

1%  32,  52,  ...  (2»-l)2 

taken  m  together,  shew  that 

cos*  1       ,     ::     (-l)ntl  J22(»^-1)         .,)  2'"  ^„,        22)     . 

2n+2)!  l2?i  +  3        !!(>'+i)  2714-K  ""  ■*"    2(«+i)  3/ ^' 


1  "    (- 

=  -; 1-    2      - 

smz      „_o  (2n+2)! 


sin'' 


10.  If  the  function  f{z)  is  regular  in  the  interior  of  that  one  of  the  ovals  whose 
equation  is  |  8inz|  =  C  (where  C^  1),  which  includes  the  origin,  shew  that  /(z)  can,  for  all 
points  z  within  this  oval,  be  expanded  in  the  form 

«  /<**'  (0) + 'Sl' V^"  -  2)  (0)  + ...  +  *Sj"-"/<2)  (0) 
.    m=m+2^  ^, '"    ^  Bin'". 

ti-0  (2re  +  l)! 

where  /Sl™  is  the  sum  of  all  combinations  of  the  numbers 

22,  42,  62,  ...  (2k- 2)2 

taken  m  together,  and  /S^™'    denotes  the  sum  of  all  combinations  of  the  numbers 

12,  32,  52,...  (2n-l)2, 
taken  m  together. 

11.  Shew  that  the  two  series 

2^  .  2z^ 


^+3^  +  5^  +  . 


and 


2z 2     /    2z   Y      2.4  /   2z   V 

l-«2      i."32Vl-zV  "^3.52(^1-22/  •• 


represent  the  same  function  in  one  part  of  the  plane,  and  can  be  transformed  into  each 
other  by  Burmann's  theorem. 

12.  If  a  function  f{z)  is  periodic,  of  period  27r,  and  is  regular  in  the  infinite  strip  of 
the  plane,  included  between  the  two  branches  of  the  curve  |  sin  2 1  =  C  (where  C>1),  shew 
that  at  all  points  in  the  strip  it  can  be  expanded  in  an  infinite  series  of  the  form 

f{z)  =  Ag  +  Aiaitiz+...  +  A^6in''z  + 

+  cos2(5,+52sin2+...  +  5„sin"-i2+...); 
and  find  the  coefficients  A  and  B. 

13,  If  </)  and  /  be  connected  by  the  equation 
of  which  one  root  is  a,  shew  that 


^  '  10'-'      ^2!  <^'3|  4,"(f2F'] 


1.1, 
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DT,    ^      J./    ^      dF(a) 

F{a),  /(a),   -^ 
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14.     If  a  function  W{a,  b,  x)  be  defined  by  the  series 

a-b    „(a-b)(a-2b) 


W{a,  b,  x)=x+  2,--^^  + 


3! 


A-3+. 


which  converges  so  long  as 
d 


shew  that 


dx 


W{a,  b,  x)  =  l  +  {a-b)W{a-b,  b,  x); 


and  shew  that  if  y  =  W'  (a,  b,  x), 

then  x=  W{b,  a,  y). 

Examples  of  this  function  are 

W{\,  0,  x)  =  ^-\, 
H'(0,  1,  x)  =  \og{\+x), 
{\  +  xY-\ 


15.     Prove  that 


W{a,  1,  0:)  =  ^ 


1         1      gC-i)"^"^ 


2  a„ar" 

n=0 


where 


e.= 


2ai 
6a, 


3ai 


2a„ 
4a, 


0 

0 

3a„ 


(2n-2)a„_i {n-l)af, 

na„  (M-l)a„_, ^ , a, 

and  obtain  a  similar  expression  for 


16.     Shew  that 


I  2  «»a.4  • 
In-O  ; 


(Jezek.) 


(Mangeot.) 


0 


r+1      3a, 


where  (S,  is  the  sum  of  the  rth  powers  of  the  roots  of  the  equation 


^0^x^=0. 

0 


(Gambroli.) 


17.     If /^(z)  denote  the  nth  derivate  of  f(z),  and  if /_„(z)  denote  that  one  of  the  nth 
integrals  of  /(z)  which  has  an  w-ple  zero  at  2=0,  shew  that 


f{z+x)ff{z+x)=    2    /„(2)5'-nW; 
and  obtain  Taylor's  series  from  this  result,  by  putting  g  (2)  =  1. 


(Quichard.) 
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18.  Shew  that,  if  ar  be  not  an  integer,  the  series 

X  {x+mflx  +  ny 

in  which  m  and  n  receive  in  every  possible  way  unequal  values,  zero  or  integers  lying 
between  +/  and  -/,  vanishes  when  /increases  indefinitely. 

(Cambridge  Mathematical  Tripos,  Part  I,  1895.) 

19.  Sum  the  infinite  series 

"iV ^ +1) 

where  the  value  n=0  is  omitted,  and  p,  q  are  positive  integers  to  be  increased  without 
limit 

(Cambridge  Mathematical  Tripos,  Part  I,  1896.) 

20.  I{  F(x)=e^'>  ,  shew  that 

and  that  the  function  thus  defined  satisfies  the  relations 

F{x)F{l-x)  =  2amx;n. 
FuJ^l^er,  if  ,/,(^)=^+|!  +  g+... 


=  -j\g{l-z)d{\ogz), 


Fiic)  =  e*'^^i'> 


shew  that 

when  1 1  —e-ziria;  j  <  ] 

21.     Shew  that 


(Trinity  College  Examination.) 


b<m[H^ri'<^ri'<j.,ji'<jfir] 


n{l-2e-««cos(.r  +  /3,)  +  e-2«o}i{l-2e-»»cos(x-^j)+e-2<>ii}i 


where  a,=*sin- 


i  2    -fccoai 

22(l-C08J.')''e  " 

1-1 
— T, 
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2(7—1 
S„  =  i-COS  -     —      TT, 

and  0<x<27r.  (Mildner.) 

22.  If  I  a;|<  1  and  a  is  not  a  positive  integer,  shew  that 

where  C  is  a  contour  in  the  <-plane  enclosing  the  points  0,  x.  (Lerch.) 

23.  If  <^i(2),  <i>2{z),  ...  are  any  polynomials  in  z,  and  if  F{z)  be  any  function,  and  if 
V'l  (2)1  V'2  (■^)i  ■••  t>e  polynomials  defined  by  the  equations 

y  a  z  —  x 

\'  Fix)4,Ax)'^-^f^^^^  dx  =  f.,{z\ 
J  a  z  —  x 

r F{x) 4,, (x) <^,  (x) ...  .I>„,_,{x) *'»J^--:J'^) dx=ir„{z), 

J  a  *  —  * 

shewthat  fFMdx^^     ^^ 


z-x         <^,  (z)      ^1(2) (^2(2) 

+  ,^,(2)<^j(2)03(2)+ 

<^l(2)0,(2)...<^„(2) 

1                      fh 

0lW<P2W---9m(2;  jo  2-« 


24.     A  system  of  functions  Pf,  (2),  />,  (2),  ^2  (■^))  •••is  defined  by  the  equations 
/>o  (2)  =  1  >       Pn  + 1  (2)  =  (2^  +  a»2 + 6„)  jB„  (2), 

where  a„  and  6„  are  given  functions  of  «,  which  for  n=ao  tend  respectively  to  the  limits 
Oand  -1. 

Shew  that  the  region  of  convergence  of  a  series 

where  «i,  e^,  ...  are  independent  of  2,  is  a  Cassini's  oval  with  the  foci  +1,  -  1. 

Shew  that  every  analytic  function  f(z),  which  is  regular  in  the  interior  of  the  oval,  can 
for  points  in  this  region  be  expanded  in  a  series 

/(2)  =  2(C„+2C„')P„(2), 

where 


a  =  2^j.j    K  +  2)?„(2)/(2)c?2, 
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the  integrals  being  taken  round  the  boundary  of  the  region,  and  the  functions  j„  (z)  being 
defined  by 

^o^^^-^^+Jo-      ?— «  =  .M--^!.T6~?"(^>-  (Pincherle.) 

25.     If  Pn  (x)  be  the  coefficient  of  — ^  iu  the  expansion  of 


in  ascending  powers  of  z,  so  that 


^0=1.     ^^=-^',    /^2  =  — g-~  .  etc., 
shew  that 

(1)     Pn  (x)  is  a  homogeneous  polynomial  of  degree  n.  in  .r  and  h, 


dP„ 
dx 


(2)  ^:-i'n-x  (»^1). 


(3)       l"  Pn{x)dx  =  0  («5=1), 


(4)     liy  =  a^P^{x)  +  aiP.i{x)+a^P^{x)  +  ...,  where<iQ,ai,  a.^, ...  are  real  constants, 
then  the  mean  value  of  -j-^  in  the  interval  from  x=  -  h  to  x=  +h  is  a^.  (L^aute.) 

26.     If  P„  (.v)  be  defined  as  in  the  preceding  example,  shew  that 
f^  =  {-  1)- 2  ^„„ (cos  -^  -  2,„ cos ^  +  3.,„ cos  -^  + ... j  , 

■P».*i  =  (-1)"'  2  ^2„,  +  ,  (^sm-,^  -  ^^^^^^iim  ^^-  +  ^^^^am  ^-^  +  ...j  .        (Appell.) 


CHAPTER  VII. 
Fourier  Series. 

78.  Definition  of  Fourier  series;  nature  of  the  region  within  tuhich  a 
Fourier  series  converges. 

Series  of  the  type 

a„  +  a,  cos z  +ai cos  2z  +  a,  cos  '^z  +  ...  +  bi  sin  z  +  b.2  sin  2z  +  b,  sin  ^z  +  ...  , 

where  a^,  a,,  a,,  «,,  b^,  6j,  63,  ...  are  independent  of  z,  are  of  great  import- 
ance in  many  analytical  investigations.     They  are  called  Fourier  Sei-ies. 

We  have  already  seen  that  the  region  within  which  a  series  of  ascending 
powers  of  z  converges  is  always  a  circle;  and  the  region  within  which  a 
series  of  ascending  and  descending  powers  of  z  converges  is  the  ring-shaped 
space  between  two  circles ;  we  are  therefore  led  by  analogy  to  expect  that 
series  of  the  Fourier  type  will  likewise  converge  within  a  region  of  some 
definite  character. 

To  investigate  this  question,  write  e"=  f 

The  series  becomes 

This  is  a  Laurent  series  in  f ;  it  will  therefore  be  convergent,  if  at  all, 
within  a  ring-shaped  space  bounded  by  two  circles  in  the  f-plane  ;  that  is, 
it  will  be  convergent  for  values  of  f  satisfying  an  inequality  of  the  type 

a<\^\<b, 

where  a  and  b  are  positive  constants. 

Now  let 

z=  X  +  iy  ; 
then 
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80  \^\  =  e-y, 

and  therefore  the  inequality  becomes 

log  a  <  —  y  <  log  6. 

This  inequality  defines  a  belt  of  the  2-pIane,  bounded  by  the  two  lines 
y  =  —  log  a  and  y  =  —  log  b ;  hence  the  region  of  convergence  of  a  Fourier 
series  is  a  belt  of  the  z-plane,  bounded  by  two  lines  parallel  to  the  real  axis. 

It  may  however  happen  that  the  Laurent  series  in  f  is  divergent  for  all 
values  of  f,  in  which  case  the  Fourier  series  is  divergent  for  all  values  of  z ; 
or,  (and  this  is  the  most  important  case  for  our  purpose,)  it  may  happen  that 
a  =  6,  so  that  the  region  of  convergence  of  the  Laurent  series  narrows  down 
to  the  circumference  of  a  single  circle  in  the  f-plane ;  in  this  case  the  region 
of  convergence  of  the  Fourier  series  narrows  down  to  a  single  line  parallel  to 
the  real  axis  in  the  plane  of  the  variable  z. 

If  now  the  coef5ficients  Uo,  Oi,  a,, ...  6,,  b^,  ...  are  all  real,  considerations  of 
symmetry  shew  that  if  the  Fourier  series  is  divergent  for  a  value  z  =  a+  ib, 
it  will  also  be  divergent  for  the  value  z  =  a  —  ib;  so  if  in  this  case  the  region 
of  convergence  narrows  down  to  a  line,  that  line  can  only  be  the  real  axis  in 
the  «-plane. 

Hence  a  Fourier  series  tvith  real  coefficients  may  converge  only  for  real 
values  of  z,  and  diverge  for  all  complex  valves  of  z. 

An  example  of  this  class  of  expansions  is  afforded  by  the  series 


sin  2  —  2 sin  2z  +  ^ sin ^z—  j  sin  Aiz  + 


Writing  this  in  the  form 

we  see  that  it  diverges  when  z  is  not  purely  real ;  when  z  is  purely  real  and 
not  an  odd  multiple  of  tt,  the  sum  of  the  series  is 

ilog(l+e«)-|^.log(l  +  e-«). 

or  2i}^S^^' 

or  2  ^ "''  ^'"'' 

where  k  is  some  integer,  as  yet  undetermined. 

Now  when  z  =  Q  the  sum  of  the  series  is  seen  dii-ectly  to  be  0;  when 

z=-s,  the  sum  of  the  series  is  tan~' 1,  or  ^r  ;    when  z  =  —  -^  the  sum  is 
2  4  2 
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—  tan~'  1,  or  —  J  .     In  this  way  we  see  that  ivken  z  lies  between  —  -rr  and  +  tt, 

the  integer  k  is  zero. 

But  k  is  no  longer  zero  when  z  is  greater  than  ir ;  for  each  term  of  the 
series  is  clearly  unaffected  if  ^  +  27r  be  written  for  z  :  hence  the  sum  of  the 
series  must  be  the  same  for  z  +  ^ir  as  for  z ;  and  hence  when  irKz <  Stt, 

the  sum  of  the  series  is  „  ^  —  tt  :  so  that  when  z  lies  between  it  and  Stt,  the 

integer  h  is  —  \. 

Proceeding  in  this  way,  we  see  that  the  sum  of  the  Fourier  series  is 
\z  +  kv,  where  k  is  an  integer  chosen  so  as  to  make  ^z  +  kTr  lie  between 

—  ^  and  +  g- .     This  is  important  as  shewing  that  the  sum  of  a  Fourier  series 

is  not  necessarily  a  continuous  analytic  function.  It  is  clear  however  that  the 
sum  of  a  Fourier  series  can  have  discontinuities  only  in  the  case  in  which  the 
region  of  convergence  narrows  down  to  the  real  axis ;  in  the  other  case  when 
the  region  of  convergence  is  a  belt  of  finite  and  infinite  breadth,  the  Laurent 
series  in  ^  represents  an  analytic  function,  and  therefore  the  Fourier  series  in 
z  does  also. 

Example.     Shew  that  the  series 

C0S2-— 2C08  2z  +  o2C08  3^-  ... 

converges  only  for  real  values  of  z,  and  that  when  —  tt  <  0  <  +  tt  its  sum  is  —  -  7  2^. 

For  when  z  is  real,  the  series  is  absolutely  and  uniformly  convergent,  as  is  seen  by  com- 
paring it  with  the  series  1  +  sj  +  02  +  •  •  ■  • 

AVhen  2  is  complex,  we  have  (putting  z  =  x  +  iy) 

-5C0snz=--^  {e*('«  +  "ii')  +  e'(-'«-'>W ; 

g-ny         e  +  n» 

now  either  ^  2   or       j   is  infinite  for  n  =  cc ,  so  the  terms  of  the  series  are  ultimately 

infinitely  great  and  the  series  diverges. 

To  find  the  sum  when  z  is  real,  it  has  been  shewn  that  when  -  n-<  2<  jr  we  have 

i2=sin2-^sin22-|-§  sin32 

This  series  is  uniformly  convergent  in  the  interval  (though  not  at  its  extremes  -  n  and  tt) 
and  so  can  be  integrated. 

Thus  c  —  ^z-  =  co»z  —  —^cos2z-{-—^co!i  .32-..., 

where  c  is  a  constant. 

W.  A.  9 
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To  find  c  put  z=0,  which  gives 


"'       2>'*'3«     12' 


whence  the  result. 


79.  Values  of  the  coefficients  in  terms  of  the  sum  of  a  Fourier  series,  when 
the  series  converges  at  all  points  in  a  belt  of  finite  breadth  in  the  z-plane. 

The  connexion  between  the  coeflBcients  a,,,  a,,  a^, ... ,  6i,  6,,  ...  of  a  Fourier 
series,  and  the  sum  of  the  series,  can  be  easily  found  in  the  case  in  which 
the  series  converges  in  a  belt  of  finite  breadth  in  the  2-plane.  For  in  this 
case,  as  we  have  seen,  the  sum  of  the  series  is  an  analytic  function  of  z.  Let 
it  be  denoted  by/(z),  so  that 

f(z)  =  tto  +  <^ cos z+a^ cos  2z  +  ...  +  6j sin z  +  baain2z  +  ... . 
Writing  f  =  e",  the  series  becomes 

a,-ibiy  ,(^r-ibryr,       ,  «!  +  ^'^  y-i  ,         ,  a,  +  ih  y_^  , 

and  by  Laurent's  theorem  the  coefficients  in  this  expansion  are  given  by  the 
equations 

2-Ki''-^=\j{z)K-'-Ht 

where  0  is  any  circle  in  the  f-plane,  surrounding  the  origin  and  contained 
within  the  ring-shaped  region  in  which  the  expanded  function  is  regular. 
Now  if  the  quantities  ttr  and  br  are  all  real,  we  see  as  before  by  symmetry 
that  the  real  axis  must  be  contained  in  the  region  of  convergence  in  the  ^-plane, 
and  therefore  the  circle  of  radius  unity  must  be  contained  in  the  region  of 
convergence  in  the  5'- plane,  since  this  circle  corresponds  to  the  real  axis  in  the 
^-plane.  We  can  therefore  take  (7  to  be  a  circle  of  radius  unity,  with  the 
point  i;  =  0  as  centre. 

Now  writing  f  =e"  in  the  integrals,  we  have 

',r{ar-ihr)=['f{z)e-'"dz, 

Jo 


and  so 


r2w 
■  {Ur  +  ibr)  =      f(z)  e'^dz, 
Jo 

1  ['^' 
Or  =  -      f(z)cosrzdz  (r>0), 

ttJo 

1  r*' 

br  =-  I    f{z) sin  rzdz, 
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1     f^" 
and  "»="2^|    f(^'>'^'^- 

These  equations  give  the  vahies  of  the  coefficients  a„,  a^,  a,,  ...  , 
6,,  62,  ...  ,  of  tke  Fourier  series,  in  terms  of  the  sum  f{z)  of  the  series, 
in  the  case  in  which  the  series  converges  over  a  belt  of  finite  breadth  in  the 
^-plane.  We  shall  see  in  the  next  article  that  the  same  formulae  hold  good 
in  the  more  extended  case,  in  which  the  series  converges  only  for  real  values 
of  z. 

Example.     Shew  that  the  function  ^j — -  ,     — ,  w"*"!  when  k<l,  be  expanded  in  a 

1.  —  ^K  COS  Z  "T"  K 

Fourier  series  of  sines  of  multiples  of  z,  valid  for  all  points  z  situated  in  a  belt,  of  width 
—  2  log  I;  parallel  to  the  real  axis  in  the  z-plane. 


For  we  have 


sin  3 
1  -2^  cos  2+k^ 


=   '     l-l 1        I 


1 


and  this  can  be  expanded  in  the  form    2   „ •i.^'" («"''- e""**),  provided  li;\e^\  and/trie-*'!  are 

n=l  *^«^ 

less  than  unity.     This  can  only  happen  when  their  product  jfc^  is  less  than  1,  i.e.  when 

-KkKl. 

When  this  condition  is  satisfied,  on  putting  z=x  +  ii/,  it  is  clear  that  we  must  have 

|gi«-»|<;     and>i,  i.e.  we  must  have-y  lying  between  log(T)  and  log^,  i.e.  2  must  be 

within  a  belt  of  width  -  2  log  k,  parallel  to  the  real  axis.     When  these  conditions  are 
satisfied  the  expansion  is  valid,  and  so 

sin  2  S   i»  1    • 

2  «"-'  sm  nz. 


l-2kcosz  +  i:^     „=i 

80.     Fourier's  Theorem. 

We  have  already  said  that  the  most  interesting  cases  of  Fourier's  series 
are  those  to  which  the  investigation  of  the  last  article  cannot  be  applied, 
on  account  of  the  fact  that  the  series  converges  only  for  real  values  of  z.  It 
is  therefore  necessary  to  undertake  another  investigation,  in  which  the 
assumptions  of  the  last  article  are  no  longer  made.  The  result  to  which  we 
shall  be  led  is  known  as  Fourier's  theorem,  and  may  be  stated  thus : 

If  f  {z)  be  a  quantity  which  depends  on  a  variable  z,  and  which  is  finite  and 
has  only  a  limited  number  of  maxima  and  minima  and  of  finite  discontinuities 
in  the  interval  0  <  z  <  27r,  then  the  sum  of  the  series 


tto  +  ^  {am  cos  mz  +  6,„  sin  mz), 

m  =  \ 


9—2 
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where 

1  f^' 
am=  -  I    f(i)  COS mtdt, 


1  /■'" 
bm=  -  I    f(t)  sin  mtdt, 

1    C^" 


represents  f(z),  at  every  point  in  the  interval  0  <  z  <  lir  for  which /(z)  is 
continuous;  and  at  every  point  in  the  interval  0<z<2Tr  for  which  f{z)  is 
discontinuous,  the  sum  of  the  series  is  the  arithmetic  mean  of  the  two  values  of 
f{z)  at  the  discontinuity. 

The  discussion  of  Fourier's  theorem  given  below  is  a  modification  of  what  is  known- as 
Cauchy's  second  proof,  which  was  originally  published  in  1827  in  the  second  volume  of  his 
Exercices  de  MatMmatiques,  and  is  reprinted  in  his  Collected  Works,  Second  Series,  Vol.  vii., 
p.  393). 

This  proof,  (which  in  its  original  form  was  in  some  respects  imperfect,)  seems  to  have 
been  little  used  by  the  mathematicians  of  the  nineteenth  century,  who  in  the  discussion 
of  Fourier's  theorem  almost  universally  followed  the  exposition  of  Dirichlet  (which  is 
also  reproduced  later  in  this  chapter) ;  the  importance  of  Cauchy's  proof  was  shewn  by 
A.  Harnack  in  1888.  It  may  be  observed  that  the  restrictions  placed  on  f{z) — as  to  its 
having  only  a  limited  number  of  maxima  and  minima,  etc. — are  sujicient  but  not  necessary 
for  the  validity  of  the  exijansion. 

To  establish  the  theorem,  we  write  the  first  2A  +  1  terms  of  the  expansion 
in  the  form 

1       /•2rr  1    111=*    tin 

a-\   f(t)dt  +  -  2       f  {t)  COS  m(z-t)dt, 
Jo 


or 


or  Ut  +  Vi, 

m=k      1      fz 

where  17^=    2    ^      e"''''-'>f(t)dt, 

m=-k  •iTT  Jo 

Fi=     2     ^  \    e^-'^'-'^f{t)dt. 

m=-k  ^"T  J  z 

We  shall  now  investigate  the  behaviour  of  the  quantity  U^  when  k,  though 
finite,  is  a  large  number. 

Let  ^  (f )  denote  the  quantity 


hij/'-'A^y 


dt. 


80]  FOURIER  SERIES.  133 

Then  (jt  (f)  clearly  has  a  definite  value  corresponding  to  every  value  of  f, 
except  the  exceptional  values  ^  =  0,  ±i,  ±  2i,  for  which  6"°^=  1 ;  moreover, 
it  is  easily  seen  that  the  quantity 

tends  to  a  definite  limit  when  8f.  tends  to  zero,  independently  of  the  way  in 
which  8f  tends  to  zero  (still  excepting  the  points  0,  ±i,  ±2i...);  hence 
<j> (f )  is  an  analytic  function  of  f,  having  poles  at  the  points  0,  ±i,  ±2i ...; 
and  the  series  U^.  is  clearly  the  sum  of  the  residues  of  <f)  (f )  at  those  of  its 
poles  which  are  contained  within  a  circle  C^  in  the  f-plane,  whose  centre  is 

at  the  origin  and  whose  radius  is  (^"  +  2)  • 

•Hence  U,=  l.jj(Od^. 

Write  ?=(^+i)e«. 

Thus  U,=  ^jycj>iOdd. 

Now  we  can  write 

-k-i        .Z+k-i        .^-k-i 


Uk-^jr   +f   +f    +r    +r  }?</.(?) 


dd 


=  1^  +  Ij  +  I,  +  Ii  +  Is  say. 

At  points  in  the  range  of  integration  of  /,  and  Is,  the  real  part  of  fis 
positive  and  at  least  of  order  k'^;  and  so  for  these  integrals  we  have 

)dt 


In  this  expression,  as  A  tends  to  infinity,  :j z^.  tends  to  the  limit  unity, 

and  fe^i^-'-s")  tends  to  the  limit  zero:  thus  ?</>(?)  tends  to  the  limit  zero, 
since  the  range  of  integration  from  0  to  a  is  finite ;  and  hence  as  7,  and  I^ 
are  the  integrals  of  ^(f>  (^)  taken  over  finite  ranges,  we  see  that  Ii  and  /,>  tend 
to  zero  as  k  tends  to  infinity. 

Considering  next  the  integrals  I^  and  Ii,  we  observe  that  the  quantity 
^^_    is  never  infinite  when  0<t  <z  <  2ir,  and  so  f^  (f)  is  never  infinite ; 
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and  thus,  since  Z,  and  /<  are  integrals  of  ^(j)  (f)  over  ranges  which  become 
infinitesimal  as  k  tends  to  infinity,  it  follows  that  I^  and  /<  tend  to  zero  as  k 
tends  to  infinity. 

Consider  next  the  integral  I,,  or 

if""r*<f).«, 

where  r<^  (0  =  ^^^  /Jf^f '-"/(O  dt. 

In  the  range  of  integration  of  /„  the  real  part  of  f  is  negative  and  at 

least  of  order  /fc*.     The  factor  ^-7 — r  therefore  tends  to  the  value  —  1  as  A; 

tends  to  infinity ;  denote  it  by  —  (1  +  a^),  where  a^  tends  to  zero  as  k  tends 
to  infinity. 

Now  r^ei^'~'>f(t)dt  =  J,  +  J„ 

Jo 

1 
where  J,=  f  "**fef  »-'>/(<)  <^«. 


and  J,  =  j'    ^  ^ei^'-'^f{t)dt. 

Considering  first  Ji,  we  see  that  within  its  range  of  integration   the 

quantity  ^(z  —  t)  has  its  real  part  always  negative  and  at  least  of  order 

A;*  _ 

■p — r  ,  which  tends  to  infinity  with  k;  hence  the  quantity  fe^*^""  tends  to 

zero  as  k  tends  to  infinity ;  and  therefore  as  the  range  of  integration  in  Ji  is 
finite,  we  see  that  J^  tends  to  zero  as  k  tends  to  infinity. 

Consider  next  Jj.     Writing  v  =  ^  (z  —  t),  we  have 

i 


J, =/;'*%./(.- J)  d.. 


and  writing  e*  =  w,  this  becomes 

Now  as  k  tends  to  infinity,  e'^"  *  and     °,  -  tend  to  the  limit  zero.     Let 
/(z—  0)  denote /(z)  if  2;  is  a  point  at  which  the  function  f(z)  is  a  continuous 
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function,  and  at  those  points  at  which  f{z)  is  a  discontinuous  function  let 
f(z  —  0)  denote  that  one  of  the  two  values  oi/{z)  which  is  continuous  with 
the  value  of/  for  values  smaller  than  z.  Then  since  there  cannot  be  another 
discontinuity  within  an  infinitesimal  distance  of  z,  we  can  write 

/(-'-°f)=/(-0)  +  ,, 

where  r)  tends  to  zero  as  k  tends  to  infinity ;  and  so 

-log*  ^  log* 

J,=f(z-0)r      dw+  vdw 

_(_ 

J  ,  log  * 

=  -/(^-0)  +  e"*V(^-0)  +  j'      vdw, 

or  J^  =  -f{z  -  0)  +  e, 

where  e  tends  to  zero  as  k  tends  to  infinity. 

Thus 

r<#.  (?)  =  -  (1  +  a*)  {J,  -f{z  -  0)  +  e), 

where  a^,  J^,  and  f,  each  tend  to  zero  as  k  tends  to  infinity.  We  can  write  this 
?0  (X)  =f{z  —  0)  +  T,  where  t  tends  to  zero  as  k  tends  to  infinity  ;  and  this  is 
true  throughout  the  range  of  integration  of  the  integral  I^. 

Thus 

or  /a  =  2  f{z  —  0)  +  cr,  where  a  tends  to  zero  as  k  tends  to  infinity. 
Hence  finally 

U,  =  \f{z-0)-^<T+h  +  /,  +  /,  +  /„ 

where  a,  I^,  /,,  Z^,  /j  each  tend  to  zero  as  k  tends  to  infinity ;  which  can  be 
written 

U,  =  \f{z-0)  +  u„ 
where  uj,  tends  to  zero  as  k  tends  to  infinity. 
Similarly  we  can  shew  that 

Fi  =  l/(^  +  0)  +  ri, 
where  v*  tends  to  zero  as  k  tends  to  infinity,  and  where  f{z  +  0)  denotes  f{z) 


136  THE  PROCESSES  OF  ANALYSIS.  [CHAP.  VII. 

if  0  is  a  value  for  which  the  fanction/(z)  is  continuous,  and  denotes  the  vahie 
oif{z)  for  values  slightly  greater  than  ^  if  2:  is  a  value  for  which  the  function 
f{z)  is  discontinuous.  Hence  the  sum  of  the  first  {2k  +  1)  terms  of  the 
Fourier  series  is 

\f{z-Q)-^\f{z  +  0)  +  Uk  +  Vk, 

where  «i  and  Vi  tend  to  zero  as  k  tends  to  infinity ;  the  sum  to  infinity  of  the 
series  is  therefore 

I  {/(^- 0)4-/(^  +  0)1, 

which  establishes  Fourier's  theorem. 

It  must  be  observed  that  the  sum  of  the  series  coincides  with  f{z)  only 
for  vahies  of  z  between  0  and  2tt  ;  outside  these  limits  the  sum  S  (z)  of  the 
series  can  be  found  from  the  circumstance  that  S  {z  +  2mr)  =  S  (z),  (a  result 
which  is  obvious,  since  all  the  terms  are  periodic) ;  while  f{z)  may  of  course 
have  any  values  whatever  when  z  is  not  included  between  the  limits  0  and  2ir. 

Example.    Take  a  function /(z)  such  that 

f(z)  =  2  from  2=0  to  z  =  jr, 

and  /(z)  =  -  T  from  z  =  n  to  z  =  2rr. 

The  corresponding  Fourier  series  is 

Oq  +  Sa^  cos  mz + 26^  sin  otz, 


where  ««.=-  I     f(t)coamtdi, 

0 

rs.r 


_1  p. 

■tjo 


These  integrals  give 


1  r2» 

T  jo 

/(<)sin  mtdt, 

1    /"it  1    f2v 

=0,   am=7  I    cosmtdt~-7  /     coamtdt=0, 

4  j  0  "*  J  ir 

1    fir  1    /■2»  1 

Om=T  I    sinrntdt-,  I      sin  mtdt=-r- (I -cos  mir). 
4:  Jo  ij„  im^ 

Therefore  6^=0  if  m  is  even,  and  6,„=  —  if  to  is  odd  ;  and  so  we  liave 

TO 

.,  ,    sinz     sinSz     sin  5^  , 

/(.)  =  -y-+      -3-+-5-    +..., 

which  is  the  required  Fourier  expansion. 
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This  series  can  be  summed  by  elementary  methods  in  the  following  manner.     We 
have 

4t^(l-e*')(l+e-")     4i  ^  4^2' 

where  r  is  an  midetermined  integer.     It  is  clear  from  the  above  that  r  actually  has  the 
value  zero  when  0<z<n,  and  unity  when  n  <z<2ir. 

81.     2^he  representation  of  a  function  by  Fourier  series  for  ranges  other 
than  0  to  27r. 

Suppose  now  that  the  range  of  values  of  z,  foi"  which  it  is  required  to 

represent  a  function  f(z)  by  a  Fourier  series,  is  not  the  range  from  0  to  27r, 

but  from  a  to  b,  where  a  and  b  are  any  given  real  numbers.     To  extend 

Fourier's   result   to   this   case,  we  take  a  new  variable  z  defined   by  the 

equation 

b  —  a   , 
z  =  a+  -s —  z, 
Lit 

and  write 

Then  F(jii)  is  a  function  whose  value  is  given  for  all  values  of  its  argument 
z!  between  0  and  27r. 

Therefore  by  the  previous  result  we  have 

^(/)  =  -L       F{t!)di!  +  =-   S         cosm(/-0^(0(^«'. 


or  writing 
we  have 


b  —  a^, 


This  last  result  may  be  regarded  as  the  general  form  of  Fourier  s  theorem. 

Example.    To  express  the  function  ^jj^ ^^^  as  a  Fourier  series,  valid  when 

—  n<z<v. 
Here  a=  -n,  b=w. 
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The  formula  therefore  becomes 

/W  =  o-  ('  fit)dt  +  -    I    ['    cos n{z-t)f(t)dt. 

Since  in  this  oa8e/(0««  -/(-')>  this  reduces  to 

fU)=-    2  sin  7M  I ainntdt 

■'  ^  '     »r  „=i  Jo  e""" - «""*"■ 

"       .  rw(eml_g-lHt)/eM_g-int\ 

=  2  sm m  I     ^ ■,     '  — z:=-. dt 

ainnz  Cg(m  +  i«)ir_g-(t»  +  ii.)n-       g(m -in)  IT  _g-(t»- in)  ir-l 


=  2 


,{' 


n=i»«(e™"'-e~"*")  [  m+m  m-tn 

(-l)"sinraz  /     1 


=    2 


\m+tn     in  —  vnj 


»  (_l)»-i2ra   . 

which  is  the  required  expansion. 

82.     The  Sine  and  Cosine  Series. 

We  proceed  to  derive  two  particular  cases  of  Fourier's  theorem  which  are 
of  frequent  occurrence. 

Suppose  that  a  function  f(z)  is  given  for  a  range  0  to  Z  of  values  of  the 
variable  z,  and  that  we  require  a  series  which  shall  represent  f{z)  for  these 
values  of  z,  and  which  shall  have  the  value  /(—  z)  for  values  of  z  between 
0  and  —  I. 

To  obtain  a  series  of  this  character,  we  write  in  the  preceding  result 
a  =  -I,  b  =  I,  / (—  z)  =f(z).     Thus  we  have 

fiz)  =  lifjit)  dt + \  J  J%os"^  ^f- *->y  it)  dt, 

or 

fiz)  =  \{'fi^t)dt^\    I   cos^^f'cos^/COd*. 

(■Jo  I'  m  =  l  '     ./  0  '' 

which  is  called  the  Cosine  Series. 

If  on  the  other  hand  we  require  a  series  which  shall  represent  f{z)  for  values 
of  z  between  0  and  /,  and  shall  have  the  sum  —f{—  z)  for  values  of  z  between 
0  and  —  I,  we  write  in  the  general  result  a  =  —  l,h  =  l,f{—  z)  =  —f{z),  and 
thus  obtain 


f{z)  =  -,    2  sm-=-     sm  ^f{t)dt, 


which  is  called  the  Sine  Series. 
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Example  1.     Expand  — ^  sinz  in  a  cosine  series,  valid  when  0<z<n-. 

When  0  <  «  <  jr,  we  have  by  the  formula  just  obtained 

ir  —  z  .If"  ,      1    "  T" 

"    r=5-  I    {■i:-t)mntdt-{--   'S.  coamz  \    {ir-t)6vatoosmtdt 
^  J  a  ir  n=\  Jo 


2  ■«"'^= 


= s-  cos  <     -  ^r-   /     COS  tat 

T  Lo         2  J     27r  y  0 


+  5-    ScoswzJl     (n--Osin(ni  +  l)<rf<-  I     (»r-<)sin(ra-l)  <rf4 

■^T  m=l  I  j  0  jo  ) 

11  T'      (w-«)cos2«"|  ,    1     -  f'     (jT-Ocosm  +  K     (n-OcosTO^in 

2     2jr  |_o  2  J     2jrm=2  Lo  m  +  1  m-1  J 

1     S  Ft  «■    1 

—       2    COS»tJ r-— , 

2jrro=2  L'"+l        TO-IJ 


=  l  +  h'^'  +  2n 


_  1      1  "  COS  mz 

The  required  series  is  therefore 

5+7008«-=— ^C0S2«  — jr— j  C0s3«-;r— =  cos4j-.... 
z4  1.6  Z.4  <3.0 

It  will  be  observed  that  it  is  only  for  values  of  z  between  0  and  n-  that  the  sum  of  this 
series  is  proved  to  be  —5—  sin  z ;  thus  for  instance  when  z  has  a  value  between  0  and  —  n, 

the  sum  of  the  series  is  not  -^—  sin  2,  but ^r—  sin  z ;  when  z  has  a  value  between  n- 

and  lit,  the  sum  of  the  series  happens  to  be  again  — -—  sin  z,  but  this  must  be  regarded 

as  a  mere  coincidence  arising  from  the  special  function  considered,  and  not  from  the 
general  theorem. 

Example  2.     To  expand  — -^ in  a  sine  series,  valid  when  0  <  2  <  tt. 


We  have 


— ^-- =  -    2  sm  mz  I    — !^- — •'  sin  mtdt 


=    2  sin  mz  I    '~^-     sin  mtdt. 
m=i  ]  a       4 


['irti 

•D  ^  ("tiw-t)   .       ,,,    r^  -t(ir-t)cosmt~\       1     [^ , 

But  I    ->^- — '8m»itrf<=      i--    ' +T-  /    {n -it)  COS  mtdt 

f"  (tt  -  20  sin  Tnil       If'. 


Therefore 


2m' 


irz  (it  -  z)      .         sin  3z     sin  5z 
^i_J  =  Bmz+-^  +-53-^  +  - 
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Here  again  the  sum  of  the  series  is  "^—~ —    only  when  z  lies  between  0  and  jr.    Thus 

o 

when  z  lies  between  n  and  2jr,  the  sum  of  the  series  is ~ —,    The  sum  of  the 

o 

series  for  values  of  z  beyond  the  limits  0  and  n-  can  be  found  at  once  from  the  equations 
S(z)=  —  S(,-z)  and  S(z+2Tr)=S{z),  where  S (z)  denotes  the  sum  of  the  series. 

Example  3.    Prove  that,  when  0  <  2  <  »r, 

7r(ir-2z)(n^  +  2jr2  -  22^)  COS  Zz      COS  5z 

^-^96 -"^'^    34     +  -5— +•••■ 

For  when  0  <  z  <  n-  we  have 

— i ^-!^— '-  =  -    2  cosOTz         -'^ ^r.a-^ '  coamtdt 

96  ir  msi  ./  0  96 

(integrating  by  parts)    =  2   cos  mz  I     — —  sin  mtdt 
m=i  J  0     'Im 

(int^rating  by  parts)    =  2  cos  mz  I  .^   cos  mtdt 

,"/'''    1 
(integrating  by  parts)    =  2  cqs  mz  I    j—  sin  mtdt 
m=l  J  0  ^m 

Z  1 -(-!)•" 
=   2  — „    ■       cos  mz 
m=i       2m* 

cos  3z     cos  5z 
=  cosz+-3^  +  -^  +  .... 

Example  4.    Shew  that  for  values  of  z  between  0  and  tt,  e"  can  be  expanded  in  the 
cosine  series 

2«/j,     ,\/l    .  cos2z  ,   C0342         \      2s,,      ,./cosz  .  cos3z  ,      \ 

and  draw  graphs  of  the  function  e"  and  of  the  sum  of  the  series. 

fj-  (jj-  ^  2z) 
Example  5.    Shew  that  for  values  of  z  between  0  and  n,  the  function  —^^-3 '  can 

o 

be  expanded  in  the  cosine  series 

cos  3z     cos  52 

cosz  +  -^-  +  -g,     +..., 

and  draw  graphs  of  the  function  "'^^J"    -'  and  of  the  sum  of  the  series. 

o 

83.     A  Itemative  proof  of  Fourier's  theorem. 

Another  proof  of  Fourier'.s  theorem,  ba-sed  on  an  entirely  different  set  of  ideas,  is  due 
to  Dirichlet*. 

*  ColUcted  Worka,  Vol.  i.  pp.  183—160. 
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Consider  first  the  sum  of  a  limited  number  of  terms  of  the  series 
aj+  2  [a,„coa  rm +  bm  sin  mz], 
where 

1     /"Z" 
■'T  j  0 

1    f^" 
«!»  =  -  I      f{t)coamtdt     (jn  =  l,  2,  3, ...), 

wyo  ■ 

1   fi' 
6m  =  -        /(Osmmirfi     (to  =  1,  2,  3,  ...), 

IT  J  0 

and  where  z  is  supposed  to  be  a  real  variable. 
Since 

1  r^" 

amCoaim  +  bmSmmz=-   I    f{t)cosm{t-z)dt, 

T  j  0 

we  have  the  sum  to  (2ot  +  1)  terms  of  the  series  expressed  by  the  formula 

1   f^" 
'Sm=-        {i+coa{t-z)+coa2(t-z}  +  ...+cosm(t-z)}f(t)dt 

t~z 
sin  -r— 


'^  J    z_  sva6        ■"  ^  ' 

~2 

=  i  n^^^'!^t'^'f(z+2B)d6 


t 


_^1   psinJ2™+l)^  _ 

TT  _/  0         Sin  ^ 


We  have  therefore  to  inve.stigate  the  value  to  which  integrals  of  this  class  tend  as  m 
tends  to  infinity.     Consider  in  general  the  value  to  which 

J.     /■*  sin  *«  .  ,  .   , 
J  0  sm  z 

tends  when  k,  supposed  to  be  an  odd  integer,  increases  without  limit. 

First  suppose  0  <  A  <- ,  and  suppose  that,  for  values  of  z  within  this  range,  (/>  (z)  is 
continuous  and  positive,  and  that  (j)  {z)  continually  decreases  as  z  increases. 
rn 


Let  -T-  be  the  greatest  multiple  ofjinA,  sot;-<A<7'+1t. 
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Then 

Z         l5  (n+l)ir  rw 

J  0       J  n  J  nw  J  (r-l)ir      _/  rw^  Sin  Z  ^  ^  ' 

it  A:  «  A 

Now  write 

(n+l)ir 

,,,„/"*      sin  fo  ,,,  , 

i 

/■*        sin  h/         .  (nn       \   .  ,  nn 

«n=  .     /„^       x'^i^X  +  yj^^'        Where  y  =  ^--p. 

The  integrand  in  this  last  integral  is  clearly  positive  throughout  the  range  of  integration, 
and  !<„  is  therefore  positive.  Moreover,  under  the  suppositions  already  stated,  the 
quantity 

decreases  as  ra  increases,  and  it  therefore  follows  that  m„  decreases  as  n  increases. 

Also  the  well-known  theorem  of  Mean  Value  shews  that  u^  can  be  represented  in  the 
form 

IT 

,  r*        sin  hu        , 

where  .„=  J       dy, 

and  p„=<l,^  +  e\ 

6  being  some  quantity  between  0  and  t.    Clearly  v„  is  positive,  and  decreases  as  n 


-  I        .  —  <i>(z)  da, 
j  n  sm«  ^^  ' 


increases. 

Now  we  can  write 

k 

where  •/=Mo~"i+^2-''3+ ••■+(-!)''"'»,_,. 

Since  «„  is  always  positive,  and  decreases  as  n  increases,  we  have 

r— 1 
where  m  is  any  number  less  than  —^  . 

it 

This  gives 

<  "oPo-  ("J  -  "j)  P%  -  ("3  -  •'4)  P4  -  ...  -  (vjm-l  -  "am)  P2« 

-  ""l  (Pl  -  P2)  -  "3  (P3  -  P4)  -  •  •  •  -  "am  - 1  (P2m  -1  "  P2m)- 
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As  p„  decreases  with  increase  of  n,  the  terms  in  the  last  line  are  negative,  and  can 
be  removed  without  affecting  the  inequality. 

Thus 

•^<  "oPo  -  (''1  -  "2)  P2  -  ("3  -  "4)  Pi  -  •  •  •  -  ("?!»  - 1  -  "a-n)  P2m 

<  "OPO  -  ("1  -  "2)  P2m  -  ("a  -  "4)  P2m  -  ■••  -  (•'2".  -  1  "  "im)  Pirn 

-(''l->'2)(P2-P2m)-(''3->'4)  (P4  "  P2m)  -  •••  -  ("an-s"  "jm-j)  (P2m-2-p2m). 

The  terms  in  the  last  line  are  again  negative  and  can  be  removed.     Thas 

•^<>'o(Po-P2m)  +  (''o->'l  +  ''2-"-+''2m)P2m- 

We  also  have  clearly 

or  J>  l'oPo-''lPl+''2Pl—  —  -  "tm+lPim  +  l, 

which  in  the  same  way  gives 

•^  >  P2m  ("o  -  "l  +  "2  -  •  •  •  -  >'2m  +  l). 

Thus  J  is  intermediate  in  value  between  the  quantities 

•"O  (Po  -  P2m)  +  ("o  -  n  +  "2  -  •  •  •  +  "am)  P2m 
and  P2n.(»'0-''l  +  ''2-"-->'2m+l)- 

Now  let  k  become  infinitely  great,  and  let  the  quantity  m  likewise  become  infinitely 
great,  but  in  .such  a  way  that  ,  tends  to  the  limit  zero.  Then  the  quantities  p^  and  p^m 
tend  to  the  limit  <p  (0)  ;  and  the  quantity 

Vo  -  "l  +  I* 'i -••.  +  •' 2m 
(2ni+l)  IT 

or 


Jo  smy 


(2m+l)»    sin<     , 
dt 


if;  sin  T 

K 


can,  since  I:  is  infinitely  large  compared  with  m,  be  replaced  by 


/, 


(2m+l).ginJ 


and  this,  when  m  becomes  infinitely  great,  tends  to  the  limit  -  . 

We  see  therefore  that  J  is  intermediate  in  value  between  two  quantities,  each  of  which 

tends  to  the  same  limit,  namely  x<^(0).     ./therefore  tends  to  the  limit  -0(0);   and 

therefore  /,  which  differs  from  J  only  by  a  vanishing  integral,  likewise  tends  to  the  limit 

^  <f>  (0)  as  k  becomes  infinitely  great.     This  result  may  be  called  Dirichlefs  lemma.     To 

complete  the  lemma,  however,  it  will  be  necessary  to  shew  that  it  is  still  true  when  a 
number  of  the  restrictions  imjjosed  on  <j>  (z)  are  removed. 

(1)     It  was  assumed  that  (piz)  was  positive  and  steadily  decreasing  throughout  the 
range. 

(a)     Suppose  that  (jt  (z)  is  constant.     This  does  not  invalidate  any  of  the  preceding 
proof,  so  the  theorem  still  holds  if  0  (z)  is  constant. 
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(;9)  SupiX)se  that  (p  (t)  is  negative,  or  partly  positive  and  partly  negative,  but  still 
steadily  decreasing ;  then  choose  a  constant  c  so  that  c  +  (^  (2)  is  jwsiti ve  through  the  range ; 
then  the  theorem  applies  both  to  c  and  to  c  +  (l>{z)  and  therefore  on  subtraction  to  <j)(z) 
alone. 

(y)  Suppose  that  (p  («)  increases  steadily  throughout  the  range.  Then  the  theorem 
is  true  for  {-<f>  (2)}  and  therefore  for  (f>  (2). 

Therefore  the  theorem  is  still  true  if  <j>  (2)  is  finite,  continuous,  and  tteadUy  increases 
or  decreases  throughout  the  range. 

(2)  Instead  of  taking  the  integral  between  0  and  h,  take  it  between  g  and  A,  where 
0<g<h^-.  We  assume  that  the  value  of  <^(r)  is  only  known  for  values  of  z  from 
gr  to  A. 

Take  a  new  function  <^i  (2),  defined  as  being  equal  to  0  (g),  a  constant,  for  values  of  2 
from  0  to  ^,  and  equal  to  <j)  (2)  for  values  of  2  from  g  to  h.    Then  the  theorem  holds  for  (^j  (2). 

Also 

^ri*  /!  Sit  *■  (')  "'^ = 1  "^i  (0) = i  </>  (^). 


and 


Therefore 


by  subtraction. 


Limit  I    —. —  <A  (2)  dz=Q, 

t-«j    j  J,  sm  2 


(3)    Now  assume  there  are  a  limited  number  n  of  maxima  and  minima  within  the 
range  0  to  A. 

Let  them  be  at  the  values  a^,  a^,  ...  a„,  of  2.     Then 


[h        fa,        fa,  [h  sin  A2  ,  ,  ,    , 

=         +  /      +•••+  .--  ^{2)dz. 

Jo      Jo       J  a,  J  On  Sim  ^' 


On  applying  the  theorem  to  each  of  these  integrals  in  succession,  it  is  clear  that  the 
theorem  holds  for  the  whole  integral. 

Therefore  the  theorem  is  still  true  if  <j)  (2)  is  finite,  continuous,  and  has  not  more  than 
a  limited  number  of  maxima  and  minima  within  the  range. 

It  must  be  noted  that  these  conditions  still  exclude  such  functions  as  e.g.  (2  -  c)  sin  --_- 
where  0  <  c  <  A. 

(4)  We  shall  now  no  longer  restrict  A  to  be  less  than  - .    Take  0  <  A  ^  tt. 

Then  (a)  let  |  <  A  <  n-. 

Write  A = JT  -  A',   where  0  <  A'  <  ^ .    Then 

T  .    ..  ,     f^  m\  kz  ,  ,  .   ,    ,    ["-''■'^inkz  ,  .  .  , 

Limit /=  I     — : q>(z)az+l         ". —  (biz)az. 

t_«         jo  sin  2  ^'  '         J  ^        S1112  ^^ 
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Writing  ;  =  jt  -  f  in  the  latter  integral,  we  have 

Since  <^  (tt  -  f)  siitisties  the  conditions  stated,  we  see  that  when  K  >  0  the  second  integral 
is  zero. 

Therefore  Limit  /=  ^  0  (0). 

(/9)    Let/j=7r.    Then  all  the  above  reasoning  applies,  except  that  now  A' =0,  so 

Limit/=|0(O)+^0(,r), 

which,   in   order  to  guard  against  uncertainty  in  the  case  in  which  the  function  <^  ia 
discontinuous  at  0  and  tt,  is  often  written 

/=!{</>  (+o+<>(t-o}. 

where  €  is  a  vanishing  positive  quantity. 

(5)  Next,  suppose  that  the  function  </>  (z)  within  the  range  has  a  finite  number  of  dis- 
continuities, in  the  form  of'abrupt  but  finite  changes  of  value.  Divide  the  range  into 
various  portions,  so  that  each  of  them  ends  at  one  discontinuity  and  begins  at  the  next, 
and  divide  each  of  these  into  others  each  beginning  and  ending  at  a  point  of  stationary 
value.     The  above  theorems  apply  to  each  of  the  portions,  and  therefore  each  integral  is 

zero   except    the    first,    which   is   equal   to    -  <|)  (e),  and  possibly  the  last,  which  when 
h  =  TT  has  the  value  5- ^  ("■-«). 

(6)  Finally,  consider  a  function  (^{z)  which  becomes  infinite  for  z  =  c,  but  in  such 
a  way  that  the  value  of  I  <^  (z)  dz  tend.s  to  a  definite  limit  as  2  approaches  c  from  either 
lower  or  greater  values. 

Then 

/"c-e       Cc  fci-t       [h    sin  ^-2,,,    , 

where  «  is  a  small  positive  quantity. 

In  the  second  integral,  a  quantity  f  can  be  chosen  intermediate  between  c  and  c-t,  such 

that  the  integral  is  equal  to  --^j.   I        (p{z)dz;   on  taking  e  small  this  vanishes;  and 

sin  Q  J  c-t 

similarly  the  third  integral  is  zero. 

On  making  k  infinitely  large,  the  fourth  integral  tends  to  zero.  Therefore  the  theorem 
holds  in  this  case  also. 

(7)  Thus  we  have,  summarising  the  results  obtained,  the  theorem  that  tlw  limit  when 
k  tends  to  infinity  of  \     -  .  —    <p{z)dzis—(j>{()ifO<h<w,  and  is 

f  {*{  +  0  +  </)(t-0} 
W.  A.  10 
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if  h  =  n;  where  t  is  a  vanishing  positive  qnantity ;  provided  that  (j)(z)  is  everywhere  finite, 
and  hat  OTdy  a  limited  number  of  finite  discontinuities  and  maxima  and  minima  between 
the  values  0  and  h  of  the  variable  z ;  and  this  is  still  true  if  <p  (i)  has  a  limited  number  of 

singularities  of  specified  type,  namely  such  that  I  0  {z)  dz  is  finite. 

This  result  may  be  called  Dirichlefs  lemma,  the  conditions  just  stated  being  referred 
to  as  Dirichlefs  conditions. 

We  can  now  return  to  the  expansion  which  was  found  to  represent  the  sum  of  the  first 
(2m  + 1)  terms  of  the  Fourier  series. 

We  had  <S'm=/i  +  /2, 

z 
where  /.=  -j^      _A__^y(,  +  2^)rf,, 


n  J  0       am  tf      ■'  ^ 


1{ 0<z<2w,  and/(0)  satisfies  Dirichlefs  conditions,  we  have  by  Dirichlefs  lemma 

Limit   ii=if{z  +  f), 

and 

Limit  /2=i/(^~*)) 

01=00 

and  so 

Limit  5„=i{/(0+O+/(2-O}. 

m™oo 

If  2=0,  we  have 

Limit  /i  =  i{/(f)+/(2»r-f)},  Limit  /a =0, 

and  so 

Limit  ,S™  =  J  {/(«) +/(27r  -  «)}. 

W=oo 

If  z=2w,  we  have 

Limit  /i  =  0,  Limit  /a=i{/(«)+/(2'r-*)}. 

and  so 

Limit  ^„.  =  i{/(c)+/(2,r-0}. 

m«ao 

Thus  we  finally  arrive  at  Fourier's  theorem,  namely  that  the  gum  to  infinity  of  the 
series 

oc 

a,)+  2  (a^  coa  mz  +  bm sin  ms:) 

is  f{z)  at  points  z  for  which  f  is  continuous,  and  is  the  arithmetic  mean  of  the  two  values 
off{z)  at  points  z  for  which  f  is  discontinuous  :  it  being  assumed  that  f{z)  satisfies  Dirichlefs 
conditions. 

Example.     Prove  that  in  the  limit  when  n  becomes  infinitely  great 

r8in(27f  +  l)tf   _„...     .         .,   , 
j    — ^.  -.-     e   "^rfd—^jrcothiaTT, 
/  0         sin  o 

a  being  a  real  ix)sitive  constant. 

(Cambridge  Mathematical  Tripos,  Part  II.,  1894.) 
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84.     Nature  of  the  convergence  of  a  Fourier  series. 

The  proofs  of  Fourier's  theorem  which  have  been  given  establish  the  result 
only  for  the  case  in  which  the  sequence  of  tlie  terms  in  the  series 

S  (a,„  cos  VIZ  +  h,n  sin  mz) 
is  that  in  which  m  takes  the  orderly  succession  of  values  1,  2,  3,  4,  ... . 

The  question  now  arises  whether  the  order  of  succession  of  the  terms  can 
be  deranged  without  affecting  the  value  of  the  sum  of  the  series ;  in  other 
words,  we  have  proved  that  the  expansion  of  a  function  by  Fourier's  theorem 
is  a  convergent  series :  we  want  to  find  whether  it  is  absolutely  convergent,  or 
only  semi-convergent.  The  question  has  also  to  be  considered  whether  the 
series  is  uniformly  convergent  or  non-uniformly  convergent  in  the  neighbour- 
hood of  a  given  value  of  z. 

We  shall  first  shew  by  considering  special  cases  that  there  is  no  general 
answer  to  these  questions. 

Consider  the  series 

sin  ^:  —  -  sin  22  +  =  sin  3^  —  . . . , 

which  represents  -  z  when  Q)<z  <it,  and  s  ■^  ~  ■"■  when  tt  <  ^  <  27r ;  this  series 

is  semi-convergent  for  all  real  values  of  z,  since  sin  nz  is  finite  for  all  values 
of  71  when  z  is  real,  and  so  the  modulus  of  the  general  term  bears  a  finite 
ratio  to  the  general  term  of  the  divergent  series 

1+2  +  3  +  4  +  -- 

In  this  series,  therefore,  the  value  of  the  sum  will  be  modified  if  the  order  of 

succession  of  the  terms  is  changed. 

Moreover,  we  can  shew  that  the  series  is  non-uniformly  convergent  at  its 

discontinuity  tr.     For  the  sum  of  the  first  n  terms  is 

sin  2,z  (-  1)"~'  sin  nz 

sin  z  -  —= V  ...  ^ , 

2  n 

or 

(cos  i  —  cos  2<  +  . . .  +  (—  1)"~^  cos  nt)  dt, 


/■ 

Jo 


'0 

or 

(-  1)"-'  cos {n  +  l)t  +  cosnt 


ai 


"*"       2  1  +  cos  < 


dt. 


The  term  I    g  dz  represents  the  sum  of  the  whole  series ;  so  the  remainder 
Jo  2 

after  n  terms,  when  —  -rr  <  z  <  tt,  is 


i2„  =  (-l)"-' 


^cos(«+^)« 

——^^—^—  at. 
t 
0       2  cos  2 


10—2 
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Writing  z  =  Tr—T],  t  =  ir  —  u,  this  can  be  written 

"sin  \n+  2) 


ii»=- 


2  sin  2 


u 
■du. 


Write  (n  +  5  j  It  =  I/.     The  equation  becomes 

,(»H) 

Bn 


Sin  V  J 

dv. 


(„+^),(2n  +  l)sin2;^j 

However  great  n  may  be  taken,  if  1;  be  taken  so  small  that  (n  +  5 )  ^7  is 

infinitesimal,  this  integral  tends  to  —  | or  —  -r  ,  and  so  is  not  infini- 

tesimal.     It  follows  that  the  series  is  non-uniformly  convergent  in  the  vicinity 

of  ^  =  TT. 

Consider  next  the  series 

loir 

COS  ^  +  tt;  cos  3^  +  —  COS  O^r  +  . . .  , 
3^  O^ 

,  .  ,                  ^    7r(7r-2^)     ,        „                      ,  7r(22:  — Stt)     ,  „ 

which  represents  — ^— ^ when  Qkzktt,  and when  ttkzk  27r. 

o  O 

This  series  is  absolutely  convergent  for  all  real  values  of  z,  since  the  moduli 
of  its  terms  are  less  than  the  corresponding  terms  of  the  convergent  series 

■,       1       1 

l  +  3,  +  5,  +  .... 

In  this  series  therefore  the  order  of  succession  of  the  terms  can  be  changed 
in  any  way,  without  altering  the  value  of  the  sum  of  the  series ;  and  since 
the  comparison  series  is  independent  of  z,  the  series  is  also  uniformly 
convergent  for  all  real  values  of  z. 

Returning  now  to  the  general  Fourier  series,  we  can  discover  the  nature 
of  the  convergence  by  a  consideration  of  the  coefiEicients  in  the  series,  which 
can  be  made  in  the  following  way. 

We  have  shewn  that  if 

f{z)  =  aD-t  2  (am  cos  mz  +  bm  sin  mz), 


then 


1  f^' 
a„  =  -     fit) 


cos  mtdt. 
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Suppose  that  (as  in  most  of  the  examples  we  have  discussed)  the  range 
0<z<2t  can  be  divided  into  other  ranges,  say  0<z<ki,  ki<z<k,,..., 
kn<  z  <  27r,  which  are  such  that  in  each  of  these  smaller  ranges  f{z)  is 
an  analytic  function  of  z,  regular  in  the  range.  (/(«)  will  not  necessarily  be 
the  same  analytic  function  in  the  different  ranges.)  Thus  \i  f{z)  has  the 
value  z  for  0  <  z  <  TT,  and  has  the  value  —  z  for  it  <z<  2Tr,  we  should  have 
71=  1  and   ki  -  -rr.     Then 

1  r*'  1  /■*=  1  f^' 

«OT  =  -   I    f  (t)  COS  mtdt+ ~      f{t) cos mtdt +...  +  - I   f  (t)  cos mtdt. 
Each  of  these  integrals  can  then  be  integrated  by  parts ;  we  thus  obtain 


am  = 


*'  1  ^  ,  .  sin  mt 


.TT-'  "■  '      m      \ 


1  r*i  1  r*> 

-I    f'(t)  sin  mtdt I    f  (t)  sin  mtdt—  ... , 

or 

a   =^-^ 
m      m 

where 
A=^  [sinmA;,  {/(A:,  -  0)  - /(fc,  +  0)}  +  sin  mL  [f{k„-0)-f{k^  +  0)}  +  ...], 

77 

and  where  bm  is  the  coefficient  of  sin  mz  in  the  Fourier  expansion  of  y  (z) — 
an  expansion  which  will  exist,  since/'  {z)  is  a  function  of  the  same  character 
as  f{z),  though  the  terms  of  this  expansion  will  not  always  be  the  derivatea 
of  the  corresponding  terms  of  the  Fourier  series  for /(z). 

Similarly 

''"'     m^  m' 
where 

B [-/(+  0)  +  cos  mky  [f{h  -  0)  -f{k,  +  0){  +  cos  mk,  [J  {k,  -  0) 

TT 

-/(^-.  +  0)1 +...+/ (27r-0)], 
and  where  a,„'  is  the  coefficient  of  cos  mz  in  the  Fourier  expansion  of/'  («). 

In  the  same  way  we  have 

'  -  4.'  _  '^r 

m       m 
where 

A'  =  -  [sin  mk,  {/' (k,  -  0)  -/'(/t.  +  0)}  +  sinmA;,  {/'{k,-  0) -/' (*^.+0)}  +  ...]. 
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and 

,     R     am" 

where 
B i  [-/'  (+  0)  +  cos  mh  {/'  (h  -  0)  -/'  ih  +  0)}  +  . . .  +/'  (27r  -  0)], 

TT 

am"  and  bm"  being  the  coefficients  of  cos  mz  and  sin  mz  respectively  in  the 
Fourier  expansion  of/"  (z). 

Thus 

The  conditions  for  the  absolute  convergence  of  the  Fourier  expansion  of 
f{z)  are  therefore  expressed  by  the  equations 

^  =  0,     5  =  0; 

for  if  these  equations  are  satisfied,  we  have 

am  = ^v      and  6™=^^^^, 

and  the  terms  of  the  Fourier  series  are  comparable  with  those  of  the  con- 
vergent series 

-,       111 

2'     3»     4^* 

Now  in  order  that  we  may  have  A=0,  B  =  0,  for  all  values  of  m  we 
must  have 

/(^i-0)=/(A;,  +  0), 


.      /(^„-o)=/(^■„+o), 

/(27r-0)=/(0). 

That  is  to  say,  if  a  Fourier  series  is  absolutely  convergent  for  all  real  values 
of  z,  the  function  represented  by  the  series  has  no  discontinuities,  and  has 
the  same  value  at  z  =  0  as  at  z  =  27r. 

If  these  conditions  are  satisfied  the  Fourier  series  is  not  only  absolutely, 
but  is  also  wniformly  convergent.     For  its  coefficients  am  and  bm  are  in  this 

case  of  the  order  — - ,  and  so  the  series  of  constants 

|ao|  +  joil  +  i6,|  +  la^l  +  16^1  +... 
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converges ;  but  the  moduli  of  the  terms  of  the  Fourier  series  are  less  than  the 
corresponding  terms  of  this  series,  and  consequently  the  Fourier  series  is 
uniformly  convergent  for  all  real  values  of  z. 

Example  1.     Shew  tliat  iu  general,  when  the  Fourier  series  converges  only  for  real 
values  of  z,  the  quantities  a„  and  b„,  can  be  expanded  in  infinite  series  of  the  form 


of  which  the  terms 


-+-2 +  -3 +  ^4+-. 

m     m'     m"      m* 


A      B'        ,  B     A' 

T,  and  -  +  "„ 

m     m'  m     m^ 


found  above  are  the  initial  terms ;  but  that  when  the  Fourier  series  converges  within  a  belt 
of  finite  breadth  in  the  z-plane,  all  the  coefficients  c^,  c.^,  c^,  ...  vanish,  and  this  expansion 
becomes  illusory. 

Example  2.  Let  f{z)  be  a  function  of  z,  which  is  regular  for  all  i-eal  values  of  z 
between  2  =  0  and  z=w,  and  which  is  zero  at  z=0  and  z=ir.  Prove  that  if  f{z)  is 
expanded  in  a  sine  series,  valid  between  2  =  0  and  z=n,  the  series  will  be  absolutely  and 
uniformly  convergent  for  all  real  values  of  z. 

Example  3.  f{z)  is  a  function  of  z  which  is  regular  for  all  real  values  of  z  between 
0  and  n.  Prove  that  if  it  is  expanded  in  a  cosine  series,  valid  between  z  =  0  and  z=jr,  the 
series  will  be  absolutely  and  uniformly  convergent  for  all  real  values  of  z. 

85.     Determination  of  points  of  discontinuity. 

The  expressions  for  a,„  and  h,n  which  have  been  found  in  the  last 
paragraph  can  be  applied  to  determine  the  points  at  which  the  sum  of  a 
given  Fourier  series  is  discontinuous.  This  can  best  be  shewn  by  an 
example. 

Example.     Let  it  be  required  to  determine  the  places  at  which  the  sum  of  the  series 

sinz+ J  sin  32  +  Jsinr)2  +  ... 
is  discontinuous. 

For  this  series  we  have 

a,„  =  0, 

1  -  cos  mn 


6»=- 


2»i 

Comparing  this  with  the  formula  found  in  the  last  paragraph,  we  have 

A=0,  ^  =  ^-^COS»ijr, 


Hence  if  ^i,   k.^...  are  the  places  at  which  the  analytic  character  of  the  sum  is  broken,' 
we  have 

0  =  .4=l[sinm^,{/(^-i-0)-/(^,+0)}  +  sin/H/-,{/(*2-0)-/(/-2  +  0)}  +  ...]. 
Since  this  is  true  for  all  values  of  »i,  the  quantities  /t,,  k^, ...  must  be  multiples  of  n ;  but 
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there  is  only  one  nmltiple  of  n-  in  the  range  0<z<2jr,  namely  n-  itself.    So  l:i=rr,  and 
''^jt  ^iy  '••  do  not  exist.     Substituting  I-,  =  jr  in  the  equation  B=^- ^ cos mn,  we  have 

i-4cOSOTff=-i[-/(  +  0)  +  COSWJff{/(7r-0)-/(7r+0)}+/(27r-0)]. 

TT 

Since  this  is  true  for  all  values  of  m,  we  have 

i=-i{/(2,r-0)-/(+0)}, 

TT 

and  -i=-i{/(^-0)-/(«-+0)i. 

TT 

This  shews  that  there  is  a  discontinuity  at  the  point  2  =  7r,  such  that 

/(^-0)-/(,r  +  0)  =  ^, 
and  that 

/(2,r-0)-/(  +  0)=-|. 

Example.     Find  the  discontinuities  in  value  of  the  sum  of  the  series 

sinz- Jsin2z  +  j8in42- Jsin52+^sin7«  — J  sin8«  +  '^sin  10^+.... 

86.     The  uniqueness  of  the  Fourier  expansion. 

We  have  seen  that  if  /  (z)  is  a  quantity  depending  on  z,  and  satisfying 
certain  conditions  as  to  finiteness,  etc.,  then  the  series 

00 

tto  +  S  (a,n  COS  mz  +  i,„  sin  viz), 

m-l 

1  H' 
where  a^  =  -      f(t)  cos  7nt  dt         (m  >  1), 

1  r^" 
■   1     ra^ 

has  the  sum  f(z)  when  O'^^  $  27r,  except  at  the  isolated  points  at  which /(^) 
is  discontinuous. 

The  question  arises  whether  any  other  expansion 
Co  +  2  (c,„  cos  mz  +  d,n  sin  «i2:) 

m  =  l 

of  the  same  form  exists,  which  also  represents  f{z)  in  the  interval  from 
0  to  277;  in  other  words,  whether  the  Fourier  expansion  is  unique. 

We  may  oKserve  that  it  is  oortaiuly  po.ssible  to  have  other  trigonometrical  exjiansions 
of  (say)  the,  form 

cio+   2    (a„,cosy+3„cos    -1 
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which  represent  f{z)  between  0  and  2n\  for  write  z  =  2f,  and  consider  a  function  <^(f), 
which  is  Huch  that  '^(f)=/(2f)  when  0<f<»r,  and  </>(f)  =  S'(f)  when  jr<f<27r, 
where  g  (f )  is  any  other  function.  Then  on  expanding  </i  (f )  in  a  Fourier  expansion  of 
the  form 

00 

ao+    2  (omcosmf +ft„cos»if), 
m=0 

this  expansion  represents  f{e)  when  0<2<27r  ;  and  clearly  by  choosing  the  function  g  (f) 
in  different  ways  an  infinite  number  of  such  oxpansion.s  can  be  obtained. 

The  question  now  at  issue  is,  whether  other  series  proceeding  in  sine.s'and  cosines  of 
integral  multiples  of  z  exist,  which  differ  from  Fourier's  oxi)ansion  and  yet  represent  f{z) 
between  0  and  in. 

If  it  were  possible  to  have  a  distinct  expansion 

/  (z)  =  Co  +    2  (c,„  COS  VIZ  +  dm  sin  mz), 

m=l 

then  on  subtracting  this  from  the  Fourier  expansion  we  should  have  an 
expansion 

(ao  -  Co)  +   2   ((«,»  —  Cm)  COS  mz  +  (hm  —  dm)  sin  mz} 

whose  sum  is  zero  for  all  values  of  z  between  0  and  2-n;  except  possibly 
a  certain  finite  number  of  values  (namely  the  discontinuities). 

The  investigation  therefore  turns  on  the  question  whether  it  is  possible 
for  such  an  expansion  as  this  last  to  exist.  We  shall  shew  that  it  cannot 
exist,  and  that  consequently  the  Fourier  expansion  is  unique*. 

Let  Ao  =  ^ao, 

A,n  =  am  cos  mz +  bm  sin  mz        (m>l); 
and  let 

be  a  convergent  (not  necessarily  absolutely  convergent)  series  for  values  of  z 
from  0  to  27r,  so  that  the  limit  of  a^  and  6„  is  zero  for  n  =  oo ;  and  suppose 
that  (except  at  certain  exceptional  points)  its  sum  is  zero. 

Then  the  series 

F{z)  =  A,'^-A,-^-...--^-... 
2  4  m- 

converges  absolutely  and  uniformly  for  this  range  of  values  of  z,  as  is  seen 

by  comparing  it  with  the  series  S  — ^ . 

We  shall  firet  establish  a  lemma  due  to  Riemannf,  which  may  be  stated 
thus: 

*  The  proof  is  due  to  G.  Cantor,  Journal  fltr  Math.  Lxxri. 
t  Collected  Works,  p.  213. 
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The  quantity 

ij  = — 

tends  to  the  limit  f{z)  as  a  tends  to  zero,  if  at  z  the  series  2  converges  to  the 
sum  f{z). 

For  the  term  involving  a„  in  J?  is 

-  J— J  {an  cos  n(z  +  2a)  +  a„  cos  n(z—  2a)  -  2a„  cos  nz], 

a„  cos  710  sin'' n  a 
or 


and  similarly  the  term  involving  6„  is 


n'a' 

bn  sin  nz  sin'  na 


n:'oC' 


As  F(z)  converges  absolutely,  we  can  rearrange  the  order  of  the  terms, 
and  so  can  write 

„       .         .   /sin  a\*       .   /sin  2o\' 

Now  considering  the  series  S,  we  can  write 

Ao  +  A,  +  A,  +  ...  +  An-i  =f(z)  +  €„, 

say,  where  z  being  given,  and  any  small  quantity  S  being  assigned  at  will,  we 
shall  have  1 6„  |  <  S  for  values  of  n  >  some  integer  m. 

Now  An  =  fn+i  —  «»i  for  all  values  of  n. 
Therefore  substituting,  we  have 


R=/(Z)+     S    6„ 
n=l 


sin  (n.  —  1 )  a|'      (sin  »ia 


(«—  l)a    J        {    na 

Divide  the  series  on  the  right-hand  side  of  this  equation  into  three  parts, 
for  which  respectively 

(1)  l^n^m, 

(2)  m  +  1  ^  Ti  <  s,  where  s  is  the  greatest  integer  m  -  , 

(3)  s+l^n. 

The  first  part  consists  of  a  finite  number  of  terms,  each  tending  to  zero 
,    as  a  tends  to  zero,  so  the  first  part  is  zero. 

Considering   next   the   second   part,   the   quantities  — are   of   the 

SI  II  ^ 

form  where   0  <  a;  <  tt  ;   this  quantity  decreases  as  x   increases   from 

0  to  TT,  80  the  sum  of  the  moduli  of  the  terms  in  the  second  part  is  less  than 

/sin  OTa\'      ,  sin  sa  ,"" 


ma 
which  tends  to  zero  when  B  tends  to  zero 


Y      ,  sm  sa  ." 

/       \    sa    ) 
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Considering  next  the  third  part,  we  can  write  the  nth  term  in  the  form 


/sin  n  —  I  aV     /sin  n  —  1  oV 
or 


sin'  n  —  1  a  r     1  1 


+     "„  (sin' n  —  ia  —  sin' no), 
sin  2m  —  la  sin  a 


n 


so,  as  I  6„  I  <  S,  its  modulus  is  less  than 

o'Vn-l'     W     n'a 
Thus  the  whole  sum  of  the  terms  in  the  third  part 

_s  1    h  r   1  1  ] 

"^^a'^^aj,    a^ '^  sW  "*"  sa  "^  (tt  -  a)' "^  TT  -  a 

which  is  ultimately  zero.  Therefore  the  three  parts  of  the  infinite  series 
in  B,  are  all  zero ;  and  thus  R  =f{z)  in  the  limit ;  which  establishes  Riemann's 
lemma. 

Next,  we  shall  establish  another  lemma,  due  to  Schwartz  *,  which  may  be 
stated  as  follows :  If  a  and  h  are  two  of  the  exceptional  points,  so  that  between 
z  =  a  and  z  =  b  the  series  S  converges  to  the  sum  zero,  then  F{z)  is  a  linear 
function  of  z  between  these  values. 

For  assume  that  a  is  less  than  b,  and  introduce  a  function  (f>  (z),  defined  by 

<}>{z)  =  d  ^F  (z)  -F{a)-  J-~-|  [F  (6)  -  F  (a)}]  - 1  (^  -  a)  {b  -  z), 

where  ^  =  1  and  h  is  any  constant. 

Then  substituting  in  the  result  of  Riemann's  lemma,  we  have 
Limit  .^(^+«)  +  <^(^-«)-2<^(^)  ^  ^, 

Therefore  4>  (z  +  a)  +  <})  (z  —  a)  —  2<f)  (z)  is  positive  when  a  is  very  small, 
whatever  be  the  value  of  z. 

Now  (f>{a)=0  and  <f>  (b)  =  0.     Also  <j}  (z)  is  continuous,  since  F  (z)  is 
uniformly  convergent,  and  consequently  continuous.      Therefore  if  </>  (z)  can 
be   positive  between  the  values  a  and  b  of  z,   it  will  have  a  raa-ximum ; 
.  let  this  occur  at  the  value  c  of  z. 

*  Quoted  by  G.  Cantor,  Journal  filr  Math,  lxxii. 
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Then  when  a  is  small,  we  have 

<fi  (c  +  a)  —  <}>  (c)  <  0,    and    </>  (c  -  a)  -  (^  (c)  <  0. 

Adding  these  relations,  we  see  that  the  condition  just  found  is  violated,  and 
so  </)  (z)  can  not  be  positive  at  all  within  the  range. 

Again,  take  A  small.  Choose  6=  ±l,so  choosing  the  sign  that  the  first 
term  6  [F{z)  —  ...]  is  positive.  Then  (^  (z)  is  clearly  positive,  if  this  first  term 
is  not  zero. 

But  (j)  (z)  is  not  positive ;  and  thus  we  must  have 

F(z)-F{a)-m{F{b)-F(a)}  =  0. 

Therefore  F{z)  is  a  linear  function  of  z,  which  establishes  Schwartz's 
lemma. 

We  see  then  that  the  curve  y  =  F  {z)  represents  a  series  of  straight  lines, 
the  beginning  and  end  of  each  line  corresponding  to  an  exceptional  point ; 
and  as  F  {z),  being  uniformly  convergent,  is  a  continuous  function  of  z,  these 
lines  must  form  parts  of  a  polygon. 

But  by  Riemann's  lemma 

Limit  lSl±^t:JM  _  Fiz-^l-FSz)  ^  ^ 
a-o  a  -a 

Now  the  first  of  these  fractions  gives  the  inclination  of  the  earlier  side  of 
the  polygon  at  a  vertex  and  the  second  of  the  later  ;  therefore  the  two  sides 
are  continuous  in  direction,  so  the  equation  y  =  F(z)  represents  a  single  line. 
If  then  we  write  F  (z)  =  cz  +  c',  it  follows  that  c  and  c'  have  the  same  values 
throughout  the  range.     Thus 


and  therefore 


A,^-Ai-...--^-...=:cz  +  c  ; 


a/^-cz-c'^A,+  ...  +  -^+.. 


the  right-hand  side  of  this  equation  being  periodic,  with  period  2-n: 

The  left-hand  side  of  this  equation  must  therefore  be  periodic,  with  period 
27r.     Thus  we  have 

Ao  =  0,     c  =  0, 

and  —  c'  =  .4,  -f-  . . .  -f  -^  cos  n^  +  -7  sin  7i^  -h  . . . . 

n'  n' 

Now  the  right-hand  side  of  this  equation  converges  uniformly,  so  we  can 
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multiply  the  equation  by  cos  m,  sin  nz,  respectively,  and  integrate.     This 
gives 

tr  —=-  c  i     cos nzdz  =  0, 

W  J  i) 

b  P' 

and  TT  -4  =  —  c'  I    sin  nzdz  —  0. 


Therefore  the  a's  aud  b's  vanish,  so  all  the  coefficients  in  2  vanish ;  which 
establishes  the  result  that  the  Fourier  expansion  is  unique. 


Miscellaneous  Examples. 

1.  Obtain  the  expansions 

,  ,  \-rcoaz         ,  ,  ,    „        „    , 

(a)     T — 7. -„  =  l  +  rcos2  +  r''cos  2^  +  ... , 

^  '     1 -2r  cos  z+r^         , 

(6)      -log(l-2rcos?+r2)=  -rcosz-^  r^cos  22  -  =  r^coa3z  -..., 
2  ^  o 

p  Sin  z  XI 

(c)  tan-»  , ■ — -=rsin2  +  ^r'8in22  +  =  r3sin32+... , 

^  '  1  — rcosz  2  3  ' 

St*  fiiTi  2  1  1. 

(d)  tan-' =- =r8in2  +  =r'sin3?+>  r'sin  52+... , 

1  —  r'  3  0 

and  shew  that,  when  |  r  |  <  1,  they  are  convergent  for  all  values  of  z  in  certain  belts 
parallel  to  the  real  axis  in  the  2-plane. 

2.  Shew  that  the  series 


n—i      n 


r-  .    2iTZ  .    (n-l)2nz        .     ,        ,<2jr2 

sin —  sin sin(n+l) 

n  n  n 

-l-^-^—^i +         n+l  +•••  + 


.    k.^iTZ 
sin 

"       1 

,, 

Ic          '   • 

where  all  the  terms  for  which  ^  is  a  multiple  of  n  are  omitted,  represents  the  greatest 
integer  contained  in  2,  for  all  real  values  of  z  between  0  and  n. 


3.     Shew  that  the  expansions 


1  log  (2  cos  0. 


COS  2  -  5  cos  22  + -COS  32. 


and 


cos  Z--  COS  22-5  COS  32  . . . 


^  log  (2  Sin  I)  = 

are  valid  for  all  real  values  of  2,  except  multiples  of  n. 
4.    Obtain  the  expansion 

*  «,     (_  l)'>»cos  ni2      ,  „  M      /,,         z\  .  2  ,  •    „    ,    •      N 

'    ^       '  -  =  (co8  2  +  cos22)log(  2cos  -  )  4-5(sm22  +  sm2)  — C0S2, 


™=o(»»+l)(m+2)     '  '     *V  2;      2^ 

and  find  the  range  of  values  of  z  for  which  it  is  applicable. 

(Trinity  College,  1898.) 
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5.  Let  n  be  an  integer^  2,  and  let  x^,  x^, ...  :k„_i  be  quantities  satisfying  the  conditions 

0<.ri<X2<...<^„-l<l, 

and  write  Xj=0,  ar„=l. 

Let  Co,  c,,  Cj, ...  c„_i  be  real  arbitrary  constants  and  let  a  function  ^  {x)  be  defined  by 
the  equalities 

<^(a7)=c„+Ci  +  ...  +  c„  ior  x,<x<x,  +  i  («=0,  1,  2, ...  n-1), 

<^(a;)=c„for  x=a;o, 

<^(a;)=Co+Ci+...+(;,-,+|',        ior  x=x,  (s=l,  2,  ...  n- 1), 

</)(:r)  =  Co+Ci  +  ...+c„.i,  for  :i;  =  a;„. 

Shew  that 

4>(*)=o°+  ^  (a„cos2m7r*+6m8in2m>ra;),  for  0<a;<l, 

2         M=l 

and  • 

2  2+„?,""' 

where  the  coefficients  o„  and  b„  are  given  by 

rt— I 
ao  =  2  2  Cr(l-a;r), 

r=0 

\     n-1 

Om= 2  c,  sin  ^.mnXr,  for  OT  >  1, 

6„= 2  Cr(l-co3  2jn7r.rr)  formal. 

(Berger.) 

6.  Shew  that  between  the  values  -  n  and  +  tt  of  «  the  following  expansions  hold : 

/  sin  2       2  sin  2z     3  sin  32  \ 

V12^^»  ~  22-OT2  "''  32  -  m2  ~  "V  ' 

(1       m  cos  2     m  cos  22     m  cos  32  \ 

'  +  e-'»'_2/l       TO  cos  2     TO  cos  22     tocos32  \ 

IT _e-m''~ffV2OT~l''' +'«'■'       22  +  m2  ~  S^  +  wi''       "V" 

7.  Obtain  the  expansions 
8in^(2  +  OT»r) 


2    .  /  sin  2       2  sm  22     3  sin  32 

sinm2=-  sm  tott 

jr 

2     .  /I  to  cos  2       TO  COS  22       TO  COS  32 

cos  m2  =  -  sin  tojt  ( 


•sin(2w+l)2 


2 

„=-«         2  +  mjr 

,siu2n2cot2 

and 

Ccos(2»  +  l)2 

"      C08;i(2  +  OT»r) 
E— so         2  +  7nir 

I  cos  2n2  cot  z 
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If  p  and  q  are  positive  integers,  shew  that 

.2m7r 


<c          \'i       rl    „        ^       2npn     ^  pw 
2     *-=-sni — —--  cot*—-, 

„,=-«      qm+p  q        q         q 

,        ,      .  2?Jjr 

cos(om  +  p) , 

"  ^^         '^       q        IT         inpn      ^pv 

2  '     =  —  cos      '^     cot-'^-  . 

„.=-.o       qm+i>  q        q         q 

8.     Prove  that  the  locus  represented  by 

2    ^ — ^ — sinjir8inny=0 

n=l  '^ 

is  two  systems  of  lines  at  right  angles,  dividing  the  coordinate   plane  into   squares   of 
area  n-. 

(Cambridge  Mathematical  Tripos,  Part  I.,  1895.) 


9.     If  m  is  an  integer,  shew  that 


1.3.5...(2m-l)/l^  j)^    _„..       m{m-\) 

2) 


m(7n-l)(m-2)  „    , 

— ^ — —  cos  6«  +  , 


(to  +  1)  (7)1  +  2)  (ni  +  3) 
(a  terminating  series), 

,     ,       4  2.4.6...(2to-2)  fl  ,  2m-l        .    ,  (2m-l)  (2m-3)        .    ,       I 

P,-,u2m-l,_-_ i '.    } L     cos  234-- —^ ^  COS  43 +  ...>- 

*""         -     TT  1 .  3 .  5  ...  (2m- 1)  \2  ^  2/»  +  l        ""^(2^  +  1)  (2»i+3)  ''"''*'  +  -/ 
(an  infinite  series). 


Shew  also  that 


and 


4  /  cos  Zz     cos  bz     COS  Iz     cos  9z  \ 

l  =  -(^cosz-     3     +    .-^---^+_g--...j, 

8  /cos «      cos  32       cos  52       COS  7«        cos  9z     ,       \ 
"'^  ^"° ii^  Vi~^  ^  i'^375  ~ 3T6T7 ■*■  6T7T9 *" 7.9.11  "*"  "')  ■ 


10.  A  point  moves  in  a  straight  line  with  a  velocity  which  is  initially  u,  and  which 
receives  constant  increments,  each  equal  to  u,  at  equal  intervals  t.  Prove  that  the  velocity 
at  any  time  t  after  the  beginning  of  the  motion  is 


u     ut     M    "     1    .    2mjr« 
-  +  -  +-     2    -sm  , 

2       T       rr  „=i  m  r 


and  that  the  distance  traversed  is 


11.     Shew  that 


ut  ,        ,     Mr       Mr      "      1  'imnt 

5~(<  +  t)  +  ,--3    ,     2     -jCOS . 

2t  12      27r''  „_i  m^  T 


.    ,      „        ,     sinxff   "   (- l)"sin  (a  +  2?jV7r) 

sm(a  +  2?t.j;7r)=  2    ^ ^^ ', 

It        —  00  X '~  11 


where  u  is  the  diflference  between  the  real  quantity  v  (supposed  not  to  be  an  odd  multiple 
of  i)  and  the  integer  to  which  v  is  most  nearly  equal. 

(Cambridge  Mathematical  Tripos,  Part  II.,  1895.) 
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12.     Let  n  be  au  integer  >  3,  and  let  ^oi  9i<  ffn  ■■■  ^  ^^  infinite  set  of  quantities,  which 
satisfy  the  conditions, 

9i+Sli+Sf3+  —  +ff>i-i  =  0, 

9r^n~9T,  for  r^O. 
Let «  be  a  real  variable,  and  let  *  be  the  greatest  integer  contained  in  tix. 
Shew  that  when  x'^Q, 

'Zgr=~-\-    S  (amOOs2mjrx+6„,sin2»7nrx), 

r=a  "       m=l 

if  r  is  not  a  multiple  of  -  ; 


but 


a  Q        a  ^ 

:2  gr-K  —  'K+    2    (OmCOs2»njra:+i„8in2»Mr:i;), 


if  r  is  a  multiple  of  -  ;  the  coefficients  o„  and  b„  being  determined  by  the  formulae 


(m^l).  (Berger.) 

13.    Let  a;  be  a  real  variable  between  0  and  1,  and  let  n  be  an  integer  ^  5,  of  the  form 
4m+l,  where  m  is  an  integer. 

Let  E  (a)  denote  the  greatest  integer  contained  in  a.  ' 

Shew  that       ■  ~ 


2  «-i 

a„= 

am= 

1    »-'        .    2»nrjr 
-       -    2  o-  sm 

*»= 

1    "->           2mrir 

-  -     2  ffrCOS- 

-1)   V2/  +  (  — 1)   \    i    /  =  _  +  _     2     —tan cos2»i.rr.r, 


n      ^  m-l  "*  ^ 


if  X  is  not  a  multiple  of  —  ; 


but 

.    nirx  .  C08n7r.»      2      2     "     1  ^      2mjr 
sjn  •  -- +  — —  =  —  -}.—    2    —tan    — cos  2nnra;, 
2  2  m     TT  ,„=]  m  n 

if  ;r  is  a  multiple  of  - .  (Berger.) 

14.     Let  ^  be  a  real  variable  between  0  and  1,  and  let  n  be  an  odd  number  ^  3. 
Shew  that 

,        ,,.        1  2       "      1    ^         TOTT 

(-1)'  =  -  +  —    2   —tan  —  cos  27?in-ir, 
n     IT  m-i  m,         n 

if  X  is  not  a  multiple  of  -  ,  where  s  is  the  greatest  integer  contained  in  iix;  but 
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.      1        2     "     1  TOrr 

0  =  -  +  -    2    -tan  —  coazmirx, 
11     IT  „,=i  m         n 

if  ^  is  a  multiple  of  -  .  (Berger.) 

15.     Let  X  denote  a  real  variable  between  0  and  1,  and  let  n  be  an  integer  >  3  ;  further, 
let  Eifl)  be  the  greatest  integer  contained  in  a.     Shew  that 

E{nx){E{nx)-ir\-n\        (n-l)(n-2)  ,   1    »     I      ^  «ur 

—  —  - — -— +  -   2    "  cot cos  2m»rx, 


6re  TT  m=i  wi         n 


if  X  is  not  a  multiple  of  -  ;  but 


,  ,  1         (ra-l)(n-2)  ,   1     '     1      ^OTjr 

nx^  -  «a'+ s  =  -  p +  -    2    -  cot        cog  'i.m.irx. 

A  Ksn  TT  ,„_i  TO  n 

if  X  is  a  multiple  of  - .  (Berger.) 

16.  Assuming  the  possibility  of  expanding  fix)  in  a  series  of  the  form  'S,A,i%\r\hx, 
where  k  is  a  root  of  the  equation  ^cosa/ -|-6sin  (t/;  =  0,  and  the  summation  is  extended 
to  all  positive  roots  of  this  equation,  determine  the  constants  At,. 

(Cambridge  Mathematical  Tripos,  Part  I.,  1898.) 


17.     If 


shew  that 


eO-1       „=„      n\      ' 


cos4»r:i;     cos6n-a;  ,     ,,     .i^'^'^ir^'^  ,.    ,  . 

cos  2rrx+~-^^  -  +  — ^  +...  =  (-  I)-'  ^^^-  Tj,.  {X), 

(Cambridge  Mathematical  Tripos,  Part  II.,  1896.) 

y(.i;)  =  ^a(i  +  aj  cos^  +  O2C0s2j;  +  ...  , 

a-  =  —  I     f(x)coanxta,nix    -. 

(j){x)  =  b^iim x  +  b2sm2.v  + ... , 

^n=-  I     <j>{x)smnxta,n^x  —  .  (Beau.) 

T  y  0  ■"' 

00  Tiirx 
19.     Prove  that  the  series                   2.4nsin     —  , 

1  « 

where  J„=-/    sm f{v)dv, 

a  J  0  d 

is  equal  to/(^)  for  any  value  of  x  lying  between  0  and  a  about  which  f{x)  is  continuous. 
W.  A.  11 


18.     If 
shew  that 

If 
shew  that 


sm 
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If /(O),  /(o)  are  the  limits  of /(f),  f{a~f),  when  the  positive  quantity  c  diminishes  to 
zero,  and  iff{x)  has  sudden  increases  of  value  h,  k,  corresponding  to  the  values  a,  /3, ...  of  x, 
the  limit  for  7i  =  oo  of  nA^  can  be  written  in  the  form 

2    (y(0)_(_l)»/(„)+AcOS^"  +  X-CO8'^^  +  ...l. 
TT    ^  Qi  Ct  J 

Shew  that  the  series 

3^+-  sin  9a:+^sin  15^+...  -2  (  sin  .r  4-^  sin  3^  + -sin  5;r-|-,.. ) 

3^3  (  .  1.,        l.„         1.,,  1 

H <sma;-  r5sm5.r+=,sm7a'-  ,-Tssm  llx+,..> 

TT     (  0''  7'  11^  J 

has  the  limit  -  Jn-  when  a;,  lying  between  0  and  tr,  approaches  indefinitely  near  to  one  or 
other  value,  and  that  it  has  sudden  changes  of  value  -|  jr  and  +^n  corresponding  to  the 
values  J  n  and  §  tt  of  x. 

(Cambridge  Mathematical  Tripos,  Part  I.,  1893.) 

20.     If,  for  all  real  values  of  x, 

F{x)  =  AQ  +  A^coax  +  A2Coa2x  +  A^cos  3x+... , 
then 


where 


cosi^^)F(x)dx  =  j^XF{x)dx, 

17=AQ+Aicoaw+A2cos^w+Ajcoa9w+... , 
F=il,  sin  jc  +  .42sin4«)  +  .43sin  9w  +  ..., 

„  a:2     „        47r2+x2        nx     „        4(27r)2  +  a.-2        2nx 

JC  =  cos  -T-  +2 cos  — cos  ■ 1-2 cos  ^ — r cos (-... 

iw  4w  w  4w  w 

4(2nir)^  +  x^        2nnx 

+  2  cos  — ^ r^ COS . 

4w  le 

Prove  these  formulae,  and  thence  deduce  the  result 

(U+V)  (0  =  If(0)  +  F(w)coh'^'^+F(2w)cos^'^  +  ... 

+  |^(0)cos-^/'(.)cos(^MJf)  +  /'(2.)cosg+^^-)-..., 

2w 
where  v>  =  ^  ,  k  being  a  positive  integer.     When  k  is  even,  the  last  term  of  each  series 

involves  F{^kw)  and  is  to  be  multiplied  by  J;  when  k  is  uneven,  the  last  term  involves 
F{\{k-\)w}. 

(Cambridge  Mathematical  Tripos,  Part  II.,  1896.) 


CHAPTER    VIII. 
Asymptotic   Expansions. 

87.     Simple  example  of  an  asymptotic  expansion. 

Consider  the  function 

.,  .       re'-'dt 

where  a;  is  real  and  positive,  and  the  path  of  integration  is  the  real  axis  in 
the  i-plane. 

Integrating  by  parts,  we  have 
and  by  repeated  integration  by  parts,  we  obtain 

f^^^—x-x^  +  ^^--^-^ ^'-  +  (-i)"«!j^>.r- 

lu  connexion  with  the  function  /(«).  "^^e  therefore  consider  the  series 

1      1       2!  (-ly-^n-iy 

X      X'      afi  a-" 

We  shall  denote  this  series  by  S,  and  shall  write 

X      x"      ofi     "  «»+'  "■ 

n-\ 

The  ratio  of  the  nth  term  of  the  series  S  to  the  (?i  —  l)th  term  is ; 

for  values  of  n  greater  than  1+x,  this  is  greater  than  unity.  The  series  S  is 
therefore  divergent  for  all  values  of  x.  In  spite  of  this,  however,  the  series 
can  under  certain  circumstances  be  used  for  the  calculation  oi  f(x);  this  can 
be  seen  in  the  following  way. 

11—2 
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Take  any  definite  value  for  the  number  n,  and  calculate  the  value  of  Sn- 
We  have 


J  X 


and  therefore 


|/(^)-S,.|=(n+l)!r 

■1  X 


"  dt 


C      fit 

(n  +  1)!  I    — ^-  ,  since  e"^~'  <  1  and  t  is  positive, 


< 


n 


X 


,n+i  * 


For   values   of  «;  which  are  sufficiently  large,   the  right-hand   member  of 
this  equation  is  very  small.     Thus  if  we  take  x  >  2n,  we  have 

1 


\f(x)-S„\< 


On+i„2  ■■ 


which  for  large  values  of  n  is  very  small.  It  follows  therefore  that  the  value 
of  the  function  f{x)  can  he  calculated  with  great  accuracy  for  large  values 
of  X,  by  taking  the  sum  of  a  finite  number  of  terms  of  the  series  S. 

The  series  is  on  this  account  said  to  be  an  asymptotic  expansion  of  the 
function  f{x).  The  precise  definition  of  an  asymptotic  expansion  will  now 
be  given. 

88.     Definition  of  an  asymptotic  expansion. 
A  divergent  series 

X  X^  iC" 

in  which  the  sum  of  the  (?!  +  1)  first  terms  is  (S„,  is  said  to  be  an  asymptotic 
expansion  of  a  function  f{x),  if  the  expression  a;"  \f{x)  -  8n\  tends  to  zero 
as  X  (supposed  for  the  present  to  be  real  and  positive)  increases  indefinitely. 
When  this  is  the  case,  if  x  is  sufficiently  great,  we  have 

x-{f-Sn)  =  e, 

where  e  is  very  small ;  and  the  error  -^  committed  in  taking  for  f{x)  the 

(n  +  1)  first  terms  of  the  series  is  very  small.  This  error  is  in  fact  infini- 
tesimal compared  with  the  error  committed  in  taking  for  f{x)  the  n  first 
terms  of  the  series :  for  this  latter  error  is 


and  e  is  in  general  infinitely  small  compared  with  An  +  e. 
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The  definition  which  has  just  been  given  is  due  to  Poincar^*.  Special 
asymptotic  expansions  had,  however,  been  discovered  and  used  in  the 
eighteenth  century  by  Stirling,  Maclaurin  and  Euler.  Asymptotic  expan- 
sions are  of  great  importance  in  the  theory  of  Linear  Differential  Equations, 
and  in  Dynamical  Astronomy ;  these  applications  are,  however,  outside  the 
scope  of  the  present  work,  and  for  them  reference  may  be  made  to  Schle- 
singer's  Handhuch  der  Theorie  der  linearen  Diff&rentialgleichungen,  and  the 
second  volume  of  Poincar6's  Les  Metkodes  Nmivelles  de  la  Mdcanique  Gileste. 

The  example  discussed  in  the  preceding  article  clearly  satisfies  the 
definition  just  given  :   for 

|^"{/(^)-^„}|<^', 

and  the  right-hand  member  of  this  equation  tends  to  zero  as  x  tends  to 
infinity. 

The  term  "  asymptotic  expansion "  is  sometimes  used  in  a  somewhat 
wider  sense  ;  if  F,  <f),  and  J  are  three  functions  of  x,  and  if  a  series 

X       ar 

is  the  asymptotic  expansion  of  the  function 

J-<f> 
F    ' 
we  can  say  that  the  series 

^      „.       FA,     FA^ 

is  an  asymptotic  expansion  of  the  function  /. 

For  the  sake  of  simplicity,  we  shall  consider  asymptotic  expansions  only  in  connexion 
with  real  positive  values  of  the  argument.  The  theory  for  complex  values  of  the  argument 
may  be  discussed  by  an  extension  of  the  analysis. 

89.     Another  example  of  an  asymptotic  expansion. 

As  a  second  example,  consider  the  function  f  {x),  represented  by  the 
series 

/(-)=A^ • ^'^' 

where  c  is  a  positive  constant  less  than  unity. 

The  ratio  of  the  ^-th  term  of  this  scries  to  the  {k  —  l)th  is  less  than 
unity  when  k  is  large,  except   when  x  is  a  negative  integer,   and   conse- 

*  Acta  Mathetnatica,  viii.  (1886),  pp.  295—344. 
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quently  the  series  converges  for  all  values  of  x  except  negative  integral 
values.  We  shall  confine  our  attention  to  positive  values  of  x.  We  have, 
when  x>  k, 

I        I      h      B     y     k" 


X  +  k     X     cc'     x^     a^     of' 

If,  therefore,  it  were  allowable  to  expand  each  fraction in  this  way, 

and  to  rearrange  the  series  (1)  according  to  descending  powers  of  x,  we 
should  obtain  the  series 

4'4'+-4"+ (^'- 

en  QO 

where  -4i  =  2  c* ;    -4^  =  —  2  Arc*,  etc. 

But  this  procedure  is  not  legitimate,   and  in  fact  the   series  (2)  diverges. 
We  can,  however,  shew  that  the  series  (2)  is  an  asymptotic  expansion  of 
f{x),  which  will  enable  us  to  calculate  f{x)  for  large  values  of  x. 

Forlet  >S„  =  ^  +  ^^  +  ...+^'. 

^,  c,       5   /c*     kd'     lec''  (-l)"A;''c*' 


t_i  I       \    x)      \  x  +  k' 

and  ^  {/(^)  -  Sn]  =  ^— i^  2  "-^  . 

a;       7j=i  a;+  A; 

Now  2  — — -r  is  finite,  and  so  when  x  is  infinitely  great  the  right-hand     ■ 

member  is  infinitesimal. 

Therefore  x^  {/{x)  —  Sn]  tends  to  zero  when  x  tends  to  infinity ;  and  so 
the  series  (2)  is  an  asymptotic  expansion  of /(«). 

Example.     \tf{x)=  I    d^-^dt,  where  x  is  supposed  to  be  real  and  positive  and  the 
path  of  integration  is  real,  prove  that  the  divergent  series 

is  the  asymptotic  expansion  o!f{x). 
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90.     Multiplication  of  asymptotic  expansions. 

We  shall  now  shew  that  two  asymptotic  expansions  can  be  multiplied 
together  in  the  same  way  as  ordinary  series,  the  result  being  a  new 
asymptotic  expansion. 

For  suppose  that 

X        a?  a;" 

.     ,  ^1  Art  Aji 

X        a?  a'" 

are  asj'mptotic  expansions  representing  functions  J(x)  and  J\x)  respectively, 
and  let  /S„  and  (S„'  be  the  sums  of  their  (n  +  1)  first  terms ;  so  that 

Limit  a;"  {J  -  S,,)  =  0] 
Limita;"(J'-<Sf„')  =  0' 

x  =  ao 

Form  the  product  of  the  two  series  in  the  ordinary  way ;  let  it  be 

„         B,        Bo  Bn 

X       a?  ,«" 

and  let  S„  be  the  sum  of  its  n  first  terms. 

As  8„,  Sn  and  2„  are  simply  polynomials  in  - ,  we  have  clearly 

Limit  X'^iSnSn-  In)  =  0   (2). 

Now  by  (1),  we  can  write 

x" 

J'  =  Sn  +  -  , 

where  Limit  e  =  0,  Limit  e'  =  0. 

ar=oo  x  =  ao 

Then  «»  (JJ'  -  Sn  Sn')  =  >S„'e  +  -Sf^e'  +  ~  . 

The  terms  in  the  right-hand  member  tend  to  zero  as  x  tends  to  infinity. 
Hence 

Limit  a!»(JJ'-^„S„')=0 (3). 
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From  (2)  and  (3)  we  have 

Limit  a;"  {J J'  -  2„)  =  0, 

X='Xt 

and  therefore  the  series 

_      Bx     B« 

B,  +  -  +  ~  +  ... 

X  X- 

is  the  asymptotic  expansion  of  the  function  JJ'. 

91.     Integration  of  asymptotic  expansions. 

We  shall  now  shew  that  it  is  permissible  to  integrate  an  asymptotic 
expansion  term  by  term,  the  resulting  series  being  the  asymptotic  expansion 
of  the  function  represented  by  the  original  series. 

For  let  the  series 

x^      x^      '"      x" 
represent  the  function  /(*■)  asymptotically,  and  let  *S„  denote  the  sum 

—  H "  +  ...  +  —^ . 

x'       ar"  x" 

Then,  however  small  a  real  positive  constant  quantity  e  may  be  taken,  it  is 
possible  to  choose  x  so  large  that 


\'^i^)-Sn\<^„ 


and  therefore 


I  r  j(x)dx-rsndx\^r\j(x)-s„\dx 


(n-l)a;"-»' 
and  therefore  the  integrated  series 

— ^  +  — -  +  .      H \-  ... 

X       2x'  (?i -!)«"-' 

is  the  asymptotic  expansion  of  the  function 

I    J{x)  dx. 

J  X 

On  the  other  hand,  it  ia  not  in  general  permissible  to  differentiate  an  asymptotic 
expansion. 

92.     Uniqueness  of  an  asymptotic  expansion. 

A  question  naturally  suggests  itself,  as  to  whether  a  given  series  can  be 
the  asymptotic  expansion  of  several  distinct  functions.     The  answer  to  this 
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is  in  the  affirmative.  To  shew  this,  wo  first  observe  that  there  are 
functions  L{x)  which  are  represented  asymptotically  by  a  series  all  of 
whose  terms  are  zero,  i.e.  functions  such  that 

Limit  a;"i(ar)  =  0, 

X=ao 

■whatever  n  may  be,  when  x  (supposed  to  be  real  and  positive)  increases 
indefinitel}^  The  function  e~'  is  in  fact  such  a  function.  The  asymptotic 
expansion  of  a  function  J{x)  is  therefore  also  the  asymptotic  expansion  of 

J{x)  +  L{x). 

On  the  other  hand,  a  function  cannot  be  represented  by  more  than  one 
distinct  asymptotic  expansion  for  real  positive  values  of  a;;  for  if 

^0+—  +  —'+... 
X       X- 

and  5o+^+^^+... 

X        X-' 

are  two  asymptotic  expansions  of  the  same  function,  then 

Limit  ^^  U  + -V  ...  + ^: -£„- :^ -... -^"l  =- 0, 


which  can  only  be  if  Af,=  Bo]   Ai  =  Bi,  etc. 

Important  examples  of  asymptotic  expan.sions  will  be  discussed  later,  in  connexion 
with  the  Gamma-function  and  the  Bessel  functions. 


Miscellaneous  Examples. 
1.    Shew  that  the  series 

is  the  asymptotic  expansion  of  the  function 


dt 
0         t 


when  X  Ls  real  and  positive. 

2.     Discuss  the  representation  of  the  function 

/(:r)=  p    <i,{t)^dt 

(where  x  is  supposed  real  and  positive,  and  <^  is  an  arbitrary  function  of  its  argument)  by 
means  of  the  series 

//^^_<^(0)      <^'(0)       </."(0) 
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Shew  that  in  certain  cases  (e.g.  0  («)  =  «"')  the  series  is  absolutely  convergent,  and 
represents  f{x)  for  large  positive  values  of  x  ;  but  that  in  certain  other  cases  the  series  ia 
the  asymptotic  expansion  oif{x). 

3.     Shew  that  the  divergent  series 

1     g-l      (a-l)(a-2) 

-,+      ^2-+ ^3 +  ••• 

is  the  asymptotic  expansion  of  the  function 


z 
log 


for  large  positive  values  of  z. 
4.    Shew  that  the  function 

/(.)=/;  {iog.+iog(^„)}^%-» 

has  the  asymptotic  expansion 

•'  ^  ' ~ 2x     2 V  ^  4:ix*     e^afi^      ' 
where  Bi,  B^,  ...  are  Bernoulli's  numbers. 

Shew  also  that/(x)  can  be  developed  as  an  absolutely  convergent  series  of  the  form 


5.    Shew  that  the  function 


has  the  asymptotic  expansion 


1 . 3  ...(2?t-3) 


„=,         2»a2''-> 


PART   II. 

THE  TRANSCENDENTAL  FUNCTIONS. 


CHAPTEE   IX. 
The  gamma-function. 


93.     Definition  of  the  Gamma-function :   Euler's  form. 
Consider  the  infinite  product 


i  n 

n 

This  product  clearly  diverges  if  2  is  a  negative  integer,  for  then  one  of 
the  denominator-factors  vanishes.  If  z  is  not  a  negative  integer,  the  product 
will  (§  23)  be  absolutely  convergent,  provided  the  series 

jj.log(l-,lUlog(l  +  | 
is  absolutely  convergent ;  but  since  when  w  is  large  we  have 


z       z 
n     2n^ 


.iog(i-hi)  =  ; 

the  terms  of  this  series  ultimately  bear  a  finite  value  to  the  terms  of  the 
series 

•^^  z'-z 

and  therefore  to  the  terms  of  the  series  2  — ,  which  is  absolutely  convergent. 

The  infinite  product  is  therefore  absolutely  convergent  for  all  values  of  z, 
except  negative  integral  values. 


174  TRANSCENDENTAL   FUNCTIONS.  [CHAP.  IX. 

This  product  may  be  regarded  as  the  definition  of  a  new  function  of  the 
variable  z ;  we  shall  call  it  the  GaTnma-function,  and  denote  it  by  V  {z), 
so  that 

n 

This  form  of  the  function  was  first  given  by  Euler ;  but  the  notation  T{z) 
is  due  to  Legendre,  who  applied  it  in  1814  to  an  integral  which  will  presently 
be  discussed,  and  which  represents  the  Gamma-function  in  some  cases. 


Example.     Prove  that 


r  (2)  =  Limit  -,—- , .—)— — '-^  n'.  (Gauss.) 


94.     The   Weierstrassian  form  for  the  Gamma-function. 

Another  form  of  the  Gamma-function  can  be  obtained  as  follows: 

We  have 

,    Ji+i 
1   -   e   °''^ 

r  (z)  =    n 

.„-i  1^^ 

n 

1  ml 

=  - Limit  e^'°8""+"  11 


-i  Limit  e'{'«'»«'-'-=" ■■-air    -i-. 

^     jn  =  oo  71=1    1     .   ^ 

Ji 

Now         l  +  ^+-+--^og(m+l)=X^[^-log  -^ 

=  1  fV--— )^ 

n=i.'o  \n      n  +  xj 


<{ 


If";        X 

S  — -, :\  dx. 


0  in=iM(«  +  a;) 

Now  the  series  2    — is  absolutely  and  uniformly  convergent  for 

real  values  of  x  between  0  and  1,  as  is  seen  by  comparing  it  with  the  series 

«     1 

n=l  1 
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hence  as  ?/i  increases,  the  right-hand  member  of  this  equation  tends  to  the 
limit 

Jo    l„=l«(«  +  ^)) 

which  is  finite,  since  the  range  of  integiation  is  finite  and  the  sum  of  the 

series  2   — ^* — ^  is  finite.     This  limit  is  known  as  Euler's  constant,  and  we 
„=i  n{n+x) 

shall  denote  it  by  j.     Its  numerical  value  is 

0-.5772157.... 

Thus  Limit  \l+^  +  ...+ log(w -t- 1)^  =7, 

z 

1  oc  gtt 

and  so  r{z)=-e-y'U  , 

n 

or  ^=zey'U   \(l  +  ?-)e'^\. 

T{z)  „=i  tV        nj       j 

This  form  (due  to  Weierstrass)  shews  that  ^^7--.  is  a  regular  function  of  z 

^l  (z) 
for  all  values  of  z. 

►  Example  X.     Prove  that 

where  y  is  Euler's  constant. 

For  differentiating  logarithmically  the  equation 

and  putting  2  =  1  after  the  differentiations  have  been  performed,  we  have 

-r'(i)  =  l4-v+i(„-fi-y, 
or  r'(l)=-y. 

Example  2.     Shew  that 


1+5-1-5  +  ...  +  -=  I     - 
2     3  n     Jo 


-(l-z)' 


di, 


and  hence  that  Euler's  constant  y  is  given  by 


y 


Jo  2 


Example  3.     Shew  that  the  infinite  product 

S(i-^-)J 

„=i  \      z+nj 
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has  the  value 


«    /         X  \    ~        "    n  +  z-a:  | 


a— ji 

"    (?i  +  2-.y)e~"nr 


{n  +  z)e  n 


n=l  \ 


-  X 


z—x 


1  +  —    )«      n 


n  (  l+-]e  i 


n=i 


»l 


The  numerator  of  this  expression  is  Weierstrass'  form  of 

1 

(2-j;)ei'<^-*>r(2-.r)' 

and  the  denominator  is 


ze^'T  {z) 
Therefore  the  given  expression  has  the  value 

e'^'^zriz) 


{z-x)V{z-x) 
95.     The  difference-equation  satisfied  by  the  Gamma-function. 
We  shall   now  shew  that   the   function    T  (z)  satisfies    the   difference- 
equation 


We  have 


r(2  +  i)  =  ^r(^). 

l\z+i 

1  ^(1+J 

n 
/.      l\^m-l-l 

1  ^  v-"' 


^    \       nj       n 
-■ — .  n  -^ -; 

z  +  ln=i      n  +  z  +  l 

n 
1       ^  V       nJ        ^V        n 


n+1  « 


This  is  one  of  the  most  characteristic  properties  of  the  Gamma-function. 
It  follows  that  if  ir  is  a  positive  integer,  we  have 

r{z)  =  {z-iy. 
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Example.     Prove  that 


T{z+i)    r(«+2)^r(?+3) 


For  consider  the  quantity 

1+— !-  + ^~ + 

2        2(2+1)       2{«+l)(«  +  2)^" 

This  can  be  expressed  as  the  sum  of  a  number  of  partial  fractions,  in  the  form 

—  H -^+...H r      +..,. 

Z       2+1  2+re 

To  find  the  coefificients  a,  multiply  by  (2+71)  and  put  z=  —n;  we  thus  obtain 
_        1         f_     1        1  1  \      {-Ye 

""-(^Ty^t     i"^n2  +  r:273  +  -|  =  ~^"- 


Therefore 


2 
But 


2'^2(2+l)+2(2+l)(2+2)"*' '^   [Z         (2+1)1!  "'"(2  +  2)2!  "•/■ 

1  r(2  +  re  +  l) 


2(2+1). .,(2  +  »l)  r(2) 

whence  the  required  result  follows. 

96.     Evaluation  of  a  general  class  of  infinite  products. 

By  means  of  the  Gamma-function,  it  is  possible  to  evaluate  the  general 
class  of  infinite  products  of  the  form 

n  w„, 

where  w„  is  any  i-ational  function  of  its  index  n. 

For  resolving  «„  into  its  factors  with  respect  to  n,  we  can  write  the  infinite 
product  in  the  form 


„=i  (       (rt-61)  ...  (n-60 

In  order  that  this  product  may  converge,  it  is  clearly  necessary  that  the 
number  of  factors  in  the  numerator  may  be  the  same  as  the  number  of 
factors  in  the  denominator;  for  otherwise  the  general  term  of  the  product 
would  not  tend  to  the  value  unity  as  n  tends  to  infinity. 

W.  A.  12 
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We  have  therefore  k  =  I.  and  can  write  (denoting  the  product  by  P) 
P  =  n  i^"  ~  "i^  --^^  ~  "*^ 


„_i  l(w-6j)  ...  {n-h^)' 
For  large  values  of  n,  this  general  term  can  be  expanded  in  the  form 

i_^)...(i_«*Vfi_^_f\..fi_^f\ 

n)       \        nl\        nl         \        nj 

-      a, +  a„ +...+%  — 61- ... -6fc  .     1 

or  1 +  terms  m  —+.... 

n  n- 

In  order  that  the  infinite  product  may  be  absolutely  convergent,  it  is 
therefore  further  necessary  that 

a.i+ ... +at-6i-...-6t  =  0. 

We  can  therefore  introduce  a  factor 

e  » 

in  the  general  term  of  the  product,  without  altering  its  value  ;  and  we  thus 
have 


P=U  ^^ 1—^ ^    ,  ■'' [. 


=  1   '  ''1  ^k 


.u.l('-3''1=--^ 


z)e' 


y^ 


Therefore  p^W-M6,r(-6,)      6.r(-6,) 

a^r{-a;)...a,T{-a„)  j 

a  formula  which  expresses  the  general  infinite  product  P  in  terms  of  the 
Gamma-function. 


Example  1.     Prove  that 


»=*  g(a  +  b  +  s)  _  r(a+l)r  (6  + 1 ) 


=i(a  +  «)(6  +  «)         r(a!  +  6  +  l)     ' 
Example  2.     Shew  that 


where 


2«r     .  .    2jr 
a==:cos htsin  — . 
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97.     Connexion  between  the  Gamma- function  and  the  circular  functions. 

We  now  proceed  to  establish  another  of  the  characteristic  properties  of 
the  Gamma-function,  expressed  by  the  equation 

r(^)r(i-^)=  v^^. 

We  have 

1  "  i^  +  nj 

r  (z)  r  (1  -  ^)  =  -y, — ,  n  - — ;- — ^—, — ; 


n 


1         "  n  +  l 


^(l-)»=i   (^i  +  g  (,,+  !_,) 


1         J  1 


^(l-^)»=iri  +  £ui 


2     oo  I 

=  -  n 


nj  \       n  +  l 


z  «=i  '1  _f: 


sm  -nz  ' 
which  is  the  result  stated. 


^-         Ciyrollary.     If  we  assign  to  z  the  special  value  ^,  this  formula  gives 

{r(!)|-„,„,r(i).,. 

98.     The  multiplication-theorem  of  Gauss  and  Legendre. 
We  shall  next  obtain  the  result 


T{z)v(z  +  ^^  V  {z  +  ^  ...  r  (^  +  ^)  =  r  («.)(27r)  '  ni— . 

.'"r(.)r(.  +  J)...r(.+!^ 


n-  1 

n"-'l\z)i-[z  +  -)  ...  l[z  + 

For  let  0  (^)  = 


Then  4,(2 +  l)  = 


wF  (n^) 
»i"^+"F  (^  +  1)  F  (^  +  1  +i)  ...  F  (^+  1  +  ^^^) 


nV  {nz  +  n) 


n'"ziz  +  -]  ...  (z+^ 


n/        \  n    , 

<f>(z) 


(nz  +n  -  l){nz  +  n  —  '2)  ...  {nz) 

=  4>{z). 


12—2 
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It  follows  from  this  that  ^  {z)  is  a  one-valued  function  of  z,  with  the  period 
unity  ;  and  0  {z)  has  no  singularities  when  the  real  part  of  z  is  positive,  since 

=r7 — \  is  everywhere  regular ;  it  has  therefore  no  singularity  for  any  value 

of  z,  and  so  by  Liouville's  theorem  (§  47)  it  is  a  constant. 

Thus  <^ {z)  is  equal  to  the  value  which  it  has  when  z  =  -;  which  gives 

(n-\ 


Therefore         ^N  {r  ©  T  (l -^j  {r  g)  T  (l 


(by  §  97) 


IT''-'- (27r)"-' 


TT    .     27r        .    (n  —  l)Tr  n 

sin  —  sin        . . .  sm  -^ —■ 

n         n  n 


Thus  ^{z)  = 


»-i 


or 


T{z)v{z+^...t{z+  ^-^\  =  r  (nz)  ni-"^  (27r) 
Example.    If 
shew  that 


»-i 

2 


B(np,nq)  =  n-'^        i^fe?)/i(2j,j) ... /J{(,.- 1),,  ,}       " 

99.     Expansions  f 07-  the  logarithmic  derivates  of  the  Gamma-function. 
We  have 


SO 


{r{z  +  i)}"=ey'n(i  + 

Differentiating  logarithmically,  this  gives 

dllogT(^+l)^_  I      1 l^  ]_ 

Also 

iogr(^  +  i)  =  iog^  +  iogr(^), 
^iogr(.  +  i)=U^iogr(4 
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Therefore 

|.iogr(.)  =  i  +  |,iogr(z  +  i) 

_  1      d  \       z  z 

~z^^dz  |l(^  +  l)  "^  2"(7+ 2)  ■ 

1  1  1 

=  -,  + 


z-'    {z+iy    (^  +  2)»    •••■ 

These  expansions  are  occasionally  used  in  applications  of  the  theory. 

100.     Heine's  expression  of  T  {z)  as  a  contour  integral. 

It  has  long  been  recognised  that  the  Gamma-function  is  intimately 
connected  with  the  theory  of  a  large  and  important  group  of  definite  integrals  ; 
and  in  fact  the  function  has  frequently  been  defined  by  means  of  a  definite 
integral.  We  now  proceed  to  consider  various  definite  integrals  in  this 
connexion,  the  most  general  of  which  is  due  to  Heine  and  can  be  obtained 
in  the  following  way. 


We  have  /,       1\' 

r(.)  =  in^ — ^. 
™=i  i  +  — 

m 

1    "       m 

Now  if  we  express  -  11    in  partial  fractions,  we  obtain 

z  m=i^  +  '>n 

^  n  — '   =  s  (-1)"- 


Zm=i2  +  '>n     m=o  ml  {n  —  m}l  z  +  m 

Consider  now  the  function 

This,  when  a  is  a  complex  quantity,  may  be  defined  as  being  equiva- 
lent to 

g(a-l)log(-2;) 

Now  the  logarithmic  function  is  many-valued,  since  the  value  of  the 
function  log  (—  x)  is  increased  or  decreased  by  27n'  when  the  variable  x  describes 
a  simple  circuit  round  the  point  a;  =  0.  In  order  that  the  function  (—  .-c)'"^ 
may  have  a  unique  value,  we  have  therefore  to  select  one  of  the  different 
determinations  of  log  (—a):  and  this  may  be  done  in  the  following  way. 

We  first  make  the  stipulation  that  the  variable  x  is  not  to  cross  the  real 
axis  at  any  point  on  the  positive  side  of  the  origin ;  this  prevents  x  from 
making  circuifs  round  the  origin,  and  so  makes  each  of  the  determinations  of 
log  (-  x)  a  single-valued  function.  Then  we  select,  from  these  determinations, 
that  one  which  makes  log(—  x)  real  when  x  is  a  real  negative  quantity.  The 
value  of  log  (—  x)  being  thus  uniquely  defined  for  every  value  of  x,  it  follows 
that  the  value  of  (—  a;)*"'  is  likewise  uniquely  defined. 
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With  these  presuppositions,  if  C  be  any  simple  contour  enclosing  the  origin 
and  cutting  the  real  axis  in  the  point  a;  =  1,  we  have  clearly 


L 


c 


Lc 


gir.a        g-iria  2l  sin  TTO 

a         a  a        ' 


Therefore 


.^'-.T^4(-i)-('^3r.!J.<->-(:)<-"'*-- 


1  ^   V        w/  i        I/,    ,   1\      /,    .   1^ 


{n+iyl  (-  xy-^  (1  -  «)»  dx. 
'  J  c 


2  sin  TTZ 
Writing  y  =  7ixm  this  equality,  we  obtain 


\  ft  vllw  ^    i    f  1  +  ly  [  (_ ,).-. (i  _  yy ay, 

m 
where  D  denotes  any  simple  contour  in  the  plane  of  the  complex  variable  y, 
enclosing  the  point  2/  =  0,  and  cutting  the  real  axis  in  the  point  y=n.     If 
now  we  make  n  increase  without  limit,  we  have 


r  («)  =  ^r^ —  f  (-  yY"'  e-y  dy, 

^  '      2simr^j  ^    ■^^  ^ 


where  the  integral  is  taken  along  a  curve  commencing  at  positive  infinity, 
circulating  round  the  origin  in  the  counter-clockwise  direction,  and  returning 
to  positive  infinity  again  ;  and  in  the  integrand  we  must  take  (—  yf'^  as 
equivalent  to  e'*~"  '""^ '""' ,  where  the  real  value  of  log  (—  y)  is  to  be  taken  when 
y  is  negative,  and  the  logarithm  is  rendered  one- valued  by  the  stipulation 
that  the  variable  is  not  to  cross  the  real  axis  at  any  point  on  the  positive  side 
of  the  origin. 

Since 

r(^)r(i-^)  =  -.^^, 

^  sin  TTZ 

this  result  can  be  written  in  the  form 


h^rLl^-y^-'^-^'y- 


T{z) 

This  theorem  is  valid  for  all  values  of  z — in  contrast  to  that  found  in  the 
next  article,  which  is  true  only  for  restricted  values  of  the  variable. 

Example  1.     Bourguefi  expretsiont  for  the  Oamma-function. 
By  a  slight  extension  of  the  above  proof,  it  is  seen  that 

^  '     2t  sm  zn  }  "  "' 
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where  the  path  of  integi-ation  is  restricted  only  to  contain  the  origin  and  to  bo  extended 
indefinitely  at  both  ends  in  the  direction  of  the  negative  part  of  the  real  axis  ;  the 
contour  need  not  be  closed. 

Take  then  as  contour  two  lines  inclined  at  an  angle  o  to  the  axis  of  x,  passing  through 
the  origin,  and  a  small  circle  round  the  origin.  The  integral  round  the  small  circle  is  zero 
when  z  has  its  real  part  comprised  between  0  and  1.  The  integration  along  the  two 
hnes  gives  the  result 

r(z)  =  -^-^  f    p*-V™"8in(psina  +  0a)c?p, 
sin  ztt  J  0 

which  can  be  written  in  the  form 

r(z)  =  -. ]-. -,  f"/-^e'"'»*''sin(p+za)c/p. 

^  '      sin  ZTT  (sin  a)'  J  0 

This  formula  is  true  for  all  values  of  a  which  are  not  less  than  —  .  Taking  a  equal  to 
TT,  we  have  the  result 

r(z)=l    p'-^e-i'dp. 

Example  2.  By  taking  for  contour  of  integration  a  parabola  with  the  origin  as  focus, 
shew  that 

r(2)=g^:rj-^ I    e-ix''{l+x^)''-i<x>a[{2z-l)ta.n-^.v+.v]dx.         (Bourguet.) 

101.  Expression  of  T  (z)  as  a  definite  integral,  whose  path  of  integration 
is  real. 

We  have,  by  the  result  of  the  preceding  article, 

r  (z)  =  --^ 1  e-y+  '^-»  '^B '-!"  dij. 

Take  a  path  ABODE,  commencing  at  the  positive  infinitely  distant 
extremity  of  the  real  axis  (which  considered  as  initial  point  we  denote  by  A), 
proceeding  close  to  the  real  axis  until  it  arrives  at  the  neighbourhood  of  the 
origin,  describing  a  small  circle  BCD  round  the  origin,  and  returning,  close 
to  the  real  axis,  to  positive  infinity  again  (which,  considered  as  terminal 
point,  we  denote  by  E).  With  the  conventions  that  have  been  made,  the 
integral  along  the  part  AB  of  the  path  becomes 


j   g-y-^  K-i)  log  y-tv  iz-i'  dy 


2  sin  vz . 
in  which  log  y  is  supposed  to  have  its  real  determination. 

The  part  of  the  integral  due  to  the  small  circle  BCD  is  easily  seen  to  be 
zero  if  the  real  part  of  z  is  positive.  For  the  part  of  the  integral  due  to  DC, 
we  have 

i 
2  sin  7r« . 


'Jo  ^' 
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Thus 


r(z). 


i\e' 


iiir(2-l)  _  a— tir(z-l)) 


2  sin  -TTZ 


Jo 


or 


Jo 


This  integral  is  called  the  Eulerian  Integral  of  the  Second  Kind.  It  is 
frequently  given  as  the  definition  of  the  Gamma-function :  but  for  this 
purpose  it  is  unsuited,  since  the  integral  exists  only  when  the  real  part  of  z 
is  positive. 

Example  1.    Prove  that  when  z  is  positive 
Example  2.     Prove  that 


e-'^x'-^dx= 


T(s) 


Example  3.     Prove  that 

(J+lF"'"(i+2/''"(0  +  3)'"'"-~i^)jo       e^-1      ■ 


102.  Extension  of  the  definite-integral  expression  to  the  case  in  which  the 
argument  of  the  Gamma-function  is  negative. 

The  formula  of  the  last  article  is  no  longer  applicable  when  the  argument 
z  is  negative.  Saalschiitz  has  shewn  however  that,  for  negative  arguments, 
an  analogous  theorem  exists.     This  can  be  obtained  in  the  following  way. 

Consider  the  function 

r,  (^)  =  I V'  (e-  -  1  +  a;  -  J,  +  ...  +  (-  1)*+'  |^)  dx, 

where  ^  is  a  negative  number  lying  between  the  negative  integers  —  k  and 
-(A;  +  l). 

By  partial  integration  we  have,  when  z<  —  l, 


r>(z)  = 


7  («--!+- S  +  -+(-i)*^'l^) 


aJc+2 


z  ^      '  \{k  +  l)\     {k  +  2)\     {k-\-^) 


--■■■) 


*\f.''['--'*'--*^-''^w^)'''- 


» 
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The  terms  in  the  left-hand  member  which  are  not  under  the  integral  sign 
vanish,  since  (z  +  k)  is  negative  and  (z  +  k+  I)  is  positive :  so  we  have 

r,(^)  =  ^r,(^+i). 

The  same  proof  applies  when  z  lies  between  0  and  —  1,  and  leads  to  the 
result 

r(z+l)  =  zr,{z)  (0>z>-l). 

The  last  equation  shews  that,  between  the  values  0  and  —  1  of  ^, 

r,(z)^r(z). 

The  preceding  equation  then  shews  that  Fj  (z)  is  the  same  as  F  (z)  for  all 
negative  values  of  z  less  than  —  1.  Thus  for  all  negative  values  of  ^,  we  have 
Saalschiitz's  result 

Tiz)=j  of-'  [e-'-\+x-^^  +  ...+{-\f^^p^dx, 

where  k  is  the  integer  next  less  than  —  z. 

Example.     If  a  function  P  (/*)  te  such  that  for  positive  values  of  ^  we  have 

J  0 
and  if  for  negative  vahies  of  y.  we  define  P,  (n)  by  the  equation 

P,(M)=JV->(^e--l+:r-  ... +(-l)'^  +  ip)rf^, 
where  k  is  the  integer  next  less  than  -  y.,  shew  that 

A(M)  =  PW-^  +  j^^-...+(-l)-^,-^.  (Saalschutz.) 

103.  Gauss'  expression  of  the  logarithmic  derivate  of  the  Oamma-function 
as  a  definite  integral. 

We  shall  next  express  the  function  -j-  logF(^)  as  a  definite  integral,  where 
2  is  supposed  to  be  a  positive  real  quantity. 


We  have 


Therefore  log s=  I    -  ds  =  l 


1    r°° 

-  =  /  e~^dx. 

s       Jo 


dx. 


X 
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Thus  we  have 

Jo  "Jo  Jo         so 

rw.r(.,f;^f-.-,j^(. 

This  equation  is  due  to  Dirichlet. 

Writing  1  +x  =  e*  in  the  second  term  of  the  integral,  and  a;  =  f  in  the 
first  term,  we  have 

rf;iogr(.)  =  j^^=J^(--j~^Jd«. 

which  is  Gauss'  expression  of-r-  logr(^)  as  a  definite  integral. 
Example  1.     Prove  that 

Example  2.     Prove  that 

d  .      ^,.     ,  1        n,    ra(l-a)      a(l-a)(2-a)   ,       "1 

104.     Binet's  expression  of  log  F  (z)  in  terms  of  a  definite  integral. 

Binet*  has  given  an  expression  for  logr(2),  which  is  of  great  importance 
as  shewing  the  way  in  which  log  F  (z)  increases  as  z  becomes  very  large ;  his 
result  will  be  used  later  in  the  derivation  of  the  asymptotic  expansion 
of  F  (z). 

We  have  by  the  last  article  (z  being  supposed  real  and  positive) 

Viz) 


Jo 


-  ,  -  -_,    dt 


T(z)     Jo  \t       l-e-« 
changing  z  to  z  +  I,  v/e  have 

^iogF(..i)./;(^-;:'-^^^)c^. 

r"  1 

Now  e-^'dt  =  -, 

Jo  ^ 

*  Journal  de  I'ic.  Polyt.  xvi.  (1839),  pp.  123—343. 
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and  I  ^  (e-'  -  e"'^)  =  f   dt  \\-'ydy 

Jo     t  Jo         Jo 

Jo  y 


=  log  z. 


Therefore 


t       e«-l 


^,iogr(.+i)  =  l-.iog.+/;..p-;-^-l^%: 

Integrate  for  z  between  the  limits  1  and  z  ;  so 

iogr(.+  i,.li«g.+. (log, -!)+£■  j^j-l+i}?^& 
iogrw-(,-i)iog.-,+/;|^j-l  +  i}<^"d, 

— /:{.4t-^^)t'- (>> 

The  first  of  these  integrals  can  be  otherwise  expressed  in  the  following 
way. 

We  have*  J_  +  ^      ^  =  2  f  ^^i^". 

Multiplying  both  sides  of  this  equation  by  e~P'  dt  and  integrating  with 
respect  to  t  from  zero  to  infinity,  we  have 

sin  (tu)  du 


l.'M^A-ii-'L'-'""f. 


g2ntt_  I 

udu 


r 

Integrating  this  equation  from  p  =  ^  to  p  =  ao  ,  we  have 


'S) 


tan-'  (-(<!< 


«2iru 1 

0  ^  A 


.(2). 


A  proof  of  this  equation  can  be  found  by  making  k  infinite  in  the  equation 
2£ 


2    i;;5^-t.=2  ^S^  j  ^  e-^"-  Bin  (««)  du. 
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Thus  equation  (1)  becomes 

tan~'  (-]  du 

iogr(.)^(.-^)iog.-.+2]^  ^j:; 
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,      r  {    I         1      1)  e- 


dt. 


Now  write  ^:  =  ^  in  equation  (1):  since 


IS 


we  obtain 


-he         rfi)  =  ^^ 

1,        1 .  ■■   r  f  1      1    11  e-4<  , 


or 


Write  ^  for  <  in  the  last  integral.     Thus 

o=2iog7r-2-j^  1^1^-,-jm^  +-t\-rdt, 

1 ,  1      f"^  (  - 1       e-4«)  dt 

+. 

Adding  this  to  equation  (3),  we  obtain 

tan~M  -  )  du 

iogr(.)  =  (.-|)iog.-.  +  2  ^    ,...,. !\    +2^^gi\+| 


The  last  integral  is 

Jo  712^'  + 


^ol 


« -  e-i« 


«-'  — e' 


ri  «-«  _  fi-a' 


or 


or" 


I    log  X  dx, 


dx, 


*  This  artifice  is  due  to  Pringsheim,  Math.  Ann.  xxxi. 


..(3). 


.(4). 
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1  I       11 
or  low 

Substituting  this  in  equation  (4),  we  obtain 

1  I    ta,n-M-)c?M 

logr(^)=(.-2)log^-^  +  2log(2,r)  +  2J^       ^J^^      . 

This  is  Binet's  foi-mula  for  log  F  (z) ;  as  z  increases  indefinitely,  the  last- 
integral  diminishes  indefinitely,  and  so  the  remaining  terms  furnish  an 
approximate  expression  for  log  F  (z)  when  z  is  large. 

Example.     Prove  that 
where  J  (z)  is  given  by  the  absolutely  convei^ent  series 

(^)  =  5-[^l+2(2+l)(2  +  2)'''3(2+l)(2  +  2)(2  +  3)"^  -J' 

in  which 

<^i~S>     ''2~g)    ''3~fo>    '^4~  (fir I 
and  generally 

Cn=  I   {x+l){x+2)  ...{x  +  n-'l){2x-l)xdx.  (Binet.) 

105.     The  Eulerian  Integral  of  the  First  Kind. 

The  name  Eulerian  Integral  of  the  First  Kind  was  given  by  Binet  to  the- 
integral 

B  (p,  q)  =      xP-'  (1  -  x)i-'  dx, 
Jo 

which  was  first  studied  by  Euler  and  Legendre.  In  this  integral,  the  real 
parts  of  JO  and  q  are  supposed  to  be  positive ;  and  xp~^,  (T  —  «)*""■  are  to  be 
understood  to  mean  those  values  of  e'*^'''°^*  and  e'9~'i'°^"~^'  which  correspond 
to  the  real  determinations  of  the  logarithms. 

With  these  stipulations,  it  is  easily  seen  that  the  integral  exists,  since  the 
infinity  of  the  integrand  is  of  less  than  the  first  order  at  the  two  extremities- 
of  the  path  of  integration. 

We  have,  on  writing  (I  —  x)  for  x, 

B(p,q)  =  B{q,p). 
Also 

j'xP-'  (1  -  x)9  dx=^\^  ^^  ^^  ~  ^^^1  +  2  f  a;P  (1  _  ^)?-i  dx, 
Jo  In  P        J      PJ 


or 


B(p,q+l)^^-B(p  +  l,q). 
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Also 

B  (p,  q)  =  CxP-'  (1  -  x)9-'  dx=j  (l-x  +  x)  xP-'  (1  -  a;)«-'  dx 

=  Bip+l.q)  +  B{p.q  +  l). 
Combining  these  results  we  obtain  the  formula 

B(p.q+^)-^qB{p,q). 

Example  1.     Prove  that  if  n  is  a  positive  integer, 

,,     1        1.2...m 

Example  2.    Prove  that 

106.     Expression  of  the  Eiderian  Integral  of  the  first  kind  in  terms  of 
the  Gamma-function. 

We  shall  now  establish  the  important  theorem 

r(m)r(n) 
B  (m,  n)  =   „  r  \   • 

To  prove  this,  we  have 

r  (m)  r  {n)  =  I     e-^a-'-'-'ctr  x  1    e-^'t/"-'  dy 
Jo  Jo 

(writing  a?  for  x,  and  rf  for  y) 

=  4      e-^'a^'^-'dxx      e-^y^-'^dy 

Jo  Jo 

Jo  Jo 
(writing  r  cos  0  for  a;,  and  r  sin  6^  for  y) 

V 

=  4  I    f  e-^r2('»+»')-i  cos™-'  6  sin""-'  ^  t^r  dd 
J  0  J  » 

IT 

=  r  (m  +  w)  2  f  cos^"'-'  e  sin-'"-'  ^  d^ 
Jo 

(putting  cos-  6  =  u)  =  P  (??i  +  n)B  (m,  ?i). 

This  result  connects  the  Euleriau  Integral  of  the  first  kind  with    the 
Gamma-function. 
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Example.     Prove  that 

(Cambridge  Mathematical  Tripos,  Part  I.,  1894.) 

107.     Evaluation  of  trigonometrical  integrals  in   terms  of  the   Gamma- 
function. 

We  can  now  evaluate  the  integral 


/, 


2 

COS'""'  X  sin"~*  X  dx, 

0 


where  m  and  n  are  not  restricted  to  be  integral,  but  have  their  real  parts 
positive. 

For  writing  sin=  x=t,  we  have 


/, 


i'»-ia;  sin"-'  xdx  =  ^\   (1  -  0 ' '    <'     dt 


2    p  /m  +  n 


The  well-known  elementary  formulae  for  the  case  in  which  m  and  n  are 
integers  can  be  at  once  derived  i'rom  this 

Example.     Prove  that  when  |  ^  |  <  1, 

jo  (r^siu^)'-  ^/-^/m+>i+i\  io(i_^^i^,^)'i±i- 

(Trinitj'  College  Examiuation,  1898.) 
108.     Virichlet's  multiple  integrals. 
We  shall  now  shew  how  the  integral 


=/f//  ©"-©-©' 


xP-^yi-'z'-^dxdi/dz 


may  be  reduced  to  a  simple  integral,  where  /"  is  an  arbitrary  function  of 
its  argument,  and  the  integration  is  extended  over  all  the  systems  of 
positive  values  of  the  variables  x,  y,  z,  which  satisfy  the  inequality 
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Ill 

Write  X  =  oAi',    y  =  6y/,     z  =  cz^'', 

Then  the  integral  takes  the  form 

j^a^jjjj.^^^  +  2/1  ^-^,)«.^'~'i/l*'"'^l'■■-'c^«^.f^2/l<^^.> 
where  the  integration  is  now  taken  over  all  the  systems  of  positive  values  of 
the  variables  Xi,  y^,  Zi,  which  satisfy  the  inequality 

Xi  +  yi  +  Zi^l. 
Now  let  /i  =  Xi+yi+  Zj-^  =  0, 

be  three  equations  defining  new  variables  ^,  r),  ^. 


-1 


0  0 


diA,A,A) 


■V     -r 


Then 


djoh.  yi,  ^0_     'd{^,  V,  0   _  _    -v^    -t^    -^v 


5(e  V^  f)         d{/\,f„f,) 
3(«j,  2/i.  ^i) 


1  1  1 

0  1  1 

0  0  1 


=^'v- 


The  field  of  integration  is  clearly  such  that  the  new  variables  ^,  17,  f,  each 
vary  from  0  to  1. 

Thus  ft 

«P7    JoJo.'o 


x^7 


B(p„  q,  +  r,)B{q„  r,)      /l^)  p-+»-+^--' rff 


■©'^(S)'-©. 


Va     /3      7 


/(|)^=  ^^""'de 


The  multiple  integral  is  reduced  to  a  simple  integral. 

It  is  easily  seen  that  this  method  of  evaluation  can  be  applied  to  multiple 
integrals  of  a  similar  form  in  any  number  of  variables. 
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Example  1 .  Shew  that  the  moment  of  inertia  of  a  homogeneous  eUipsoid  of  unit  density, 
taken  about  the  axis  of  z,  is 

-i{a^  +  b^7rabc, 

where  a,  6,  c  are  the  semi-axes. 

Example  2.     Shew  that  the  area  of  the  epicycloid  or  +y'  =  P  is  f  ttP. 

Note.  Dirichlet's  integrals  can  also  be  evaluated  by  performing  on  the  vanables  the 
substitution 

a;i=r*  sin^  6i  sin^  6  2, 

y,  =  r^  sin^  6^  cos^  6^, 

leading   to   the   same  result  as  above  ;   in  the  case  of  an  integral  with  n  variables  the 
corresponding  substitution  would  be 

^j = r*  sin^  di  sin*  Sj . . .  sin^  5„  _  i ,  etc. 

109.  The  asymptotic  expansion  of  the  logarithm  of  the  Gamma-function 
(Stirling's  series). 

We  now  proceed  to  find  an  expansion  which  asymptotically  (§  88) 
represents  the  function  logr(a^),  and  is  actually  used  in  the  calculation  of 
the  Gamma-function. 

For  simplicity,  we  shall  consider  only  real  positive  values  of  the  argument 
z.  For  a  proof  and  discussion  of  the  expansion  when  z  has  complex  values 
the  student  is  referred  to  a  memoir  by  Stieltjes*. 

From  Binet's  expression  for  log  F  (z)  (§  104),  we  have 

log  r  (^W  (^  -  ^)  log  ^  -  ^  +  I  log  (27r)  +  <^  (^), 

I    tan~'  -  ax 
where  <l>{z)  =  2J^     ^„^J^     . 

T,T                   ,        ,  a;      a;      1  3^      1  a^ 
Now  tan-'-  = o  "a  +  i"  ~i  ~  ••• 


Z        Z       3  2'       5  2" 


(-  l)"-i  a^"-'      (-  1)"  [■"  f^'^dt 


Jo  «'  +  ^'' 


^  {2n-l)z^~^       z' 
Substituting  this  in  the  integral,  and  remembering  that 

Jo    e^-1  ~  4w  ' 

*  Liouville's  Journal  (4),  v.  pp.  425—444  (1889). 
W.  A.  13 
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where  £,,  B,, ...  are  the  Bernoullian  numbers,  we  have 

A/N_y   (-ir'-Br    1     ,  2(-l)"r     dx       r^  t^dt 
*P  ^^^  "^=1  2r-  (2r  -  1 )  z^--'         z"^''    J  o  e^"""  -  1  i  o  «'  +  z^' ' 


Let  us  now  find  approximately  the  magnitude  of  the  last  term  when  z  is 
very  large. 

dx      r*  f^dt 
10  e-'^-lJol 


/•^     dx       ff^dt 
The  quantity  J„  ^S^^^i  J^^T,  ^, 

is  less  than 


or 


or 


1    r      dx      f 
z'Jo  e"«-li( 


0 


r*"  «"*+'  dx 
(2n+l)z'Jo   e^'^-l 

■Bn+i     


4(?i+l)(2n+  1)^'' 

If  now   any  value  of  n  be  taken,  it  is  clear  that  this  quantity  can  be 
made  as  small  as  we  please  by  taking  z  sufficiently  large. 

It   ollows  that  the  quantity 


can  be  made  as  small  as  we  please  by  taking  a  sufficiently  large  value 
for  z ;  and  therefore  (§  88)  the  series 

Bi  B^  Bg 


1.2.Z     3.4.2'     5. 6. 0=      ■■■ 

is    the   asymptotic  expansion   of  the  function   (j)  (z)  for  large  real   positive 
values  of  z. 

We  see  therefore  that  the  series 


i)..g 


z-z+-\og(2w)+^ 


2     '^^      '  \^■^  2r(2r-  1)^^'-' 

is  the  asymptotic  expansion  of  the  function  logr(0)  for  large  real  positive 
values  of  z.     This  is  generally  known  as  Stirling's  series. 

110.     Asymptotic  expansion  of  the  Gamma-function. 

Forming  the  exponentials  of  both  members  of  the  equation  just  found, 
we  have 

r  (z)  =  e-'z'-i  (27r)i  e"^^'-"'^-  *•  ^^'^'^TIT'"  -  _ 


I 
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or 


r  (z)  =  e-'z'-i  (27r)i  II  +  ^  +  ^^  +  ...1 


\ 


B  B^ 

where  Ci  =  ~^ ,      C^  =  -^  ,  etc. 

Substituting  the  numerical  values  of  the  Bernoullian  numbers,  the 
formula  becomes 

i{z)-ez      k^"")  Y  + i2z^2{l2zy     30  (Uzf     120  (Uz)*      -]■ 

This  is  the  asymptotic  expansion  of  the  Gamma-function.  In  conjunction 
with  the  formula  r{\+z)  =  zV{z),  it  is  very  useful  for  the  purpose  of  com- 
puting the  numerical  value  of  the  function. 

Tables  of  the  function  log  r  (2),  correct  to  12  decimal  places,  for  values  of  z  between 
1  and  2,  were  constructed  in  this  way  by  Legendre,  and  published  in  his  Exercices  de 
Calcul  Integral,  Tome  II.  p.  85,  in  1817. 


Miscellaneous  Examples. 

1.     Shew  that 


b 


('->('+i)('-i)0+i)- 


<-J)-(^') 

(Trinity  College  Examination,  1897.) 
2.     If  (r„  be  the  sum  of  the  n  first  terms  of  a  divergent  series 


shew  that  the  series 


is  divergent. 


i  +  i  +  i+..., 
a,      aj     as 


1  1  1 

+ + +  ... 

osjo-i      a^T^     dafi 


If  the  squares  of  the  terms  of  the  latter  series  form  a  convergent  series,  shew  that  a 
function  O  (1  +z)  can  be  defined  by  the  equation 


(?(l+^)=  Limit 
and  shew  that 


1+    M(l-f^)...(l4--^Y 


>,,,    ,     ^"6"  n    j(  1  +  -  "—]  e    a,.<r.l  , 

0{\+z)         „_,  \\       a^trj  J' 


where  c  is  a  constant.  (Cesaro.) 

13—2 
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3.     Prove  that 

d log  T(i)  _  ['  e-'-e-«»   ,  _ 
dz        ~Ja      l-e-"      "     ^ 


=  f"{(l+a)-'-(l+a)-}--y, 
JO  a 

where  y  is  Eider's  constant. 

4.     Prove  that 

r  (z)  =  Limit  n'B  (z,  n). 

n=oo 

6,     Prove  that 

6.  Prove  that,  when  g  >  1, 

B{p,  q)  +  B{p  +  l,  q)  +  B(p+2,  q)  +  ...  =  B{p,  q-\). 

7.  Prove  that 

Bip-a,  q)^^       aq  a{a  +  l)q{q  +  l) 

B{p,q)        '^p+q^\.'i.{p+q){jp+q+\y-- 

8.  Prove  that 

B(p,q)Bip  +  q,r)  =  B {q,  r)B{q  +  r,  p).  (Euler.) 

9.  Prove  that 

I     «    \qq  2/1 
Iogr(z)  =  (l-2)log7r  +  y(i-z)-ilogsin«irH —     2     — — sin  2n«7r. 

(Knmmer.) 

10.  Prove  that 


I  cosp+«-2mcos(p-o)mc^m=, — ■ ,v  ^„^„   ,  p, ,.         (Cauchy.) 

Jo  ^      ^'  (/)  +  J-l)2J'  +  «-li?(;p,  g)  ^  ^' 

)ve  that 

.o,^(P„)=..g(«)+/:'i=5a^'.*..  (Ku.»,  ^ 

)ve  that 

Biv  v\,\-^^P'PH\\    '^'-^^    I   ^(«-')(«-2)(«-3)    I       I      fBinet^ 
^(i',i'+«)-      2.       V+2(2^  +  l)  +  2.4.{2p  +  l)(2p  +  3) +  •••]•     ^^'°^*> 

ive  that  _ 

r(p)    ^  fi  , L_    ,  1-3''  ,      1i  * 

^ipH)    \p^ ip{p+\y  ii.i-'.p{p+\){p+i)'^ -)  ■ 

ive  that 

fr(p+i)l'^2;>-i  f     i_    ,  1-3^  ,      \ 

I    r(y)   J  2      r'^2(2io+l)'^2.4.(2;j  +  3)(2p  +  5)'*'-r 
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15.  Prove  that 

28P-1  r  2»2     f  I  1.32  1"|i 

^('^)  =  -V^  {''(^»l2^  ^  +  2WT3) +2.4.  (2^  +  3)  (2;.  +  5)  +  -jj  ' 

(Binet.) 

16.  Prove  that 

^^logr(.)=-y+J^-^-j-^, 
where  y  is  Euler's  constant.  (Legendre.) 

17.  Prove  that 

B(p,p)B{p+i,p+i)  =  ^i^.  (Binet.) 


18.     If 


fx+l 

-=log.r, 


I 


shew  that 

du 

dx 
and  hence  (or  otherwise)  that 

■«=.rlog:i:— ^+Jlog2jr.  (Eaabe.) 

19.  Prove  that,  for  all  values  of  z  except  negative  real  values, 
,^     ,       ,>,  1 ,      .„  >       "     ["   dx    sin2»nra; 

logr(0)=(2-i)log2-2+ilog(2n-)+^2j^  ^T^^l^^: — • 

(Bourguet.) 

20.  Prove  that 

r(a+l)r(a+6+c+l)      /-'^(l-^)(l-^).7„ 
l«Sr(a  +  6+l)r(a  +  c  +  l)     jo       ._,..,!  " 


21.     Prove  that 


n^-l_,,-i  V   2   ;      ^,2;  (Kummer.) 


22.     Prove  that 

>  (l-t:<-)(l-:^^)(l-r') ^^ 
{\-x)\og-_ 


J         r(a  +  6  +  l)r(a  +  c+l)r(6  +  e+l)      ^  P 

°^r(a+i)r(6+i)r(c+i)r(o+6+c+i)    jo         „      ,.     i 


'  X 

23.  When  a;  is  positive,  shew  that 

,-     T{x)     _    "         2n!  1 

(Cambridge  Mathematical  Tripos,  Part  I,  1897.) 

24.  If  a  is  positive,  shew  that 

r(z)r(a  +  l)_    "   (-l)"a(a-l)(a-2)...(a-n)     1 
T{z  +  a)      ~  n=o  «!  «  +  «■ 
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25.  Shew  that 

IT 

/s  r(io+i) 

rf-f?+i)r(V  +  i) 

26.  The  curve  r"'  =  2'»~'cosTOtf  is  composed  of  m  equal  closed  loops.     Shew  that  the 
length  of  the  arc  of  half  of  one  of  the  loops  is 

1  fi  --1 

2™"!.— .  ;  (cos a;)"     dx, 
m  Jo 

and  hence  that  the  total  perimeter  of  the  curve  is 

Hi.)]' 

27.  Prove  that 

log  r  (»)  =  («  -  J)  log  2  -  z  +  i  log  (27r) 

,   [  1      «         \  2      "         1  3     ■»       2__  I 


28.     Prove  that 


dz 


/'      af~^dx 
o(I-^)log^^°g^+^-^^- 


29.    Prove  that 


30.    Prove  that 

logr(2  +  a)  =  logr(3)  +  alogz---^    • 


a  I    a{l-a)da-  I    a{\  —  a)da 

Jo J_o 

2z(2+l) 

ai   a(l-a){2  -  a)da-  I    a{l-a){2-a)da 
_     Jo J_o 


32(2  +  1)  (2+2) 


31.    Prove  that 


32.     Prove  that 


'°«^«=/„'f-^r--(^-^)}.-i|~.-         (^•-*-) 


Sip,q)-j^^;,l,{2n)ieMiP.^, 


I 
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where 

and  p^=p^  +  q^-^pq. 

33.     Expand 

{r(a)}-i 

as  a  series  of  ascending  powers  of  a. 

(Various  evaluations  of  the  coefficients  in  this  expansion  have  been  given  by  Bourguet, 
Bull,  des  Sci.  Math.  v.  (1881),  p.  43;  Bourguet,  Acta  Math.  ii.  (1883),  p.  261  ;  Schlomilch, 
Zeitschrift  filr  Math.  xxv.  (1880),  pp.  35,  351.) 


34.     Shew  that 


and 

where 
35.     If 

shew  that 
and 


I     x'^e-'^'^ cos  b.vdx=coa  {(m  4- 1)  (tt  -  0)}      „  +  j^     , 
I     x'^e - '^ sin  bxd.v= sin  {{m+ I)  {rr-Kb)}—^'^-,-  , 

J  0  f»  +  l 

-  a  +  bi = r  {coa(f>  +  i  sin  (j)). 
P{x)=  I    e-'i^-^dz, 


p  1_J_      1  11  11 

^^'~x     lU'+i     2!^  +  2     3!  a.-  +  3 "*■■■■' 

P{x+l)  =  xPix)--. 


36.     Prove  that 


d_.      r{z+x)^x       x{x-\)       x(x-l){x-2) 

dz  °^    r{z)    ~z     *2>+l)"^*  3(2  +  1)  (^  +  2)   ■•■•••• 

37.     If  a  is  negative,  and  if 

a=  -  v  +  a, 

where  v  is  an  integer  and  a  is  positive,  shew  that 

r(x)r(a)_  I  [Rn   ,r  lA 
r(^a)-„!.fe  +  ^»W|' 
where 

^^J-l)~(o-l)(a-2)...(a-„)^^_^^^ 

-^^•)=(^-.^)0-.--2) 0-„4,)> 

(,',(.)=  ^-(^„(---^).  (Hermite.) 
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38.  When  -  x  <  a  <  1,  shew  that 

r{x)r{a-x)_   I   _^_   I      ^» 

r(a)  „_i   x+n      „^ix-a-n' 

where 

„      (-l)"a(a+l)...(a+w-l) 
^^»-  n  1 

39.  When  o  >  1,  and  v  and  a  are  respectively  the  integral  and  fractional  parts  of 
a,  shew  that 

T(x)r{a-x)_    I   0{x)p„       ^   gWp>t. 
r(a)  B-1    x  +  n        „_i   iT-a-n 


where 
and 


^     |_.r— a      ^-a-1  X—a  —  v  +  \_\ 

''«-(>-!)('-^)-('-.-?f^,) 


(-l)»a(a+l)...(a  +  »-l) 


40.     If  Pi,  Pa,  ...  Pi-  are  the  roots  of  the  equation 


shew  that 


-     f/,  X  x^  ^  X'     \    -°-i?) 

n    -^    l+ai^— -  +  0;  +...+a,..  ^     . Je     »  ^ 


/'('>"''r''(2) 


r  (z  -  pjx)  r  («- pja;) ...  r  (2- p,x)  ■ 

41.  If  a  and  6  are  real  and  positive,  prove  that 

\     e~i''"v^-^u<'-i>-^dudv  =  r{a)r{b). 

42.  By  taking  as  contour  of  integration  a  parabola  with  its  vertex  at  the  origin,  derive 
from  the  formula 

r  (a)  =  ET^- I  e'z'^-^dz 

2i  sm  an  J 

the  result 

r(a)=s-J^-     f   e-"*:r°-i(l+.=i-^)^[3sin{^+acot-i(-^-)} 

+  sin  {:r  +  (a  -  2)  cot"'  (-x)}]  dx. 

(Bourguot.) 

43.  Prove  that,  when  1  <  2  <  2, 

jo  ^^"''^~2r(2) 

and  when  0  <  z  <  1, 

f"  coabx  ,   _  b*'^      n 

Jo     x^         2r(r)       ~i' 


2)    .    n-2 ' 
sm-r- 
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44.  Shew  that 

IT 

45.  If 

22 


and 


■(-I) 


,-..  =' 


and  if  a  function  F{.v)  be  defined  by  the  equation 

shew  (1)  that  F(/c)  satisfies  the  equation 

(2)  that  for  all  positive  integral  values  of  x, 

F{x)==r(.'v), 

(3)  that  F{x)  is  regular  for  all  finite  values  of  x, 

(4)  that 


'■<'>-faW)l''« 


('-!) 


u'" 


46.  Prove  that  the  function  O  {x),  defined  by  the  equation 

has  the  properties  expressed  by  the  equations 

0{x+l)==T{x)G{x), 

0(1)  =  1, 

,     0{l-x)      p  ,       ,         ,      - 

log      '         '  =  I     77^  cot  nxdx  -  X  log  27r, 
Or{L+x)      J  0 

(?(.)  =  Limit[(»  +  l)^    {r(n+l)}->^n  ^J. 

(Aleserewsky.) 

47.  If  «  is  a  positive  quantity  (not  necessarily  integral),  and  2  is  a  real  quantity 

1       r(^+l) 


between  -  -  and  - ,  shew  that 


C08"«  = 


J  I  •  I 


f4r.{H.-f,-«..5||^,o»-...j. 


and  draw  graphs  of  the  series  and  of  the  function  cos'  z. 
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48.     Obtain  the  expansion 


cos  Sax 

rl 


2' 

and  find  the  values  of  .r  for  which  it  is  applicable, 
49.    Prove  that 


cos  or cos  3ax n 


(Cauchy.) 


50.     If 
where  |  x  |  <  1  and  the  real  part  of  x  is  positive,  shew  that 


and 

Limit  (1  -  ar)»-«  f  («,  ^)  =  r  (1  -  «). 

!C-1 

51.     If  ^,  w,  and  «  be  real,  and  0  <w<\,  and  s>  1,  and  if 


shew  that 
and 

52.     If 
shew  that 


<i>{w,x,l-.)  =  }^,\  '^''  i.        (Lerch.) 


»     1 


(1)  f«=Fwio   e^-^T- 


(2) 

(3) 


cw=(2.).->sin|/;(5±|-g.-.<i^-, 


63.    Let  the  fiinction  <^(''  {x)  be  defined  by  the  equation 

n  (1 -«-«'') 
where  z  is  an  integer  >m,  the  function  x  (0  '"  defined  by  the  equation 

oo    /•  /n 
n— 0  ^  ' 

and  the  quantities  ay  are  constants  whose  real  part  is  positive. 
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Shew  that  <^(')  (x)  can  be  expressed  by  the  series 

<l>i'){x)  =  2./i'){z+w); 
where  ?c=2X^n^, 

and  where 

J  0 
Shew  also  that  <f>(')  (x)  satisfies  the  functional  equation 

<t>i')x-1<t>^'){x  +  a,)+  2  0C)(,^;+„^  +  a,)-  ...  +(- l)"!^!'*  (:«  +  a,-(-a2  +  ...  +  aJ=/C)(x). 

Shew  further  that  when  ;^  (^  =  1 ,  <^(»)  (x)  becomes  a  function  i/^W  (x),  which  has  the 
raultipli  cat  ion- theorem 

where  all  the  quantities  X  vary  from  0  to  (n-l). 

(Pincherle.) 

54.     If 

a;  (^  +  l)(y  +  p+w-l)(y  +  y  +  TO) 

-r... , 


where 
shew  that 


/  1-^  «  „^-i  _  /'n\x(i/  +  v+n-l}      /n\x(x+l)(i/  +  v+n-l)(i/  + 

/re\  _         TO ! 
\r)~  r\  (»-r)!' 


a 


rCy)r(.y-3:+?0r(.r+t>)r(y+>t) 
•'"'''^'''~r(y-a;)r(y+90r(f)r  (.!;+«+»)' 

and  that 

.,  .     {y-x-^n—V){x-\-v  +  n),,    ,,  , 


r(.y)r(a;+i)) 

(y-;r-l)r(-m)r(ar+l)r(y+»+«-l)" 


(Saalschutz.) 


CHAPTER   X. 

Legendre  Functions. 

111.     Definition  of  Legendre  polynomials. 
The  expression  (1  —  2zh  +  /t')~* 

can,  when  |  A  |  is  sufficiently  small,  be  expanded  by  the  multinomial  theorem 
as  a  series  of  ascending  powers  of  h,  in  the  form 

where  Pi  (z)  =  z, 

Ps  (z)  = 2 •  ®*<^- 

The  expressions  P,  (^^),  Pi{z)  ....  which  are  clearly  all  polynomials  in  z, 
are  known  as  Legendre  polynomials.  Pn  (z)  is  called  the  Legendre  polynomial 
of  order  n. 

It  will  appear  later  (§  116)  that  these  polynomials  are  particular  cases  of  a  more 
extended  class  of  functions,  known  as  Legendre  functions. 


Example  1.     Prove  that 

J  (cos  5)=^ 

(Cambridge  Mathematical  Tripos,  Part  II,  1893.) 


/>„(cos<»)  =  (-^"cosec-Mj4^. 


Let  d*  be  an  angle  such  that 

(l-2Aco8(9+A2)     -^-r. 
^  ^         sin  fl 

Then 


_j    sin  ff 


cot^'=(^^-l|* 
Ism''  ff      j 


_coad-h 
sinfl 

=  cot  d  —  h  cosec  6. 
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Therefore  by  Taylor's  theorem  we  have 

.     „        ( -  A  cosec  5)"  rf»  (sin  6) 

or 

^  ^         „  nl  d  (cot  6Y 

Equating  coefficients  of  A",  we  obtain  the  required  result. 
Example  2.    Shew  that 

For 


ore 

(l-2A«+A2)-i  =  7r"i  f     e-(i-«-  +  '")"rf<  =  jr-i  [     e-U-')f'e-('-*)»f c 

y  — oo  y  —06 


S 

whence  the  result  follows. 

Example  3.     By  equating  coefficients  of  powers  of  h  in  the  expansion 


shew  that 


A(cos^)  =  ^^^;;-;^"^;^^{2cos.^+2^^^^cos(r.-2)^  +  ...}. 


112.     Schldfli's  integral  for  Pn(z)- 

Let  A.  be  any  quantity  which  is  not  greater  than  the  radius  of  convergence 
of  the  series  2  /i"P„(a'). 

Then  (1  —  2^^  + A'')~*  can  be  expanded  as  the  series 

But  (1  -  2zh  +  h^)'i  is  the  residue,  at  the  pole 

1      (l-2zh  +  /t')i 

of  the  function  —  2h~'  Ut  —  j-j  — 


2zh+]f\-' 
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Now  the  last  expression  has  two  poles,  namely  at  the  points 

_1      (1  -  Izh  +  h^)'' 
*~h~  h 

and  «  =  ^+ j^ . 

When  k  is  very  small,  the  former  of  these  poles  is  close  to  the  point 
t  =  z,  while  the  second  pole  is  in  the  infinitely  distant  part  of  the  plane. 
Therefore,  if  C  be  a  contour  in  the  <-plane,  including  the  point  z,  the  former 
pole  only  is  contained  within  G  when  h  is  not  large,  and  so  we  have 

°°  If  —  2 

Syt»P„  {z)  =  ^^.  J  ^j^--^^-^^  _  ^ , 


dt 


27ri„=o       i(72»(<-. 
Equating  coefficients  of  /«",  we  have  the  result 

which  is  called  Schldfli's  integral-formula  for  the  Legendre  polynomials' 

113.     Rodrigues  formula  for  the  Legendre  polynomials. 
From  Schlafli's  integral 


dt 


we  immediately  deduce,  by  the  theorem  of  §  38,  the  result 

which  is  called  Rodrigues  formula. 

114.     Legendre's  differential  equation. 

We  shall  now  prove  that  the  function   y  =  Pniz)  is  a  solution  of  the 
differential  equation 

(^-^^)^2.-^^i  +  nin  +  l)y^0, 
which  is  called  Legendre's  differential  equation  of  order  n. 

•  Schlafli,  Ueber  die  beiden  Heine'ichen  Kagelfunetionen ;  Bern,  1881. 
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For  on  substituting  Schlafli's  integral,  we  have 

_(n_+l)  r  d  {(t'-ir+^[ 

and  this  integral  is  zero,  since  the  function  (f  —  1)"+'  (t  —  z)-"~^  resumes  its 
original  value  after  describing  the  contour  G.  The  Legendre  polynomial 
therefore  satisfies  the  differential  equation. 

The  differential  equation  can  clearly  be  written  in  the  alternative  form 

115.     The  integral-properties  of  the  Legendre  polynomials. 
m  We  shall  now  shew  that 

I  j'_P^iz)P„{z)dz  =  0, 

^     and  that  [ '  {P„  (z)Y  dz  =  ;^^  , 

■     if  m  and  n  are  positive  integers  and  m  is  not  equal  to  n. 

+  «(7H-1)P„  =  0, 

+  (/w- 7i)(m +  n— 1)  I    PmPndz  =  0. 


For  since 
we  have 


7JP-<Y 


Integrating  by  parts,  this  equation  gives 


{m-n){m  +  n-l)       P,^{z)Pn{z)  dz 


=  P  j(l  -  .=)  |P,„  (.)  ^^  -  Pn  (Z)  '-''-  ^'^ 


dz 


dz 


=  0, 


o 


which  shews  that  the  integral 

j'_P^(z)Pn(z)dz 

has  the  value  zero  when  m  is  not  equal  to  n. 
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To  establish  the  second  part  of  the  theorem,  let  the  equation 

{l-2hz  +  h'')-i=  i  h"Pn{z) 

n  =  0 

be  squared,  and  the  resulting  equation  integrated  between  the  limits  —  1  and 
+  1 ;  using  the  result  already  proved  in  the  first  part  of  the  theorem,  we  thus 
obtain 


or 


j^A-/>„(.)N.=^iog;-±|. 


Equating  coefficients  of  IiP"  in  this  equality,  we  have 

2 


jjP^{z)Ydz=^, 


2n+l' 

which  is  the  desired  result. 

Example  1.     Prove  that,  if  m  is  not  equal  to  n, 

X  {1 +(-])•'  +  '"}. 
(Cambridge  Mathematical  Tripos,  Part  I,  1897.) 
Example  2.     Prove  that 


/ 


1    d'Pn.{^)drP^  2(n  +  r)! 


according  as  m,  n  are  unequal  or  equal. 

(Cambridge  Mathematical  Tripos,  Part  I,  1893.) 

116.     Legendre  functions. 

Hitherto  we  have  supposed  that  the  index  n  of  P„  {z)  is  a  positive 
integer :  in  fact,  P„  {z)  has  not  been  defined  except  when  n  is  a  positive 
integer.  We  shall  now  see  how  the  definition  can  be  extended  so  as  to 
furnish  a  definition  of  P„(2),  even  when  n  is  not  integral. 

An  analogy  can  be  drawn  from  the  theory  of  the  Gamma-function.  The  expression 
2!  as  ordinarily  defined  (viz.  as  z  (z— 1)  (z-2)...2  .  1)  has  a  meaning  only  for  positive 
integral  values  of  2;  but  when  the  Gamma- function  has  been  introduced,  z\  can  be  defined 
to  be  r(2-t-l),  and  so  a  function  z\  will  exist  for  all  values  of  z. 

Referring  to  §  114,  we  see  the  differential  equation 
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is  satisfied  by  the  expression 

even  when  n  is  not  a  positive  integer,  provided  that  (7  is  a  contour  such  that 

the  function 

(<'  - 1)"+' 

{t  -  zY+^ 

resumes  its  original  value  after  describing  G. 

Suppose  then  that  n  is  no  longer  taken  to  be  a  positive  integer. 

Now  the  function  {f—  l)""*"'  {t  —  r)""""  has  three  singularities,  namely  the 
points  <=  1,  <= —  1,  i  =  2;  and  it  is  clear  that  after  describing  a  small  closed 
contour  enclosing  the  point  t  =  \,  the  function  resumes  its  original  value 
multiplied  by  e*' '"+"  ;  while  after  describing  a  small  closed  contour  enclosing 
the  point  t  =  z,  the  function  resumes  its  original  value  multiplied  by 

g2ir£  (—"—2) 

If  therefore  C  be  a  simple  contour   enclosing  the  points  (  =  1  and  t  =  z, 
but  not  enclosing  the  point  t  =  —  \,  then  the  function 

(ta_l)n+i 


,n+a 


{t-z) 

will  after  describing  G  resume  its  original  value  multiplied  by  e~'^,  i.e.  it  will 
resume  its  original  value.  Hence  whatever  n  be,  tlte  Legendrian  differential 
equation  of  order  n, 

i^-^^%-^^%^nin^^)y-<^^ 
is  satisfied  by  the  expression 

where  C  is  a  simple  contour  in  the  t-plane  enclosing  the  points  <  =  1  and  t  =  z, 
but  not  enclosing  the  point  t  =  —  \. 

This  expression  will  be  denoted  by  Pn  (z),  and  ivill  be  termed  the  Legendre 
function  of  the  first  kind  and  of  order  n. 

We  have  thus  obtained  a  definition  of  P„  (2)  which  is  valid  even  when  n 
is  not  integral. 

The  Legendre  function  is  a  mere  polynomial  when  n  is  integral,  but  is 
a  new  transcendental  function  when  n  is  not  integral ;  just  as  V  {z)  is  the 
polynomial  (2—  1)!  when  z  is  integral,  but  is  a  transcendental  function  when 
z  is  not  integral. 

W.  A.  14l 
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We  shall  suppose  the  many-valued  function  «",  which  occurs  in  the 
defining  integral,  to  have  the  value  1  when  z  is  equal  to  1,  and  when  z 
is  not  equal  to  1  to  have  that  value  which  would  be  obtained  by  con- 
tinuation along  a  rectilinear  path  from  the  point  1  to  the  point  z. 

117.     The  Recurrence-formulae. 

We  proceed  to  establish  a  group  of  formulae  which  connect  Legendre 
functions  of  dififerent  ordei'S. 


We  have  by  §  116,  for  all  real  or  complex  values  of  n, 


-If  (<'-l)"^ 


27nJ  c 


f  C     M  ■  2»  {(t  -  2)"J 

Integrating  by  parts,  we  have 


and  hence  we  have 


^(t-z) 

- 1)"- 
2TriJc2"~Kt-zy 


1  [  t(t'-ir-' 


p„(.)-.p„_,(.)=A.|^_g_i2)ri,^,, (A). 

Differentiating  this  equality,  we  obtain 
so 

^)_,^^)=„p„_,(,) (I). 

This  is  the  first  of  the  required  formulae. 
Next,  from  the  identity 

"we  deduce 
or 

/■(«»- 1)"-'  ,, ^  r  2  ((('-i)  +  i}(n-i)(<'-i)"-'dt 

f  {n-l){(t-z)  +  z}(f-ir-'^^ 
~Jc  (t^^^  ' 
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or 


I 


or 

~  27ri  j  c  2"-'  {t  -  zy-'  27ri  j  e  2"-^  (<  -  zf 

(»-l)^f     (t'-l)"-'    ,. 
27n-     Jc2"-'(«-^)" 

or,  by  formula  (A)  above  and  Schlafli's  formula, 

0  =  n  {P„(^)-zP„_,(^)}  +(«-  l)P„_,(^)-(«  -1)2P„_,(^), 
or 

nP„(^)-(2n-l)^P„_a2)  +  («-l)P,.-2(^)  =  0 (II), 

a  relation  connecting  three  Legendre  functions  of  consecutive  orders.     This 
is  the  second  of  the  required  formulae. 

Other  formulae  can  be  deduced  from  (I)  and  (II)  in  the  following  way : 

Differentiating  (II),  we  have 

dPn{z)  dPn-i(z)    ,    ,  ^.dPn-«{z)        ,„  ,  >    tj         .    >. 

"      d.      -(-"-^)"^^r-+^"-^^  ^^— =(2«-l)P„_,(.). 
Substituting  for 

dPn(z) 

dz 
from  (I),  we  have 

„L'^%lii)  +  „P_(.)l_(2„_l).^%iilV(H-l)'^^"-^^'^ 


dz  "-«->v-/j      V-"      -'-       dz        '  '  '       dz 

=  (27l-l)P„_>(^), 

or 

~  ^"  ~  ^      dz +  ('*  ~  ^) Jz =-("-!)"  -f^n-'  (^)' 


or 

dPn-,{z)       dPr^.iz) 


dz  dz 

Changing  {n—  1)  to  n  in  this  equality,  we  have 


=  (n-l)P„_,(4 


dPn{z)     dP„-,  (z)  _  ^  p    ,  .  ,^„, 


Next,  changing  ?i  to  (n  + 1)  in  (I),  we  have 

^»gli)_,^  =  (,,  +  l)P„,(,). 


14—2 
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Adding  this  to  (III),  we  have 

^jif.)_f^:^=(2„  +  l)P„(r)  (IV). 

Lastly,  combining  (I)  and  (III),  we  obtain  the  result 

{z'-l)^^^:=nzP„(z)-nP„.,iz) (V). 

The  formulae  (I)  to  (V)  are  called  the  recurrence-formulae. 

The  above  proof  holds  whether  n  is  an  integer  or  not,  i.e.  it  is  appHcable  to  the  general 
Legendre  functions.  Another  proof  which,  however,  only  applies  to  the  case  when  n  is  a 
positive  integer  (i.e.  is  only  applicable  to  the  Legendre  jwlynomials)  is  as  follows  : 

Write 

Then  equating  coefiBcients  of  powers  of  h  in  the  equality 

we  have 

nP^{z)~{2n-\)zP,_^{z)  +  {n-l)P„_^{z)  =  0, 

which  is  the  formula  (II). 

Similarly,  equating  coefficients  of  powers  of  h  in  the  equality 


we  have 


dP^{z)     dP^.,{z)_ 
^     dz  dz      -'^^"W. 


which  is  the  formula  (III).     The  others  can  be  deduced  from  these. 
Example.    Shew  that,  for  all  values  of  n, 

'dz 


(2»+3)P\^,-(2«  +  l)i'„2=^{2(i'„2  +  P2„^,)_2P„P„,,}. 


(Hargreaves.) 


For 


J^{z(i>„2  +  P2„^,)_2/'„P„,,} 


—  pi<p2  4.  OP     f    t^-Pn       dPn-n]    .   gp         j    dP„  +  i       dPJ 

-I-^+l    ^^l  +  Zr^Ydz  dz     r^^'^^'X       dz  dz\ 

=  P„2  +  p.^^,  +  2P„(_„-i)p„  +  2P„^,(«  +  l)P„^, 
(as  is  seen  by  using  formulae  (I)  and  (HI)) 

=  (2»  +  3)p2„^i-(2M  +  l)P,2, 
which  is  the  required  result. 


I 
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118.     Evaluation  of  the  integral-expression  for  Pn(z),  as  a  power-series. 

When  71  is  a  positive  integer,  we  have  seen  that  P„  {z)  is  a  polynomial  in 
z.  When  n  is  not  a  positive  integer,  however,  P„  {z)  is  not  a  polynomial ; 
and  as  P„  {z)  is  not  a  regular  function  of  z  for  all  finite  values  of  z  unless  n 
is  integral,  it  follows  that  no  power-series  exists  which  represents  P„  {z)  for 
all  finite  values  of  z,  when  n  is  not  integral.  In  order  to  find  a  power-series 
capable  of  representing  P„  {z),  we  must  therefore  make  some  supposition 
regarding  the  part  of  the  z-plane  on  which  the  point  z  lies.  We  shall  suppose 
that  z  lies  within  a  circle  of  radius  2,  whose  centre  is  the  point  1  ;  so  that 

ll-z|<2. 

As  the  contour  G  of  §  116  was  subject  only  to  the  condition  of  enclosing 
t=\  and  t  =  z  witho)it  enclosing  <  =  —  1,  it  is  clear  that  we  can  choose  it  so 
as  to  lie  entirely  within  the  circle  of  centre  1  and  radius  2  in  the  <-plane, 
i.e.  to  be  such  that  the  inequality  1 1  —  i]  <  2  is  satisfied  for  all  points  t  on  C. 

Now  write  t—l  =  {z  —  l)u.  When  t  describes  the  contour  0,  the  point 
representing  the  variable  u  will  describe  a  contour  7  on  the  w-plane ;  since 
C  encloses  the  points  t  =  z  and  ^  =  1,  -y  will  enclose  the  points  m  =  1  and  u  =  0; 

2 
and  since  |1  -  ^1  <  2,  we  shall  have  \u\<  , —  for  all  points  u  on  7. 

Then  changing  the  variable  of  integration  from  t  to  u  in  the  integral 
which  represents  P„  {z),  we  have 

^"  ^^^  =  ^ii  ^'""  ^^'  ~  ^^  "^  +  -5"  ^'' "  ^^~"~'  '^'' 

2 
Since  ]m|  <  ; —  we  can  expand  this  in  the  form 

„    ,.        1     "    (  (z-\y      .„n(M-l)...  (?! -r-H)  .        ,,  „  ,  J 
Now  on  integrating  by  parts,  we  have  the  result 

[   W+"  (m  -  1  )-«-•  du=\      -«'•+''  ("~^^~"1  +  LtJ}:  [  yr+n-l  („  _  1  )-n  ^y^ 

Jy  \_y  n       j         n    Jy  ^ 

The  first  expression  on  the  right-hand  side  is  zero,  and  so  we  have 

[  «'■+"  (u  -  1)-"-'  du  =  ^^^  [  M'-+»-'  (u  -  1)-"-'  {u  -  1)  du 

J  y  "^        J  y 

=  ^-^  I  M'-+"  (m  - 1)-"-'  du  -  ^^±^  f  t/r+"->  (u  -  !)-»-'  du, 
n    Jy  n    Jy 

or 

I  W+»  (m  -  !)-«-'  du  =  ''-i^  [  «>■+"-•  (m  - 1)-"-'  du. 

Jy  r        Jy 
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Therefore 

Now  transform  the  integral  on  the  right-hand  side,  by  writing  u=   -  _  . 

The  integral  |    m"(m  —  l)~"~'aM  becomes  —      — r ,  where  the  integration 

has  now  to  be  taken  in  the  positive  sense  round  a  contour  B  enclosing  the 
points  v  =  0  and  v  =  cc  ,  but  not  enclosing  the  point  v=l.     This  integral  can 

be  replaced  by  +  I    r  ,  where  the  integration  has  to  be  taken  in  the 

positive  sense  round  a  contour  S'  enclosing  the  point  v=l,  but  not  enclosing 
the  points  v  =  0,  or  «  =  oo  (since  the  integrand  has  no  singularities  in  the 
region  between  the  contours  8  and  S').  The  contour  B'  can  now  be  diminished 
until  it  becomes  an  infinitesimal  circle  surrounding  the  point  v=l.     The 

value  of  the  integral  is  then  1"  I =• ,  where  the  integration  is  taken  round 

this  contour;  or  27ri,  since  the  many- valued  function  v"  has  been  taken 
to  have  the  meaning  1  at  the  point  v=l.     We  thus  have 


J-.  {  «'•+'»  (u  - 1)"-'  du  =  - 
2injy 


+  n    r  —1 +  n      I +n 
7"  ■     r-l     ■■■     1     ' 


and  on  substituting  this  in  the  expression  already  found   for   P,i  (z),   we 
obtain 

an  expansion  of  P„  (z)  as  a  series  of  powers  of  (^:  —  1). 

If  now,  as  in  §  14,  a  series  of  the  form 

a.b  _     a(a  +  l)6(6-H)^, 
^"^l.c^"^      1.2c(c+l)     ^"^•■• 

(a  hypergeometric  aeries)  be  denoted  by 

F{a,  h,  c,  z), 

then  the  expansion  can  be  written  in  the  form 

P„(^)  =  p(-n,  n  +  1,  1.  ^-). 

This  is  the  required  expression  for  P„  {z)  as  an  infinite  series.      It  is  valid 
at  all  points  z  within  the  circle  whose  equation  is  |1  —  «|  <  2. 
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Corollary.  Since  this  series  is  clearly  unaffected  when  n  is  changed  to 
—  w  —  1,  we  have 

P„(^)  =  P_„_,(z). 

Note.  When  n  is  a  positive  integer,  the  above  series  terminates  and  gives  the  expression 

1  —  2 

of  P„  (z)  as  a  polynomial  in  — ^  . 

119.     Laplace  s  integral-expression  for  P^  (z). 

We  shall  next  shew  that,  for  all  values  of  n  and  for  certain  values  of  z, 
the  Legendre  function  P„(^)  can  be  represented  by  the  integral  (called 
Laplace's  integral), 

{z  +  cos  (f>(z^-l)i]'' dip. 


-I' 


I 


When  n  is  not  an  integer  it  is  necessary  to  state  which  of  the  branches  of 
the  many-valued  function  in  the  integrand  is  to  be  taken :  we  shall  take 
that  branch  of  the  function  {z  +  cos  <f>(z'-—  1)*}"  which  reduces  to  unity  when 
taken  by  the  process  of  continuation  along  a  straight  path  to  the  point  z=l. 
It  will  appear  later  that  it  is  immaterial  which  branch  of  the  two-valued 
function  (z^—  1)*  is  taken. 

(A)     Proof  applicable  only  to  the  Legendre  polynomials. 

When  71  is  a  positive  integer,  the  result  can  easily  be  obtained  in  the 
following  way.     We  have 

i  h«Pn(z)  =  {l-2hz  +  h')-i. 


n=0 


But  (1  -  2hz  +  h^)-i  =  -  r 

"T  J  0 


d<f, 


U  {I  -  hz)  -  h{Z^-l)i  COS  <f>' 

as  is  seen  by  applying  the  ordinary  formula  for  the  integration  of 

d^ 


h 


a  +  b  cos  <f) ' 
Expanding  the  integrand  of  the  integral  in  ascending  powers  of  h,  we  have 

(1  -  2hz  +  ¥)-i  =  -   i  /i"  ("[z  +  cos  (/)  (z^  -  iy}"d(f>, 

T K=o        Jo 

and  on  equating  coefficients  of  /i"  on  the  two  sides  of  this  equation,  the 
required  result  is  obtained. 

As  however  the  theorem  is  true  whether  n  is  an  integer  or  not  (i.e.  as  it 
is  equally  true  for  the  Legendre  functions  and  the  Legendre  polynomials), 
it  is  necessary  to  have  a  general  proof  independent  of  the  character  of  n; 
this  will  now  be  given. 

(B)     General  proof. 

First,  we  shall  shew  that  Laplace's  integral  satisfies  Legendre's  equation. 
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For  if  we  write 

If  J  0 
we  have 


[chap.  X. 


= !!;  Tf^  4-  cos  ^  (2=  -  l)ij"-»  [n  sin'^  - 1  -  z  cos  (^  («"  -  l)-5}  d^. 
irJo 


But 


I '{^  +  cos  0 (^'  -  l)ij"-=  sin=^d^ 
Jo 

=  -      {2  +  cos  <^  (z'  -  !)*)"-='  sin  <^  cos  <^ 

-0  J 

+  f 'cos  <}>  ^  [sin  4>{z+  cos  (f>  (z'  -  l)*}"""]  dtj} 
Jo  'i'P 

=  I     {«  +  cos  </>  (^=  -  l)i]»-2  cos' ^  d^ 

-  (n  -  2)  I " {^  +  cos  <f)  (z^  -  l)ij»-=  cos  4>  (z-  -  1)*  sin'^d^ 

.'o 

=  ["{«  +  cos  ^  (z'  -  l)i}»-»d(^  -  (n  -  1)  r  {^  +  cos  (^  (z^  -  l)i}»-=  sin»<^rf<^ 
Jo  Jo 

+  (n-2)z  Tsin'^d^  {^  +  cos  <f)  (z'  - 1)*}""=. 
Jo 


Therefore 


n\    {2  +  cos<^(z'-l)*)"-=sin''<^d<^ 
Jo 

=  r  {^  +  cos  ^  (a''  -  l)ij''-2  rf^  +  (n  -  2)  ^  f  (^  +  cos  tf)  {z"-  - 1)*}"-'  sin'  ^df 
Jo  Jo 


Thus  we  have 


=  -  (w  -  2)  z  f "  {«  +  cos  (|)  (^»  -  l)i}"-'  sin=<^d</) 

TT  Jo 

_Viz{z^-  l)-i  r  {«  +  COS  </)  («'  -  1)*}"-^  COS  4>d4> 

TT  Jo 

=:-^z(z^-l)-ir  A  [U  +  COS  <i>  (z^  - 1)*}"-'  sin  <^]  defy 

TT  Jo  O© 

-0, 


119]  LEOENDRE  FtJNCTIOXS.  217 

which  shews  that  Laplace's  integral  satisfies  Legendre's  equation,  whatever 

71  and  z  may  be. 

1  —z 
Now  suppose  that  z  is  nearly  unity,  and  put  — ^—  =  u.    Then  the  integral 

it 

becomes 

1   f 

-Ml  -  111  +  cos  ^  (-  4m  +  vSfY  d<f>, 

"T  Jo 

which  for  small  values  of  u  can  be  expanded  in  the  form 

1  +  L  f  "d^  V  n(n-l)...in-r  +  l)       ^^  ^  ^^^  ^^  ^ 

This  is  a  series  of  powers  of  «*;  the  first  terms  (neglecting  u^)  are 

1  /■"  If" 

1  +  2{nu^  -  I   cos  <j)d())  —  2nu  —  I    {1  +  (n  —  1)  cos^<^}  d<f>, 

If  J  0  TT  Jo 

or  1  —  2n«  — ;; — , 

2 

or  1  —  »i  («  +  1)  M. 

It  is  clear  that  odd  powers  of  v^  can  arise  only  in  conjunction  with  odd 
powers  of  cos  ^  in  the  integrand,  and  so  here  vanish  when  integrated. 
Laplace's  integral  can  therefore,  when  u  is  small,  be  expanded  in  ascending 
powers  of  u  in  the  form 

1  —  ?i(n  +  l)w  +  a.^u'^  +  as^l^  +  a^u*  +  ... . 

But  the  coefficients  aa,  as, ...  can  be  found  by  substituting  this  expression 
in  Legendre's  equation,  and  equating  to  zero  the  coefficients  of  each  power 
of  M.     We  thus  find  that 

_         , ^  n  {n  -  1) ...  (n,  -  r-  +  1)  ■  (1  +  ?t)  ...  (?•  -  1  +  n)  (r  +  n) 
ar-{-l)  ^i:j-p  — , 

and  thus  Laplace's  integral  is  equal  to 

F(-n,  n  +  1,  1,  -y^). 

or  (§118)  to  P„(z). 

We  thus  have,  for  all  real  or  complex  values  of  n,  the  result 

P„  (z)  =  -  f " {^  +  cos  <j>  (z"-  -  l)il»  d<f>. 

T  Jo 

It  must  be  observed  that  as  the  power-series  F(—n,  n  +  l,  1,  — ^ — j 
was  used  in  the  proof,  this  proof  is  valid  only  for  values  of  z  which  satisfy 
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11—^1" 
the  inequality  - — „ — <  1.     As  however  PnU)  is  an  analytic  function  of  z, 

the  result  will  be  true  for  a  more  extended  region  including  this,  provided 
the  integral 

i  r{z  +  cos«f.(^=-l)i)"fi<^ 

is  an  analytic  function  of  z  within  this  more  extended  region:  since  if 
these  two  expressions  are  equal  for  any  region  however  small  in  which  they 
are  analytic  functions,  they  must  be  always  equal  so  long  as  they  remain, 
analytic  functions.     But  it  is  easily  seen  that  for  the  integral 


-  r[2  +  cos<^(^=-l)il"cZ<i, 

"T  Jo 


every  point  on  the  imaginary  axis  in  the  z-plane  is  a  singularity:    and 
therefore  the  region  in  the  z-plane  for  which  the  equality 


P„  {£)  =  -  f  {2  +  cos  <^  (z-  -  l)i}''  di, 

"T  J  0 


is  established  is  the  region  for  which  the  real  part  of  z  is  positive. 
Corollary.     Since 

we  have  for  all  values  of  w,  real  or  complex,  the  result 

P„  (z)  =  ~  ["{z  +  cos  (j}  (z^  -  l)i)-»-'  d6, 

so  long  as  the  real  part  of  z  is  positive. 

Example.     If 

1  " 

- — -7 z-ni\.=    2  bicosid,    and  «<1, 

shew  that 

,       2    .    ,     ,  Y'      h'x**'-^cb; 


(Binet.) 


120.     The  Mekler-Birichlet  definite  integral  for  P„  (z). 

Another  expression  for  the  Legendre  function  as  a  definite  integral  may 
be  obtained  in  the  following  way. 

For  all  values  of  n,  we  have  by  the  preceding  theorem 


\  (z)  =  -  ('{z  +  cos  0 (z' -  l)i]"d<l). 

T  Jo 


In  this  integral,  replace  the  variable  (^  by  a  new  variable  h,  defined  by 
the  equation 

h  =  z+(z'  — l)i  cos  ^ 
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SO  that 


and 

We  thus  have 

and  therefore 


dh  =  -(2'-l)ism<f)d<f>, 
i  (1  -  2hz  +  h^)i  =  (z^-  -  1)*  sin  ^. 
idh  _  , , 


,•   /■z+<J*-l)l 

Now  write  «  =  cos  6.     Thus 

P„  (cos  6)=]^  C,  ^i"  (1  -  2/i  cos  0  +  /(-O-i  dh. 
Writing  h  =  e'*,  this  becomes 

P„  (cos  6)  =  - j  _^  (2  cos^^^l^^^i  ' 


or 


3  /       fl^      2  r»      cos(ra  +  ^)  <^        , 

\  (cos  a)  =  -         r^-T 4 ^Bvil  "9 

^         '     TTJo  {2(cos  (/)-cos  ^)j' 


This  is  known  as  Mehler's  simplified  form  of  Dirichlet's  integral.     The 
result  is  valid  for  all  values  of  n. 

Example  1.     Prove  that,  when  n  is  a  positive  integer, 
B  irjs  {2(costf-cos(^)}i 


For  we  have 


Jo  a+b-{a  —  l 


-b)coaw     2o*6*' 

Put 

a  =  (l  +  A)2,     6  =  l-2%+A2, 

The  equation  becomes 


■ /•» (\_±h)di ^ 


(l-2Ay- 

Writing  ^=cos  0,  y  =  cos  5,  this  gives 
(1-2A cos 5  +  ^0-*  =  -  f''(l  +  *)sJn*(l-2Acos<^  +  /r)(l+cos<|))-4(cosfl-co8</))-lc^(^. 

Equating  coefficients  of  A"  on  both  sides,  we  have 

1    (-^         sin  (w  +  ^)(j>  sin  (^rf<^ 

2'°'^2' 


1   /■" 
i'„(cosfl)  =  -  \  ^        . 

"       siu|cos^{2(cose-co8</))}i 
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or 

2   T" 
P,(cosfl)--  I     {2(costf-co8<^)}-i8in(?i  +  J)0c£<^. 

Example  2.    Prove  that 

P„(C0S^)  =  -— .  I    .-75 57 ,  ,   ,  . ,  C?^, 

t 
the  integral  being  taken  along  a  closed  path  which  encloses  the  two  points  A  =  e*»*,  and  the 

conventional  meaning  being  assigned  to  the  radical. 

Hence  (or  otherwise)  prove  that,  if  6  lie  between  \it  and  ^jt, 

4       2.4...2n      I  cos {n6+<f)      1* cos(ji^  +  3</)) 

■f'«(cosfl)--g   5    _^2-_j_jj  I    (2sin(9)i    ■^2(2«+3)     (2sin^)}" 

i 1^3^  co3(«d  +  5(j))| 

■*■  2.4.(2«  +  3)(2n  +  5)  ^[2 sin fl)l " 

+ 

where  ^  denotes  \6  —  \ir. 

Shew  also  that  the  first  few  terms  of  the  series  give  an  approximate  value  of  /*„  (cos  6) 
for  all  values  of  6  between  0  and  n  which  are  not  nearly  eqiial  to  either  0  or  n.  And  explain 
how  this  theorem  may  be  used  to  approximate  to  the  roots  of  the  equation  P„  (cos  fl)  =  0. 

(Cambridge  Mathematical  Tripos,  Part  II,  1895.) 
121.     Expansion  of  Pn{z)  as  a  series  of  powers  of  -. 

We  now  proceed  to  find  an  expansion  of  the  Legendre  function  which  is 
valid  for  large  values  of  z. 

If  the  real  part  of  z  be  positive,  we  have  for  all  values  of  n  (from 
Laplace's  integral) 

P„  (z)  =  1  r  (^  +  (22  _  l)i  cos  </)}»  d<f). 
Now  suppose  that  |z|  is  very  large :  then  this  can  be  written  in  the  form 
Pn  (z)  =  J  j'  {l  +  (l  -  J)*cos  4>  |"d0. 

Expanding  the  integrand  in  ascending  powers  of  - ,  this  gives 

z 

=  'J£|(l+cos,^)»-'^(l+cos<^)«-+...|df 
We  can  evaluate 


/, 


(1  +  cos  (^)'' d^  and      cos<^(l  +  cos^)''~'d<^ 

0  JO 
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by  putting  <f>  =  2yjr  and  using  the  result 


* 


and  thus  we  find  that  P„  («)  can  be  expressed  by  a  series  of  powers  of  - ,  the 

first  two  terms  of  the  expansion  being  given  by  the  equation 

_2-z-r{n+i)\  n(n-\)  ) 

"  ^^  "  V;r  r  (n  +1)  r      (2n  -  1)  2^=  ^  •  •  -r 

The  general  law  of  the  coefficients  in  the  series  can  without  difficulty  be 
found  by  substituting  in  Legendre's  differential  equation  (§  114)  ;  and  in  this 
way  we  find  that  P„  (z)  can  be  expressed  by  the  hypergeometric  series 

2"z"r(n+i)      /1-n      _n      1_         l\ 
^"^^''-r(n  +  l).7ri"^  \    -1     '        2'     2      "'     W' 

in  the  notation  of  §  14. 

This  series  has  only  been  proved  to  hold  when  z  is  large  and  the  real  part 
of  z  is  positive :  but  by  §  14  it  converges,  and  so  represents  an  analytical 
function,  over  all  the  area  outside  the  circle  of  centre  0  and  radius  1.  The 
series  therefore  represents  P„  {z)  over  this  region. 

122.     The  Legendre  functions  of  the  second  kind. 

Hitherto  we  have  considered  only  one  solution  of  the  Legendre  diflt'erential 
equation,  namely  P„  (z).     We  can  now  proceed  to  find  a  second  solution. 

It  appears  from  §  114,  that  the  differential  equation 

is  satisfied  by  the  integral 

[{t"-l)"(t-z)-''-'dt, 


h 


taken  round  any  contour  such  that  the  integrand  resumes  its  initial  value 
after  making  the  circuit  of  it.  Let  D  be  a  figure-of-eight  contour  in  the 
<-plane,  enclosing  the  point  t  =  +\  in  one  loop  and  the  point  t  —  —  \  in  the 
other,  and  not  enclosing  the  point  t  =  z.  Then  after  describing  this  contour, 
the  above  integrand  clearly  resumes  its  initial  value,  since  it  acquires  the  factor 
e^"'"  after  describing  the  first  loop,  and  this  is  destroyed  by  the  factor  g"'"''" 
acquired  during  the  description  of  the  second  loop.  D  is  therefore  a  possible 
contour. 
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A  solution  of  Legendre's  equation  is  therefore  furnished  by  the  function 
Qn  {z),  if  Qn  (z)  he  defined  by  the  equation 

4i  sin  mr .'  J}  2"  ^         '  ^        '  ' 

it  is  supposed  that,  in  describing  B,  the  point  t  makes  a  positive,  i.e.  counter- 
clockwise, turn  round  the  point  t  =  -l,  and  tlien  a  negative,  i.e.  clockwise, 
turn  round  the  point  <  =  +  1.  The  significance  of  the  many-valued  functions 
(t^  —  1)"  and  {t  —  z)-"-^  will  be  supposed  to  be  fixed  in  the  same  way  as 
before. 

Another  form  of  the  integral  may  be  obtained  in  the  following  way. 

Let  the  contour  become  so  attenuated  as  to  consist  simply  of  a  line 
joining  the  points  —  1  and  -)- 1,  described  twice,  and  two  small  circles  round 
the  points  -  1  and  +  1 :  when  the  real  part  of  (?i  -|- 1)  is  positive,  the  parts 
of  the  integral  arising  from  these  two  loops  are  at  once  seen  to  be  infinitesi- 
mal; and  thus  we  have 


so 


j    (<»  -  1)"  {t  -  z)-"-'  dt  =  (e"-"'  -  e-""')  X  f    (1  -  i=)"  (t  -  z)-"-' 
=  2i  sin  TJTT  I     ( 1  - «')"  (t  -  z)-^-'  dt, 
Qn(^)  =  :^,fa-  tT  (^  - 1)-'^-'  dt. 


dt 


This  last  result  is  valid  when  the  real  part  of  (n  +  1)  is  positive.  When  n 
is  a  positive  integer,  the  original  definition  of  Qn(z)  becomes  undeterminate: 
in  this  case  we  can  use  the  formulae  just  found. 

Qn(z)  is  called  the  Leg  endre  function  of  the  second  kind  and  of  order  n. 

123.     Eoepansion  of  Qn  (z)  as  a  power  series. 

We  now  proceed  to  express  the  Legendre  function  of  the  second  kind  as 

.      .     1 
a  power-series  in  - . 

We  have,  when  the  real  part  of  (n  -f  1)  is  positive, 

Qn  (z)  =  2^/ Ji  -  tr  (^  -  <)-"-'  dt. 

Suppose  that  |  ^  |  >  1.     Then  the  integral  can  be  expanded  in  the  form 


-5-^/:.(' -)■  1^- J.  er^'^n?^"^- 


dt 


.^n+.  |_j_/i     i)  rf«+  -^  2s\  z^  j-/^     ^■>  * 


2n+i^n+i 


dt 
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as  is  seen  on  writing  r  for  2s,  since  the  integrals  arising  from  odd  values  of  r 
obviously  vanish. 

Writing  t^  =  u,  we  can  evaluate  the  coefficients  of  powers  of  -  as  follows : 

z 

I     ( 1  - <=)" fdt=\   {I- uY u'-idu 
J  -1  Jo 

^r(n  +  i)r(s  +  |) 

r(«+s+f) '  ' 

and  thus  the  formula  for  Q„  (z)  becomes 

0  /^x-  ^^   r(n  +  l)     1     pfn+1      n+2  3      1\ 

"^"V^-'     2»+' r  (?z  +  f ) «"+'      V    2     '       2     '       ^2'    W' 

This  is  the  expansion  of  the  Legendre  function  of  the  second  kind  as  a 

power-series  in  - ,  corresponding  to  the  expansion' obtained  for  P„  (z)  in  §  121. 

z 

The  proof  given  above  applies  only  when  the  real  part  of  (»i  +  1 )  is  positive ; 
but  a  similar  process  can  be  applied  to  the  integral 


4i  sm  ntrj  d^ 


dt. 


I 


the  coefficients  being  evaluated  in  the  same  way  as  those  which  occurred  in 

1  —z 
the  expansion  of  the  Legendre  function  P„  (z)  in  ascending  powers  of     „     ; 

the  same  result  is  reached,  which  shews  that  the  formula 

TTJ   r(n-H)    1     „(n+l     n  +  2  3      1 

y»W-2«+.r(„  +  |)^«+.-^(,    2     '   '2     '    '^■^2'   z^ 

is  true  for  all  values  of  n,  real  or  complex,  and  for  all  values  of  z  represented 
by  points  outside  the  circle  of  centre  0  and  radius  unity. 

Example  1.     Shew  that,  when  n  is  a  positive  integer, 

We  can  write  Legendi-e's  diflFerential  equation  in  the  form 
,,      „.  dhi    „  du        , 

It  is  easily  verified  that  this  equation  can  be  derived  from  the  equation 
a-^2)g  +  2(»-l)^g+2«:.=0, 

by  differentiating  n  times  and  writing  u  —  -j^  . 
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Now  one  solution  of  the  latter  equation  is  x={z^-  1)"  ;  and  a  second  solution  can  be 
derived  by  the  ordinary  process  for  finding  a  second  solution  of  a  linear  differential 
equation  of  the  second  order,  of  which  one  solution  is  known.  Thus  two  independent 
solutions  of  this  equation  are  found  to  be 

(j2-l)»  and  (s^-l)"  i    {v^-iy'-^dv. 

It  follows  that 

is  a  solution  of  Legendre's  equation.     As  this  expression,  when  expanded  in  ascending 

powers  of  - ,  commences  with  a  term  in  ?~""',  it  must  be  a  constant  multiple  of  Q^  {z) ;  and 

on  comparing  the  coefficient  of  j-"-!  in  this  expression  with  the  coefficient  of  z"""!  in  the 
expansion  of  Q^  {z),  as  found  above,  we  obtain  the  required  result. 

Example  2.  Shew  that,  when  w  is  a  positive  integer,  the  Legendre  function  of  the 
second  kind  can  be  expressed  by  the  formula 

(?„(i)  =  2''«!  J   I    I    -[    (1^2 -!)-"-» (rfr)»  +  i. 

For  on  expanding  the  integrand  {v^—  1)"""'  in  ascending  powers  of  -,  the  right-hand 
side  of  the  equation  takes  the  form 

and  on  performing  the  integrations  this  becomes 

«! r  J_      (n  +  l)(n+2)  J_  ] 

(2re  +  l)(2ra-l)...,3.1   (i''  +  i"^     2  (2»i  +  3)     2»  +  3  +  — J> 
or§n(«)- 

Example  3.     Shew  that,  when  «  is  a  positive  integer, 

*?»(')=  ^    /u''„'"'/M(-^)''"'f""'('''-^)""-'^^- 
(-0  tun  —  t)i  J I 

This  result  can  be  obtained  by  applying  the  general  integration-theorem 

/«    /•«  ^«)  r<t,  ,         (_,-\n-t       /•" 

to  the  preceding  result. 

124.     The  recurrence-formulae  for  the  Legendre  function  of  the  second 
kind. 

The  functions  P„(^)  and  Qn(-z)  have  been  defined  by  integrals  of  pre- 
cisely the  same  form,  namely 


l(f-iy{t-2)-«-'dt. 


It  follows  therefore  that  the  general  proof  of  the  recurrence-formulae  for 
Pni^),  given  in  §  117,  is  equally  applicable  to  the  function  Qn(^);  and  hence 
that  the  Legendre  function  of  the  second  kind  satisfies  the  recurrence-formulae 
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nQr,  {z)-{<ln-\)  zQ„_, {z)  +  (n-l)  Q„_,  (z)  =  0, 

az  dz 

%i^^  -  %^  =  (2r.  +  1)  Q„  (^), 

(^=  - 1)  ^^^  =  nzQ^  {z)  -  nQ,^,  (z). 

125.     Laplace's  integral  for  the  Legendre  function  of  the  second  kind. 
Consider  the  expression 

2/  =  f   {z  +  cosh  0  (z^  -  l)*}-"-'  dO, 
Jo 

in  which  z  is  supposed  not  to  be  a  real  negative  number  between  —  1  and 
—  CO,  and  the  real  part  of  (w  +  1)  is  supposed  to  be  positive;  under  these 
conditions  the  integral  certainly  exists. 

If  now  we  form  the  quantity 

(which  occurs  in  Legendre's  differential  equation),  we  find  for  it  the  value 

-{n+iy(   {z+  {z-  -  l)i  cosh  ^j.-»-»  sinh^  Odd 

Jo 

+  (n+l)  I    {z  +  (z^ -  l)i  cosh  0}-"-' d6 
Jo 

+  {n+l)z  (2-  -  l)-i  [    {z+  {z^  -  l)i  cosh  6]-"-^  cosh  Ode. 
Jo 

This  expression  can  be  transformed,  by  integration  by  parts,  in  exactly  the 
same  manner  as  the  corresponding  expression  found  in  the  discussion  of 
Laplace's  integral  for  P„  {z),  in  §  119 ;  and  thus  it  is  found  to  be  zero.  The 
quantity  y  therefore  satisfies  Legendre's  equation. 

In  order  to  compare  y  with  the  solutions  P„  {z)  and  Q„  {z)  which  have 
already  been  found,  we  suppose  that  |  ^^  |  is  large,  and  write  y  in  the  form 

^--'  f  {i  +  cosh  e{i~^„_  +  .  ••)}"""'  de, 

W.  A.  15 
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which  when  . 

expanded  as  a  power-series  becomes 


«o     ..^  +  ^+^  + (1), 

where 


^,.T.      ^.-  -      £r"+i>      «" 


Jo 


=J 


=  2S+r^  («  +  1.  ^. ,  ^_  ^^1^^^.^  5  ig  the  Eule.'!^^^ 

integral  of  the  first  1 
^  7rt   r(?t+l)  -^         * 

2"+'  r  («  +  f )  • 

Now  any  expression  of  the  form  (1)  which  satisfies  Et-,.  ,    ,    ,.-.   ^ntial 

.  effendre  s  cliiieT 

equation  must  be  a  multiple  of  Qn(z)  (since,  by  substitutii   °     ,  ;0n  m 

the  differential  equation,  we  can  determine  the  coefficients  a^^  ^  iquely 

in  terms  of  a,,,  which  shews  that  all  expressions  of  the  kinc   '  "   "'"    .)les  of 

any  one  of  them);  and  as  the  value  found  for  a^  is  equal  to  )     ,  «.ient  of 

xi.    ■  -x-  1  i.         •    iu  •        tn  /  \        u  +the  coeffi 

the  mitial  term  in  the  expansion  of  y„  {z),  we  have 

2/  =  Qn  (^)- 
Thus  we  have  the  result  , 


Qn  (^)  =  f    {Z  +  (Z'-I)i  cosh  ^}-»-  d0, 

Jo 


which  may  be  regarded  as  the  analogue  of  the  Laplace's  intej  already 

found  (§119)  for  P„(ir).  ^ 

The  theorem  is  valid  only  when  the  real  part  of  (n  + 1)  is  pos  ''i^e ;  and 
the  proof  has  assumed  that  | « |  >  1 ;  but  the  equivalence  of  Q„  (i  ')  and  the 
integral,  having  been  proved  to  subsist  for  this  range  of  values  o  f  ■^.  must 
continue  to  subsist  for  all  values  of  z,  continuous  with  this  range,  i  'or  which 
the  integral  continues  to  represent  an  analytic  function  of  z;  and  hi,  °nce  the 
theorem  holds  for  all  values  of  z  except  those  which  are  real  and  h  -ss  than 

—  1,  which  are  singularities  of  the  integral. 

126.     Relation  between  Pn  {z)  and  Qn  (z),  when  n  is  integral. 

When  71  is  a  positive  integer,  and  z  is  not  a  real  number  between     1  and 

—  1,  the  functions  Qn{z)  and  P„(^)  are  connected  by  the  relation 

.u 

n' 


«.W  =  i/>.(s,)^, 


which  we  shall  now  establish. 
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When  [z\>l,  we  have 

Now  if  (71  +  k)  is  an  odd  integer,  we  have 

r  P„  (y)  yHy  =  f 'p„  {y)  yHy  -  [  P^  (y)  fdy  =  0. 

J  -\  Jo  Jo 

If  n  is  less  than  A:,  and  (?i  +  k)  is  an  even  integer,  we  have 
If  PAy)fj'dy=l'l\{y)fdy 

^  .  - 1  .0 

1      n       d" 
(by  Rodrigues'  theorem)  =  g^r^,  J^  f  ^  .,  (f  -Ifdy 

(integrating  by  parts)       =  ^J^^,  k {k -l)...(k-n  +l)j^  f- (1  -  f)^ dy 

=  2^,^(^-l)('^-2)...(A:-n  +  l)£(^::^J+A,    n  +  \) 
k{k-l){k-'2.)...{k-n  +  l) 


{k  +  n+l){k  +  n-\)  ...{k-n+\y 

If  on  the  other  hand  k  is  less  than  n,  and  {n  +  ^)  is  an  even  integer,  the 
same  process  shews  that  the  integral  vanishes. 

Therefore 

1  /•!  dy_  ^  „  k{k-\)...{k-n-\-\) 1_ 

IP  2}  .f''^'''z-y         {k  +  n  +  \){k  +  n-\)...(k-n+l)!^^' 

where  the  summation  is  taken  for  the  values  ^•  =  w,  ?i  +  2,  W  +  4,  n  +  6,  . . .  oo  . 
But  this  expansion,  by  §  123,  represents  Qn{z)-  The  theorem  is  thus 
established  for  the  case  in  which  [^|  >  ].     Since  each  side  of  the  equation 

represents  an  analytic  function  even  when  |  ^  |  is  not  greater  than  unity, 
provided  z  is  not  a  real  number  between  —  1  and  + 1,  it  follows  that,  with 
this  exception,  the  result  is  true  universally. 

Example.    Shew  that  (?„  (z),  where  n  is  a  positive  integer,  is  the  coefficient  of  /i"  in  the 

expansion  of  (1  -  S/w  +  Ii^)  -  i  cosh  - '  \  — \ . 

For 

»=o  «=o  2  ;  _,     z-y 

_1  /■!    (l-2hy+lfi)-^dy 
~2J-i  [z-y) 

=  (1  - ^zh  +/i2)"* cosh-1  [~''~'  X. 

15—2 
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127.     Development   of   the  function   {t  — «)"'   as   a   senes    of  Legendre 
polynomials  in  x. 

We  shall  now  obtain  an  expansion   which   will  serve   as  the  basis   of 
a  general  class  of  expansions  involving  Legendre  functions. 

We  have,  by  the  recurrence-formulae, 

(2re  + 1 )  a;P„  (a;)  -  (re  +  1 )  P„+i  {x)  -  nPn-i  (x)  =  0, 

(2n  + 1)  zPn  (z)  -  (n  +  1)  P„+,  (z)  -  nPn-,  (z)  =  0. 

Multiply  the  first  of  these  equations  by  Pn(z),   the   second  by  Pn{x), 
and  subtract:  we  thus  obtain 

(2n  +  \){z-x)Pn{z)Pnix) 

=  (n  +  1)  {P„+,  {z)  P„  {x)  -  P„  {z)  P„+,  {x)] 

-n{Pn(z)Pn-Ax)-Pn{x)Pn^dz)]. 

Write  n  =  0,  1,  2,  S, ...  n  successively,  and  add  the  resulting  equations. 
This  gives 

{Po  (x)  P„  {z)  +  SP,  (.r)  P.  (^)  +  . . .  +  (2n  +  1)  P„  (x)  P„  (z)}  {z  -  x) 

=  (n  +  1)  {P„+,  {z)  P„  {x)  -  P„+,  (x)  P„  (z)]. 

Divide    throughout   by  (z  —  x)  (z  —  t),    and    integrate    from    z  =  —  1    to 

z  =  +  l. 

Thus 

»  r+i  P  (z^ 

S       (2r+l)P,(^)^'^d^ 
oJ-i  z-t 

^r,iz-x]{z-t)  f^"+'  ^'^  ^"  ^''^  ~  ^"+^  ^''^  ^"  ^'^^  ^' 

\^\  J^  !Pn+,  {Z)  P„  (*)  -  P„+,  {X)  P„  (0))  dz 

{P„+,  (z)  P„  (a;)  -  P„H..  {x)  P„  C^)}  d^ 


(by  partial  fractions)     = 


.'  _x  z  —  X 
+1^+1 

Now  by  the  result  of  the  last  article,  the  left-hand  side  of  this  equation 
can  be  written 

-2l(2r-t-l)P,(«)Q,(0. 

0 

In  the  first  integral  on  the  right-hand  side,  replace  the  integrand  by  its 

n 

value  2(2?*  +  \)Pr{x)  Pr(z),  and  integrate  :  only  the  first  term  survives,  since 
0  • 

r'Pr(z)dz=0, 

when  r  is  an  integer  greater  than  zero ;  so  the  integral  has  the  value  2. 
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We  thus  have 
i{2r+l)Pr{x)Qr(t)-- 


^      +'^  {i'n  (^)  Qn+r  (0  -P„+i  (^)  Qn  (*)}• 


t  —  X        t  —  X 


This  equation  is  valid  for  all  values  of  n.  Let  us  now  see  if  x  and  t  can 
be  so  chosen  as  to  make  the  last  part  of  the  right-hand  side  tend  to  zero  as 
n  tends  to  infinity.  We  have,  from  Laplace's  formulae  for  the  functions 
P„  and  Qn, 

P.  (X)  Q„..  it)  -  iv.  (.)  Q.  it) = I  /;/;  ^i^^^ff  ^  d^d^. 

where  A  denotes  a  quantity  which  is  finite  and  independent  of  «. 

It  is  clear  that  this  double-integral  tends  to  zero  only  when,  for  all  values 

of  0  between  zero  and  ir,  and  all  values  of  i^  between  zero  and  infinity, 

the  inequality 

a;  +  (a;=  — l)lcos(^ 


is  satisfied. 
Writing 
the  inequality  becomes 


i-f(<--l)icosh'\|f 


<1 


1  [       "I 

2  V        M, 


.    1  ('     1 

*  =  2    ^  +  .- 


\ 


1 

U+-  + 

u 


U Icosrf)    <     i;-| \-\V I  cosh  lie 

uj        ^       \        V      \       vj  ' 


The  left-hand  side  of  this  relation  has  its  maximum  value  when  cos  </>  =  !, 
the  value  being  2\u\. 

The  right-hand  side  similarly  has  a  minimum  value  equal  to  2\vl. 

The  condition  thus  becomes 

\u\<\v\ 

or  \x+iaf'-l)'>\<\t  +  if-l)i\. 

This  inequality  shews  that  the  point  x  must  be  in  the  interior  of  an  ellipse, 
which  passes  through  the  point  t,  and  which  has  the  points  4-1,  —1  for  its  foci : 
for  if  a  be  the  major  axis  of  this  ellipse,  then 

t  =  a  cos  0  +  i  ia^  -  1)*  sin  0, 

where  0  is  the  eccentric  angle  of  t  in  the  ellipse ;  and  thus 

(<-'  -  l)i  =  (ft2  _  i)i  cos  0  +  ia  sin  0, 

and  t  +  iP-l)i={a  +  ia^-l )*)  e'«, 

so  that  \t  +  it'-l)i\  =  a  +  ia^-l)K 

and  hence  the  above  inequality  shews  that  the  semi-axis  of  the  ellipse  which 
passes  through  x  is  less  than  the  semi-axis  of  the  ellipse  which  passes  through 
t,  i.e.  that  x  is  within  the  ellipse  which  passes  through  t. 
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Hence  if  the  point  x  is  in  the  interior  of  the  ellipse  which  passes  through  the 
point  t  and  has  the  points  +1,  —  1,  for  its  foci,  then  the  expansion 


is  valid. 


-\=  i  (2n  +  l)P„(^)(3„(0 
i  —  x      „=o 


128.  .Neumann's  theorem  on  the  expansion  of  an  arbitrary  function  in 
a  series  of  Legendre  polynomials. 

We  proceed  now  to  discuss  the  expansion  of  any  arbitrarily  given  function 
in  terms  of  the  polynomials  of  Legendre.  The  expansion  is  of  special  interest, 
inasmuch  as  it  represents  the  case  which  stands  next  in  simplicity  to  Taylor's 
series,  among  expansions  in  series  of  polynomials. 

Let  f{z)  be  any  function,  which  is  regular  at  all  points  in  the  interior  of 
an  ellipse  C,  whose  foci  are  at  the  points  z  =  —  \  and  z  =  +  \.  We  shall 
shew  that  it  is  possible  to  expand  f{z)  in  a  series  of  the  form 

aoP„  {z)  +  OiPi  {z)  +  a,P,  (s)  +  ttsPa  («)+... , 

where  ao,  a,,  a^...  are  independent  of  z :  and  that  this  expansion  is  valid  for 
all  points  z  in  the  interior  of  the  ellipse  C. 

For  let  ^  =  i  be  any  point  on  the  circumference  of  the  ellipse. 

Then  we  have 

/<^) = ^ijfi^t' = ^il/('^  *  i(2« + 1)  ^»  (^) «» (0. 


or  /(^)=  S  anPn(z), 

2yi  + 1  /" 
where  """^"2^1  /(*)^"(*)^*- 

This  is  the  required  expansion.  * 

Another  form  for  a„  can  be  obtained  in  the  following  way. 

We  have 

2n+l  r+i 


2n  +  1  /• 
'^"=    2ni 


-j*Jiy)Pn{y)dy. 


2 
The  latter  is  the  mor.e  usual  form  for  a„. 
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Example  1.    Shew  that  the  semi-axes  of  the  ellipse,  within  which  the  series 

converges,  are 

l(p+l)and|(p-J), 

where  p  is  the  radius  of  convergence  of  the  series 
Example  2.    If 

.=p-ziy,and^==!^-;;?'ti) 

\y+\J  '  {x+l){y-\y 

prove  that 

y  a  {(1  -  2*)  ( 1  -  iV)}*  n=0 

129.     TAe  associated  functions  P,,"*  (2')  and  Q,,"*  (z). 

We  shall  now  introduce  a  more  extended  class  of  Legendre  functions. 

If  m  be  any  positive  integer,  the  quantities 

will  be  called  the  associated  Legendre  functions  of  the  nth  degree  and  rath 
order,  and  will  be  denoted  by  Pn*"  {z)  and  QrJ^  (z)  respectively. 

We   shall   first   shew  that   the   associated  Legendre  functions  satisfy  a 
differential  equation  analogous  to  the  Legendre  differential  equation. 

For  let  the  Legendre  differential  equation 

d™y 
be  differentiated  m  times,  and  let  v  be  written  for    ~- . 

dz^ 

We  thus  have  for  v  the  equation 

d'v  dv 

(1  -  z^)-^^-2z{m-\-l)  -r  +  {n-  m){n  +  m  +  \)v  =  0. 

m 

Write  w  =  I)  (1-0^)2; 

the  equation  becomes 

(1  -  ^')  :7;i  -  2^  ^tt  +  ^  («  + 1)  -  1-^T.r  ^^  =  0- 


dz'^      ""  dz^X"^"^^'      \-z. 
This  is  the  differential  equation  satisfied  by  the  functions 

PrTiz)  and  Q„™(4 
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Several  expressions  for  the  associated  Legendre  functions  can  be  obtained 
easily  from  the  above  definitions. 

Thus  from  Schlafli's  formula,  we  have 

m 

where  C  is  a  simple  contour  enclosing  the  points  t  =  l  and  t  =  z,  but  not 
enclosing  the  point  t  =  —  1. 

From   this   result,    or    from   Rodrigues'   formula,    we   have,  when  n   is 

a  positive  integer, 

-     1     d"''"'"(^'  — 1)" 
P„'»(^)  =  (1  -  z»)»  2^^        ^^^^^        . 

130.     Tlie  definite  integrals  of  the  associated  Legendre  functions. 

The  theorems  already  given  in  §  115,  relating  to  the  definite  integrals  of 
the  Legendre  functions,  can  be  generalised  so  as  to  be  stated  in  the  following 
form  :   When  m  and  n  are  positive  integers, 

r+l 
J     P,r  {z)  Pr  {z)  dz  =  0,  when  r  J  n, 

and  r{Pn'»(.)N.  =  ,^^+^. 

To  establish  these  results,  we  use  the  identity 

which  gives 

L     r  in-^.m)\ 

2»»(n!)»i_i(n-TO)r       '' 

(mtegmtmg  by  part,)    -  ^^.^  L-^;  J  __{^^.(»'- 1)"}  * 

2       (n  +  m)] 
^  2n+  i(n-  m)l ' 
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We  can  prove  in  the  same  way  the  other  result  stated,  namely  that 
I     P,,"*  (z)  P/"  (z)  dz  =  0,  when  r  =j=  n. 

For  this  integral  in  the  same  manner  reduces  to  a  multiple  of 

^^  P„{z)Fr{z)dz, 
which  is  zero  when  n  and  r  are  different. 

131.     Expression  of  P^"'{z)  as  a  definite  integral  of  Laplace's  type. 

The  associated  Legendre  functions  can  be  expressed  by  means  of  definite 
integrals  of  the  same  type  as  those  found  in  §  119  and  §  125,  as  will  appear 
from  the  following  investigation. 

We  have 

1    {z  +  cos  ^  {z-  -  l)i)«-"'  sin^'"'  </>rf(/) 

Jo 

=  -  n^  +  cos  (f,  {z^  -  l)i}"-™  sin-'"->  (^  cos  ^ 

C"  d 

+     cos<f>j-j-  [sin^™-!  4>[z  +  cos  6  (z^  -  l)*)"-"]  d<h 
Jo  acp 

=  (2m  -  1)  ["cos"  ^  sin»"'-=  4){z+  cos  ^  {z"  -  l)i}™-«  d<l) 

Jo 

-  (n  -  m)  \[z  +  cos  4>  (z-  -  l)!)"-'"-!  cos  <f>  (z^  -  l)i  sin=«  <f)d6 

Jo 

=  (2m  - 1)  f ''sin""-^  (t>{z  +  cos  cf)  {z"-  -  l)i}"-'"  d<j> 
Jo 

-  {2m  -l)\    sin™'  <f>[z  +  cos  d>(z--l  )i\n-'n  dd, 

Jo 

-(n-m)  j    [z  +  cos  0  {z-  -  l)ij''-'»  sin""*  ^d^ 
Jo 

+  (n  -m)z  j    {z  +  cos  4>  (z-  -  1  )*}»-"'-■  sin-'"  <f>d^. 
Jo 

We  thus  have 

{n  +  7n)l  [z  +  cos  <j)  (z^  -  l)*}"-"  sin«"  c^ci^ 
Jo 

=  (2m  -1)1  sin"''-^  (^  {z  +  cos  4>  {f  -  l)i}»-"'  d^ 
Jo 

-  rT^-jTJ  I    (2  +  cos  (^  {i-  -  l)*]"-™  sin»»-i  0 
yz  —  Vf  [_o 

z        f" 
■  -^ — yrr     {z  +  COS  (^  («=  - l)ij''-^(2m  -1)  sin""-^^  cos  0cZ<^, 


+  ■ 


''      2m 
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F^  /'{^  +  COS  4>  {z^  -  l)*}"-'"  sin^™  <^d^ 

=  r sia'^-^  ^{z  + cos  (j> {z"- -  l)i}'^"' {1  +  z  (z^-l)-i  cos  <f>Vdd> 
Jo 

1  d   f" 

= ^  T-      {z  +  cos(f>  (z^-  -  l)i}''-'n+>  sin™-2  d)cZ(i. 

n  —  m  +  la«Jo  ^^ 

Thus  if  we  write 

Tm  =  r{2  +  cos  ^  (2^  -  1  )*]"-'»  sin^»  (^eZ(^, 
Jo 


we  have  /„ 


and  therefore 


(?i  +  m)(n— «i+ 1)    dz     ' 

(2ni-l)(2/?i-3)...l  d"/, 


(n  +  m)(m  +  m— 1)  ...  (ji-JJi  +  1)  d^""  ' 

But  7o  =  I "{«  +  cos  (^  (2^  -  1  )*}"  d^  =  7rP„  (2), 

Jo 

when  the  real  part  of  z  is  positive. 

™        .            J.               (2m-l)(2m-3)...1.7r  (^"  d  .  k 

1  herefore      7™  =  ;^ ^-^-, — tt — —, rr  t —  Pni^) 

(2^-1) (2^ -3)      1..  ._  ,.)-f  p^.(,), 

(M  +  m)(n  +  m-l)  ...  (7i-?>H-l)^    ■       -^         »   v  /» 

or       Pn- (.)  =  ^" -""^  ^"  tu."  '^V;  ^'7  "  ^  ^\l  - ^')^ 
(2to  — l)(2m  — 3)  ...  1 .  TT 


X  /"'{^  +  cos  0  (2=  -  l)i)«-™  sin^™  (/);d<^. 


This  result  expresses  Pr^{z)  as  a  definite  integral  of  Laplace's  type,  valid 
for  all  values  of  n  when  the  real  part  of  z  is  positive. 

132.      Alternative  expression  of  Pn™  (z)  as  a  definite  integral  of  Laplace's 
type. 

The  formula  last  found  can  be  replaced  by  another  result,  found  in  the 
following  way. 

If  in  Jacobi's  well-known  theorem* 

jj  (cos  </,)  cos  m<},d<l>  =  1    3    5    '^(2m-l)  C"^  ""'  ^*'°'  *^  ^'"'"  '^^'^' 
we  take  /(cos  (j>)  =  {z  +  {z'' -  l)i  cos  ^j", 

*  Crelle's  Journal,  xv. 
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SO  that 

m 

/<"'»  (cos  <f))  =  n(n-l)...{n-m  +  l)(2--  l)'^  {z+(2^  -  l)i  cos  ^}"~", 


we  obtain 

I    [z  +  (z^— l)^  cos  <f)]" cos m(f)d(f> 
Jo 


I 


n(n-l)  ...  (n-m+1)       _    ,f 
1.3.5...(2m-l)       '^  ' 

X  r  {z+  (2'  -  1)*  cos  (^}"-"'  sin"^  (f)d(j> 
Jo 

m 


{n  +  m)(w  +?«k—  1)  ...  («  +  1) 
Therefore 

(n  +  m)  {n-\-m  —  \)  ...  (n  +  1)  ^_  ^ , f 


I    {ir  +  (2"  —  l)icos  </)]"cos  m<^cZ(^. 


X 


.   0 

This  formula  is  valid  for  all  values  of  n,  and  for  all  values  of  z  whose- real 
part  is  positive ;  m  being  a  positive  integer. 

»133.     Thefunetim  Cn"  (2). 
A  function  connected  with  the  associated  Legendre  functions  P„'^  (z)  is  the  function 
Cn"  (2),  which  for  integral  vaUies  of  v  is  defined  to  be  the  coefficient  of  A"  in  the  expansion, 
in  ascending  powers  of  h,  of  the  quantity 

P  (l-2A2  +  /t2)-''. 

It  is  easily  seen  that  €„"  (z)  satisfies  the  differential  equation 


d?"^  z^-i  dz    z^-\  y 


For  all  values  of  11  and  v,  it  may  be  shewn  that  €'„"  (z)  can  be  defined  by  a  contour- 
integral  of  the  form 

Constant  x  (1  -  z^)^ " "  [    ^\~^^\  ^.     dt. 
When  n  is  integral,  we  have 

(-2)">'(l/+l)...(l/+7»-l) 


<^«"W  = 


n\  (27i  +  2v-l)(2re-|-2i'-2),..(»j  +  2i') 


dz'* 
which  corresponds  to  Rodrigues'  formula  for  P„  {z) ;  in  fact,  since 

Rodrigues'  formula  is  a  particular  case  of  this  formula. 
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When  r  is  an  integer,  we  have 

^r+i  ,  . 1 (P'  ,,   .  . 

«^„_rW-.2r-l)(2r-3)...3.1rf^'-    ''^^^' 
whence  we  have 


<'n-rW-(2r-l)(2r-3)...3.r"  ^^^• 


(2r-l)(2r-3). 

The  last  equation  gives  the  connexion  between  the  functions  C^"  {z)  and  P/  (z). 

This  function  C^  (■')  has  the  following  further  properties,  analogous  to  the  recurrence- 
formulae, 

^-^)=2.c:t;(.), 

«c„'  (^)=(»  - 1 +2.)  2  t;_j  (2)-2.  (1  -  z-^)  c;;^^  (z). 

Miscellaneous  Examples. 

1.  Shew  that  when  n  is  a  positive  integer, 

/  _  1 1"  /fn 

^  '        nl     dz"^  ' 

where  v?'  is  to  be  replaced  by  (1  -j^)  after  the  differentiation  has  been  performed. 

2.  Prove  that  when  «  is  a  positive  integer, 

^"(-)=!(>/-p)fp/;;2l''-»«^--)^+(-^)"(^+-^''^- 

(Cambridge  Mathematical  Tripos,  Part  I,  1898.) 

3.  Shew  that 

(Catalan.) 

4.  Prove  that 

J  -I  dz     dz 

is  zero  unless  m-  w=  +1,  and  determine  its  value  in  these  cases. 

(Cambridge  Mathematical  Tripos,  Part  1,  1896.) 

5.  Shew  (by  induction  or  otherwise)  that  when  »i  is  a  positive  integer, 

(2ra+l)rP„«(j)cfe=l-0/'„2-2^(/',2+P22+...4.p2„_,)+2(PiP2+A^3+-+'P»-A)- 

(Cambridge  Mathematical  Tripos,  Part  I,  1899.) 

6.  Shew  that,  if  k  is  an  odd  numljer, 

j^  =  2a„  P„  {z), 

(1-22A+A2)2 
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where 

''~il-h^y-^1.3.5...{k-2)\      dx^dff)  y  ' 

where  x  and  y  are  to  be  replaced  by  unity  after  the  differentiations  have  been  iierformed. 

(Routh.) 

7.  If 

(A'-3A«+l)-*=  1  if„(i)/i», 

n-O 

shew  that 

2(ra  +  l)^„+,-3(2»i+l)/f„  +  (2n-l)i?„.2=0 
and 

and 

4  (423- 1)  /J„"'  +  9622^„"-2  (12?i2  +  24n  -  91)  R„'  -  « (2»  +  3)  (2w  +  9)  iS„  =  0, 
where 

^„"'  =  -^  ,  etc.  (Pincherle.) 

8.  If  m  and  n  be  positive  integers,  and  m  ^n,  shew  that 


where 


^^=  -■ — '- — '-^, .  (Adams.) 


9.  Shew  that  P„  (i)  can  be  expressed  as  a  determinant  in  which  all  elements  parallel 
to  the  auxiliary  diagonal  are  equal  (i.e.  all  elements  are  equal  for  which  the  sum  of  the 
row-index  and  column-index  is  the  same)  ;  the  determinant  containing  {2n-  1)  rows,  and 
its  first  row  being 

(Heun.) 


1111              1 

*•'        3'    3"'       5'    5''-2»i-l"" 

10. 

Shew  that 

2    f-{zil-fi)-2t(l-z^)i} 

11. 

Shew  that 

dt.  (Silva.) 

f '    -^  {P.  (^)  n-i  (^)  -  P.-^  (^)  P.  «}  dx=  - 1 , 


(Catalan.) 


12.     Shew  that,  when  n  is  a  positive  integer^ 

^-(cos^) _ (-1)»  8;:.  / 1 ,  „ (rj2^\ 
^»  +  i  „,      82»  |2r  ^  Vr+zyj  ' 

where  2  =  r  cos  6. 
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13.     Shew  that  the  complete  solution  of  the  Legendre  differential  equation  is 


14.     Shew  that 


^--^^"^-^  +  ^^"^-^/o'(l-.W(.)P 


{^+(22-1)*)°=    I    fi,„§.2„.-a-,W, 


where 


■Sm=  — 


a(a  +  2m  +  ^)  r(m-^)  r(TO-a-^) 
277  to!  r(m-a  +  l) 


15.     Shew  that,  when  the  real  part  of  (m  +  1)  is  positive, 


and 


«»« 


=/: 


-(s=-l)i 


(1-2A«+A2)i 


rfA. 


16.    Prove  that 


^„  +  l(2)ft.-lW-A-lWyn+l(^)  = 


2?i  +  l 


and 


n{n+\) 
(Cambridge  Mathematical  Tripos,  Part  II,  1894.) 

17.  Shew  that,  if  n  he  a  positive  integer, 

«„(.)=il0g  {0^  .  P„W-i  {P„_i(.)  P„(-')  +  ^  Pn-.  (^)  I\  (-')  +  J  ^n-3  (^)  A(^)+  •••}  • 

18.  Shew  that 


z  +  l  . 


1+2 


where  n  is  a  positive  integer,  and  z>  \,  and  where  log  is  to  be  changed  into  log  — -     , 

z  —  1  1  —  *     1 

if  2  is  mimerically  less  than  unity. 
Prove  also  that 

,/,     .      1      \\n{n-l){n-'ii){n+\){n  +  2){n  +  Z)  (z_-lY 

\    '^'V        2~3y  P2232  V  2  ;  "^•• 

where -l-  =  l+2  +  3+...+-. 

(Cambridge  Mathematical  Tripos,  Part  II,  1898.) 


then 


\ 
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19.  Shew  that 

20.  Prove  that,  if 

_        (2»  +  l)(2>t  +  3)...(2«  +  2.s-l)  d'P^ 

^'~»(«2-l)(K2-4)...{n2-(»-l)2}(n  +  «)*'         ''     flJs*  ' 

2(2n+l)  2«  +  3 

--''•  +  2       2^r^l    ''«  +  2K-r"-2' 

_  3(2ro  +  3)p        ,3(2)t  +  5)p       _(2«  +  3)_(2ji  +  5) 

2/3-^»  +  3       2»-l       "^'"^    2n-3       »-i     (2»i-l)(2»-3)    "-3' 

and  find  the  general  formula. 

(Cambridge  Mathematical  Tripos,  Part  II,  1896.) 

21.  If 

shew  that 

€„"  {xxi  -  {x'-  -  if  (.f,2  -  1)*  cos  <^} 

n(2r-2)  ^^o  4^n(>i-X){n(./+x-i)}' 

{n(p-i)}2xfo^     '^         n(»+2.'+x-i) 

X  (x-2- l)i^  {.v-^-lt  6';tl(^)  C:+4  (X,)  Ci(^-i)  (COS0). 

(Gegenbauer.) 

22.  If 


<r^{z)=r\fi-3tz+l)-U''dt, 


where  Cj  is  the  least  root  of  t^  —  3tz  +  l  =0,  shew  that 

(2ft  +  l)o-„+,-3(2«-l)0o-„,i4-2(ra-l)<r„.2  =  O, 
and 

4  (423-1)  o-„"'+144z2<r„"-2(12»i2-24?i-  291)  (r„'  -  (»-3)  (2»-7)  (2m  +  5)  (r„  =0, 

where 

<r„"'='^^^'',etc.  (Pincherle.) 

23.  Shew  that 

_      ,,  r(?i  +  l)       f"  coshm«  , 

r(M-TO+l);o    {j  +  (z2-l)icOshM}»  +  l        ' 

where  the  real  part  of  (w  +  1)  is  greater  than  m. 

(Hobson.) 

24.  The  equation  of  a  nearly  spherical  surface  of  revolution  is 

r  =  I  +a  {P,  (cos 5)  +  P3(cos  6)  + ...  +  P2„_i(cos  6)}, 

where  a  is  small ;    shew  that  to  the  first  order  of  a  the  radius  of  curvature  of  the 
meridian  is 

n-l 

1+a   2  {M(45n  +  3)-(TO  +  l)(8»t  +  3)}P2,„+,(cose). 

(Cambridge  Mathematical  Tripos,  Part  I,  1894.) 
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Hypergeometric  Functions. 

134.     The  Hypergeometric  Series. 

We  have  already  in  §  14  considered  the  hypergeometric  series* 

aj        a(a  +  l)b(b  +  l)  ^     a(a  +  l){a  +  2)b(b  +  l)(b  +  2) 
■•"l.c^        1.2.c(c+l)    ^  1.2.3.c(c  +  l)(c+2)        ^  "^  •■" 

from  the  point  of  view  of  its  convergence.  It  was  there  shewn  that  the 
series  is  absolutely  convergent  for  all  values  of  z  represented  by  points  in 
the  interior  of  the  circle  whose  centre  is  at  the  origin  and  whose  radius  is 
unity.  It  follows  from  §22  that  all  the  series  which  can  be  derived  from 
the  hypergeometric  series  by  differentiation  and  integration  are  likewise 
absolutely  convergent  within  the  same  region  :  and  by  §  55,  the  convergence 
is  not  only  absolute  but  uniform  over  the  interior  of  the  circle,  and  the 
sums  of  the  series  obtained  by  differentiation  and  integration  of  the  series 
term  by  term  are  the  derivates  and  integrals  respectively  of  the  sum  of  the 
series.  The  hypergeometric  series,  together  with  the  series  which  can  be 
derived  from  it  by  the  process  of  continuation  (§  41),  will  therefore  represent 
an  analytic  function  of  the  variable  z ;  this  function  will  be  denoted  by 
F(a,  b,  c,  z). 

Many  of  the  most  important  functions  of  Analysis  can  be  expressed  by 
means  of  the  hypergeometric  series.     Thus  it  is  easily  seen  that 

{\^zy^F{-n,^,^,-z), 

\og{\+z)  =  zF{\A,%-z), 

e^  =  Limit  i^f  1,^1,1), 

and  we  have  shewn  in  the  preceding  chapter  that  the  Legendre  functions 
may  be  represented  by  the  series 

•  Tlie  name  was  given  by  Wallis  in  1655. 
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Z'^zTQi  +  i)      (1-n     _n     1  l\ 


n   /.x    _    -rririn  +  l)      1_  „ /« 


7rJr(n  +  l)      1     p/'7t  +  l      w  +  2  3       1 

'       2     •  **  "^  2 '    ^ 


These  examples  are  sufficient  to  shew  that  the  functions  represented  by 
the  hypergeometric  series  are  in  some  cases  one-valued  and  in  other  cases 
many-valued. 

Example.     Shew  that  ♦ 

j^F{a,  b,  c,  z)=^F(a  +  l,  6+1,  c+l,  z). 

135.     Value  of  the  series  F(a,  b,  c,  1). 

We  have  shewn  in  §  14  that  the  series  F(a,  b,c,l)  converges  absolutely 
so  long  as  the  real  part  of  c  —  a  —  b  is  positive.  Suppose  this  condition  to 
be  satisfied.     Then  we  have 

„_o  w!  r(c-l-w)r(a)r(6) 


r(c)  ^    l_T(n  +  a)r(n  +  b)r(c~b) 


r(a)r(&)r(c-6)„=on!  r(«  +  c) 

T(c)  I    -r(n  +  a)B(n  +  b,c-b) 


r(a)r(6)r(c-6)  "o"!     ^"i-^'j    .    .^    ^/  .,    , 

=  ria)Tl)lic-b)l?-''^-''^iy^'-'y-'^'^-'''- 
Writing  z  =  1  —  t,  this  becomes 

(writing  «*  =  s) 

-r-J    cZs  f  e-»s'^-'«<=-''-''-'(l  -tf-'dt 
0)  J  0       J  0 

T{a)B(c-a-b,b) 


T(c) 


r{a)T(b)T(c- 
T(c) 


r(a)r(6)r(c-6) 

r(c)r(c-a-6) 


r(c-6)r(c-a)" 
W.  A.  16 
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The  hypergeometric  series  with  argument  unity  can  thus  be  expressed  in 
terms  of  Gamma-functions. 

136.  The  differential  equation  satisfied  by  the  hypergeometric  series. 

The  function  represented  by  the  hypergeometric  series  y  =  F(a,b,c,z) 
satisfies  the  differential  equation 

for  if  the  series  be  substituted  for  y  in  the  left-hand  side  of  the  equation, 
the  coefficient  of  z''  is 

a{a  +  l)...(a  +  r-l)b(b  +  l)...(b  +  r-l) 
1.2...r.c{c  +  l)...{c  +  r) 

{?'(r-l)(c4-r)-r(a-t-r)(6-f-r)  -c{a  +  r)(b  +  r)  +  r(c  +  r)(a  +  b  +  l)  +  ab{c  +  r)} 

or  zero ;  which  establishes  the  result. 

Example.     Shew  that  one  integral  of  the  equation 

is 

z'^F{m  —  fi,  m-v,  7n  —  n  +  l,  z), 
where 

a-l=-(/x  +  v), 

b  +  l  =  m  +  n, 
/=  —  mn. 

137.  The  differential  equation  of  the  general  hypergeometric  fimction. 

The  differential  equation  found  in  the  preceding  article  is  a  case  of  a 
more  general  differential  equation,  which  may  be  written 

^  ,   a-CL-a'     l-;3-|8'     1-7-7)  dy 
dz^      \    z-a  z-b  z-c     ]  dz 

.   («a'(a-6)(a-c)  .  /3^'(b-a)(b-c)  ,  jy'ic-aXc-b)]  y 

+  1         V^         ^  z-b  "^  z-c         \  {^z-a){z-b){z-c) 

...(A), 

in  which  a,  b,  c,  a, yS,  7,  a,  /3',  7'  are  any  constants  such  that  the  equation 

a  +  /3-t-7-t-a'-l-/3'-l-7'  =  l 

is  satisfied.     This  will  be  called  the  differential  equation  of  the  general  hyper- 
geometric function.     The  form  here  given  is  due  to  Papperitz*. 

*  Math.  Annalen,  xxv. 
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We  shall  now  shew  that  the  dififerential  equation  satisfied  by  the  hyper- 
geometric  series  is  a  particular  case  of  this  equation. 

For  in  the  equation  (A),  write 

a  =  0,     b  =  x  ,     c=l. 

The  equation  becomes 

dz-       {        z  z—\      )  dz       (      z       z—\  )  z{z—\) 

In  this  equation,  let  a  and  7  be  replaced  by  zero.     We  thus  have 

dz'-      \    z  z—ljdz     z{z  —  \) 

and  in  this  equation  the  constants  a',  7',  /3,  /3',  are  to  be  such  as  to  satisfy 
the  i-elation 

^  +  a'  +  /3'  +  7'  =  l. 

This  differential  equation  can  be  identified  with  the  equation 

^(^-l)g+{-c  +  (a  +  6+l)^}g  +  «62/  =  0, 

which  is  the  differential  equation  satisfied  by  the  hypergeometric  series,  by 
writing 

^  =  a,     P'  —  h,     o'  =  1  —  c ; 

which  in  virtue  of  the  above  relation  gives  /y'  =  c  —  a  —  h.  The  differential 
equation  of  the  hypergeometric  series  is  therefore  a  special  case  of 
equation  (A). 

We  shall  denote  any  solution  of  the  general  differential  equation  (A)  by 

the  symbol 

Ia  b  c  1 

a  /8  7  4- 

a'  /3'  7'  j 

This  notation  is  due  to  Riemann*;  it  enables  us  to  express  our  result  thus  : 

The  hypergeometric  series 

F(a,  h,  c,  z) 

is  a  solution  of  the  differential  equation  q/  the  class  of  functions 

[     0      00  1  I 

P  j      0       a  0  zi  . 

[l—c     b       c—a—b       ) 

*  Abhandlungen  d.  K.  Gesell.  d.  Wissemchaften  zu  Gottingen,  vii.  (1857). 

16—2 
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Although  the  hypergeometric  series  itself  satisfies  only  a  particular  form 
of  the  differential  equation  (A),  it  is  nevertheless  possible  to  satisfy  the 
general  equation  (A)  by  means  of  a  functioa  derived  from  the  hyper- 
geometric function.     For  by  the  transformation 

x{z  —  b)(c  —  a)  =  (2  —  a)  (c  —  b), 

the  differential  equation  (A)  is  reduced  to  the  form 

dx'      [       a;  x  —  ljdx      {      x       x  —  \  )  x(x—\) 

In  this  we  take  a  new  dependent  variable,  defined  by  the  equation 

y  =  a-^  (1  —  xy  u. 
The  equation  becomes 


■^     \       X  a 

Now  the  equation 


,      /I -a  +a  ,1  —  7 +7N  ctw      ,^^,     ,         x /,        ,        /m        w  « 


a  +  /3  +  7  +  a'  +  /S'  +  7'=l 

will  be  satisfied  if  /3,  a',  /3',  7',  are  expressible  in  terms  of  three  new  constants, 
a,  b,  c,  defined  by  the  formulae 


-! 


/3  =  a  -  a  -  7, 
a'  =  1  —  c  +  a, 
/8'  =  6-a-7, 
^,7'  =  c  —  a  —  6  +  7. 


The  differential  equation  for  u  can  now  be  written 

x(x—l)  -j—^  +  {(1  +  a  +  b)x  —  c}  -,-  +  aba  =  0. 

But  this  is  the   differential   equation   satisfied   by  the    hypergeometric 
series,  a  solution  of  it  being 

F{a,  b,c,x). 

Hence  we  have,  as  one  solution  of  the  equation, 

M  =  i^  (a  +  /3  +  7,  a  +  /S'  +  7,  1  +  a  -  a',  x), 

or  y  =  a;"  (1  -  a;)v  Jf  (a  +  yS  +  7,  a  +  /3'  +  7,  1  +  a  -  a',  x), 

or,  disregarding  a  constant  factor, 

(z  —  ay-  /z  —  c\y  „  f        „  „,       ,  ,  ,  z  —  a.c~b\ 
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This  is  therefore  a  solution,  expressed  by  a  hypergeometric  series,  of  the 
differential  equation  which  defines  the  class  of  functions 

III     h      c         \ 
a      /8     7     z\. 
«'     /3'     7'       I 
The  advantage  of  the  differential  equation  (A)  over  the  equation  found 
in  §  1 36,  which  is  satisfied  by  the  hypergeometric  series,  lies  in  its  greater 
symmetry  and  generality.     The  points  z  =  a,  z  =  b,  and  z  =  c,  are  called  the 
singularities  of  the  differential  equation  (A) ;    the  quantities  a  and  a!  are 
called  the  exponents  at  the  singularity  a;   and  similarly  /3  and  /3'  are  the 
exponents  at  h,  and  7  and  7'  are  the  exponents  at  c. 

Example.     Shew  that 

0     00      1         1  r  -1       00      1 

Q      ^      y     zn=p\       y       23     7 

,i     0'     y       )  [      y      2/3'    y' 

(Riemann.) 

This  relation  follows  from  the  fact  that  the  differential  equation  corresponding  to  either 
of  the  P-functions  is 

138.     The  Legendre  functions  as  a  particular  case  of  the  hypergeometric 
function. 

[  The  expressions  which  have  been  found  for  P„(«)  and  Qn{z)  as  hyper- 
geometric seiies  naturally  lead  us  to  suppose  that  Legendre's  differential 
equation  is  a  special  case  of  the  differential  equation  which  defines  the 
general  hypergeometric  function.  That  this  is  the  case  appears  from  the 
following  investigation. 

If  in  equation  (A)  of  the  last  article  we  take 

a  =  —  1,     b  =  CO  ,     c  =  1, 

we  obtain  the  differential  equation 

(Py      n-a-a'     1  -  y  -  y')  dy      (     2aa'  277']  y 

di^'^i    z  +  l      "^      z-1     ]dz'^\    z+l'*''=''^'^^-l|(^-l)(^  +  l)     "• 

If  now  in  this  equation  we  take  a  =  0,  a'  =  0,  7  =  0,  7'  =  0,  /3  =  ?i  +  1, 
yS'  =  —  n,  we  obtain 

d'y       2z    dy        ,     ,  ,^     y         n 

or  {l-z')^^-2z^  +  n(n  +  l)y  =  0. 

which  is  the  Legendre  differential  equation. 
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It  follows  from  this  that  any  solution  of  Legendre's  equation  is  a  hyper- 
geometric  function  of  the  type 


In  the   same    way   it   can    be    shewn    that    the    associated    Legendre 
functions  P,^{z)  and  Qn*{z)  are  hypergeometric  functions  of  the  type 


/-I 
m 


00 


1 


2      ''  +  ^        2 


"2 


m 
-n     -2 


Example  1.    Shew  that 


^, -Pn(«)  =  -Pj   -r    n  +  r+1      -r    z 
0      -n+r        0 
Example  2.     If  2^=1?,  shew  that  the  Legendre  difiFerential  equation  takes  the  form 

dri^'^X^      1-Jrf,"^4,(l-,) 
Shew  that  this  is  a  hypergeometric  differential  equation. 


139.     Transformations  of  the  general  hypergeometric  function. 

We  shall  next  consider  the  effect  of  performing  certain  transformations 
in  connexion  with  the  general  hypergeometric  function 

!a     b      c 
a     ^     y     2 
a     /3'     7' 

The  difiFerential  equation  satisfied  by  this  function  is 

d?y  _^  q  -  g  -  g'  _^  \-^-B'  ^  1  - 7  - 7'  1  dy  ^  (aa' ia-h){a-c) 
dz^      \    z  —  a  z  —  b  z  —  c      ]  dz      \  z  —  a 


m'{b-a){b-c)     77' (c-a)(c- 6)] 
■^  z-b  ^ 


z  —  c 


y 


(z  —  a){z  —  b){z  —  c) 


=  0. 


In  this  equation,  let  the  dependent  variable  be  changed  by  the  trans- 
formation 

fz  -  by  , 

y=[7^a)y- 
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The  differential  equation  for  y'  is  found  after  a  slight  reduction  to  be 
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(a  +  S)(a'  4-  S)(a  -  h){a  -  c)     (/3  -  8)(/3'  -  l)Q)  -  c)(b  -  a) 


+  77 


z  —  a 

,(c-a)(c-  b) 


+ 


\ir-- 


y 


(z  —  a){z  —  b)(z  —  c) 


z-b 
=  0. 


This  is  the  diffei'ential  equation  of  a  hypergeometric  function  which  has 
exponents  a  +  B,  a  +B,  at  the  singularity  a,  and  exponents  /3  —  8,  /3'  —  S',  at 
the  singularity  b;  and  so  we  have 


/z-a 


P\ 


a     b      c 
a     ^     y     z 
[a'    /3'    7 


u 


a  b         c 

P\a  +  B     /3-S     7    z 
a'  +  B    13' -B    y' 


and  hence  in  general  we  shall  have 


—  aY  Iz  —  cY 


z  —  bj   \z  —  b 


a    b 


P  \a    ^    y      z\  =F 
a    /3'    7 


a  b  c 

a+B     /3— S  — e    7  +  e    z 
a'  +  B    /3'-S-6    7+6 


^B      It  will  be  observed  that  by  this  transformation  the  exponent-differences 
a  —  a',  /3  —  /8',  7  —  7'  are  unaltered. 


Consider  now  the  effect  of  transformations  of  the  independent  variable  z. 

If  we  introduce  in  place  o(  z  a,  new  variable  z',  defined  by  the  equation 

a,z'  +  bi 
^^Cz'  +  ck' 

where  Ui,  b^,  Ci,  di  are  constants,  so  that 

,     —  d,z  +  b, 


c,z  —  a. 


we  have 


and 


dy  _  Oidi  —  61C,  dy  _  (c,/  +  dQ'  dy 
dz  ~  {ciZ  —  a^y^  dz'     a-idi  —  b^Ci  dz 

d^y  _     2ci  (a,di  -  6iC,)  dy      {a-^d^  —  bjC^Y  d'y 
^^  (c,z  -  a,)'      d7       (ci«-a,)*    d/^ 


d^' 


2c,  jc,/jfd,)'  ^  ,    (ci/  +  di)*   #y 
'  (Old,  -  6,Ci)»  d^'      (a,di  -  6,c,)=  d^'' ' 
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Hence  if  we  define  quantities  a',  b',  c  by  the  relations 
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80  that 


_  a^a'  +  6j       ,  _  aj)'  +  6;  _  OiC  +  b^ 

Citt  +  «!  CjO  +  di  CiC  +  a, 

(a,di  —  bid)  U'  —  a') 
z  —  a  = 


(Ciz'  +  di)  (cia'  +  di) ' 
the  general  hypei'geometric  differential  equation  becomes 
tV  ,       1       ^y  Jo,      (1  -  g  -  gQ  (c,a'  +  dQ     (1  -  ^  -  /30  (c.6'  +  d.) 


(l-7-7')(c/  +  d.))       f«a'(a'-y)(a'-c')  ^  /3/3' (6' -  aQ (6' -  c') 
+  /_c'  f  +  1  /-ffl'  '  '   /-6' 


77'(c'-a')(c'-6')) 


^:  — C 


..w->      ,>^  =  0^ 


j  {z'-a'){:/-b'){z'-c') 
The  coefficient  of  ;^,  in  this  equation  can  be  written  in  the  form 


dz' 


2ci  -  (1  -  a  -  a')  c, 


1-g-a'     1-0-0'     1-7-7'      .     1 
/-a'    "*■     z'-b'     "^    z'-c'    ■*'c,/  +  d,|-(l-/3-/9')Cx-(l-7-7')c. 

which,  in  virtue  of  the  relation 

a  +  a'  +  jS  +  /3'  +  7  +  7'  =  l. 


reduces  to 


l-g-tt-        1-/3-^'        1-7-7' 
.'       "r        -'        l'  ' 


/-a' 


0'  -  6'      ^     /  -  c' 


Hence  the  differential  equation  reduces  to  the  differential  equation  of 
the  function 

fa'    b'     c 
p\a     /3     7     ^'\\ 
[a'    /3'    7' 

and  thus  we  have  the  relation 

ia     b     c       "I 
a    13    7     z\=P 
«'    0'   7'      J 

This  shews  that  the  general  hypergeometric  function  is  unaltered  if  the 
quantities  a,  b,  c,  z  are  replaced  by  quantities  a',  b',  c,  z',  which  are  derived 
from  them  by  the  same  homographic  transformation. 


U' 

b' 

c 

a 

0 

7    z' 

g' 

/3' 

y     ] 

I 
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140.  The  twenty -four  particular  solutions  of  the  hypergeometric  differential 
equation. 

We  have  seen  in  §  137  that  a  particular  solution  of  the  general  hyper- 
geometric differential  equation  is 


z  —  ay  fz  —  c 
z^J   [z-b. 


:)>{....„«..•+,■,  I..-.',  |;^»>}, 


We  shall  suppose  that  no  one  of  the  exponent-differences  a  —  a',  0  —  /3', 
7  —  7'  is  zero :  it  is  shewn  in  treatises  on  Linear  Differential  Equations  that 
when  this  exceptional  case  occurs,  the  general  solution  of  the  differential 
equation  involves  logarithmic  terms;  the  formulae  will  be  found  in  a 
memoir*  by  Lindelbf,  to  which  the  reader  is  referred. 

Now  if  a  be  interchanged  with  a',  or  y  with  7',  in  this  expression,  it  must 
still  satisfy  the  differential  equation,  since  the  latter  would  be  unaffected  by 
this  change.     We  thus  obtain  altogether  four  expressions  for  which 

(c  —  b)(z  —  a) 
(c  —  a){z  —  b) 
is  the  argument  of  the  hypergeometric  series,  namely 

I'z-aY  fz-c\y  „{        ^  „,       ,    T    ,  ,  (c-b)(z-  a)] 

fz-ay'  /z-cy  „{  ,      _  ,      „,       /    1   ,     ,  (c-b)(z-ay\ 

fz-aY  /z  —  cy'(        ^       ,  ^,  ,  /  (c  —  b)(z  —  a)) 

y^  =  [z^)  {jiru)^{-  +  ^+y''  «+/3'  +  7,  !  +  «-«, L_ii__ij, 

/z-aY' /z-c\y'{  ,      r>       ,     I      r,,  ,       /         (c  - 1)  (.^  -  a)1 

yHv^b)   \JZI)  ^|«'  +  /3  +  7',  «'  +  ^  +'y'^+"'-«>;o-a)(.-4' 

these  are  all  solutions  of  the  differential  equation. 

Moreover,  the  differential  equation  is  unaltered  if  the  quantities  a,  a',  a 
are  interchanged  respectively  with  /3,  /3',  b,  or  with  7, 7',  c.  If  therefore  we 
make  such  changes  in  the  above  solutions,  they  will  still  be  solutions  of  the 
differential  equation. 

Let  a  change  in  which  (a,  a',  a)  are  interchanged  with  (/3,  yS',  b)  be 
denoted  for  example  by 

la,  b,  c\ 
\b,  a,  c) ' 

each  singularity  in    the   bracket   being  interchanged  with    the    singularity 
above  or  below  it.     Then  there  are  five  such  changes  possible,  namely, 
/a  b  c\      /a  b  c\      /a  b  c\      /a  b  c\      fa  b  c\ 
\b  c  a)  '    \c  a  b) '    \a  c  b) '    \c  b  a) '    \b  a  cj ' 

*  Acta  Soc.  Scient.  Fennicae,  xix.  (1893). 
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To  each  such  change  correspond  (by  interchanging  a  with  a',  etc.  as  ah-eady 
explained)  four  new  sohitions  of  the  differential  equation.  We  thus  obtain 
twenty  new  solutions,  which  with  the  original  four  make  altogether  twenty- 
four  particular  solutions  of  the  hypergeometric  differential  equation,  in  the 
form  of  hypergeometric  series. 

The  twenty  new  solutions  may  be  written  down  as  follows : 


y^  =  (— )    (— )   ^{/3  +7  +  «.  ^  +7  +«>  1  +/3  -^,  (a-6)(i:iT)| 

(z-cy(z-h\»      {  '_L'^«'i^'  {h-a){z-c 

y^^^[j^a)    K^a)  ^|7+«+/3>7+a+/3,l+7-7.  (t-c)(.-a 

(z  -  cVi  (z  -  b\^'  „{  .,  ,      ^    -,   ,  ,  {b-a)(z-c) 

(z-  cy' (z-hy'{  ,  ^,     ,       ,     n   -,        >  (b-a){z-c) 

U^^=[z^a)    [j^)  ^|7'  +  a  +  ^',7'  +  «'  +  ^.l+7-7.  ^^^Z^) 

f  (z-aY  (z-hy  „f  .  ,'  rv  -,  ,  (b-c)(z-a) 

2/.3  =  (^J    (— )    ^{«  +  7  +  A    a  +  7'  +  ^M  +  a-a',  \^:J^,^ 

/z-aY' fz-by  „\  ,  _      ,       ,     ^,  ,        ,  (b-c)(z-a)) 

/z  -  ay  fz  -  by  _  f  ^,  ,     ^    ,  ,  (6  -  c)  (^  -  a)) 

/z-aV72:-6\3'      (  ,  _,,      ,       ,0-,        ,  (b-c)(z-a)] 

(^  /^-cV/^-a\"   rrf  o  o-  '      ,  .  (a-6)(^:-c)1 

fz-cy'fz-ay  „{  ,      -,  /      o,       /  ,        /  (a-b)(z-c)] 

^■'=(.-36)    (^j)    i^|7+^+«,  7' +  /?'  +  «',  1+7' -7.  -;a:rc)V-6)) 

/z-cy  fz-ay'(       n      '  r^,  -.  ,  {a-mz-cfl 

y-=[z—b}  [T=rb)  i^|7  +  ^  +  a',  7  +  ^'  +  «,  1  +  7-7',  xTirJ^i] 

(z-cy (z-ay'\  ,      r,       ,     >      n>  -.        /  (a-b){z-c)\ 
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6)(^-a) 

The  existence  of  these  twenty-four  values  was  first  shewn  by  Kummer*. 

Example.  Find  the  twenty-four  solutions  of  the  Legendre  differential  equation, 
corresponding  to  the  above  set  of  solutions  of  the  hypergeometric  differential  equation ; 
and  express  each  of  them  in  terms  of  the  two  independent  solutions  P„  (z)  and  Q„  (z). 

141.  Relations  between  the  particular  solutions  of  the  hypergeometric 
differential  equation. 

Since  the  twenty-four  expressions  found  in  the  last  article  are  solutions 
of  the  same  linear  differential  equation  of  the  second  order,  any  three  of  them 
must  be  connected  by  a  linear  relation  with  constant  coefficients. 

We  proceed  to  find  the  relations  which  thus  connect  them. 

First,  consider  the  set  of  four  solutions 

yi,  2/3.  2/i3,  y«; 

it  is  clear  that,  in  the  neighbourhood  of  the  point  2  =  a,  each  of  them  can  be 
expanded  in  a  power-series  of  the  form 

A{z-aY{l+B(z-a)  +  C{z-ay  +  ...}. 

But  there  is  only  one  series  of  the  form 

{z  -ay{l+B(z-a)  +  C{z-  a)=  -1- ...} 

which  satisfies  the  differential  equation ;  for  the  coefficients  B,  C, ...  can  be 
uniquely  determined  by  actual  substitution  in  the  differential  equation.  Let 
this  solution  be  denoted  by  P'"'. 

Thus  the  solutions 

1/l,       2/3,        2/l3>       2/l5 

must  be  mere  multiples  of  P'"'.     Moreover, 
for  2/i  the  factor  ^  is  (a  -  c)i'  (a  -  6)-(''+» ; 

for  1/3  it  is  (a  -  c)>'(a  -  6)-'''+i''i ; 

for  y,3  it  is  (a  —  bf  (a  —  c)"""^  ; 

and  for  y^^  it  is  (a  -  by  (a  -  c)-'-^'. 

*  Crelle't  Journal,  xv. 
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Thus  we  have 

^  \a  —  c/    \a  —  bj 

(c  —  b)(z  —  a)' 


X  F\(x  +  0+y,   «  +  /3'  +  7',    1+o-a', 


(c  —  a){z  —  b) 

,         ^  (z- c\i'  (z - b\-'^-i' 
\a  —  c'     \a  — 


n  (        ^        '  n,  1  ,    (c  —  6)  (z  —  a)) 

xJ^-ja  +  ^  +  V,   «  +  ^'  +  7>    !+«-«.  ;e_a)(.-6)} 

xir{a  +  /3'  +  ,,    «  +  ^  +  y.    !+«-«'.    gigf.lg- 

Similarly  solutions  P'"'',  P<^',  P'^\  P'r',  P<v)  exist,  each  of  which  is  equi- 
valent to  four  of  the  above  hypergeometric  series. 

Having  thus  classified  the  twenty-four  solutions  into  six  distinct  solutions, 
namely 

pio)^     p(«')        p(|3)        pm^      piy)^      p(/)^ 

we  proceed  to  find  the  relations  between  these  latter  six  solutions.  We  know 
that  P'"'  must  be  expressible  linearly  in  terms  of  P''''  and  Pii"''.  Let  the 
relation  between  them  be 

pw  =  a^piy.  +  ayPiV). 

We  have  then  to  find  the  coefficients  o^  and  a^i. 

Now  this  equation  can  be  written  in  the  form 

<-»)-(,^)'(ST-' 

xp|a  +  /3  +  7,    a'+^'-t-T,    1  +  7-7,   [""^IIJ^)} 
-         .^.  (z-a\'- (z-h\-'-y' 
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Dividing  throughout  by  the  common  factor  (z  —  a)",  and  writing  z  =  a  and 

z  =  c  successively  in  the  resulting  equation,  we  obtain  two  equations,  from 

which  ciy  and  cty-  can  be  found :  the  hypergeometric  functions  reduce  to  the 

type 

F{u,  V,  w,  1), 

which  in  §135  was  shewn  to  be  expressible  in  terms  of  Gamma-functions,  and 
the  type  F  (u,  v,  w,  0),  which  clearly  has  the  value  unity. 

As  already  explained,  in  certain  cases  (e.g.  when  one  of  the  exponent-differences  is  an 
integer)  the  above  theory  of  the  sohitions  requires  modification.  For  a  discussion  of  these 
cases  the  student  is  referred  to  Lindelcif's  paper  ah-eady  mentioned,  and  Klein's  Lectures 
"  Ueber  die  hj'pergeometrische  Function." 

142.  Solution  of  the  general  hypergeometric  differential  equation  by 
a  definite  integral. 

We  next  proceed  to  establish  a  result  of  great  importance,  relating  to 
the  expression  of  the  hypergeometric  function  by  means  of  definite  integrals. 

Let  the  dependent  variable  y  in  the  differential  equation  of  the  general 
hypergeometric  function  ((A)  of  §  137)  be  replaced  by  a  new  dependent 
variable  /,  defined  by  the  relation 

y  =  {z-  ay  (z  -  by  (z  -  c)t  /. 

The  differential  equation  satisfied  by  7  is  easily  found  to  be 

Q^d'I  ^    |l+a-a'  ^  1+0-0'  ^  l  +  y-yl  dr 
dz-     \    z—  a  z  —  b  z  —  c]dz 

(g  +  /3  +  7)  {(a  +  ;g  +  7  +  1)  ir  +  Siffl  (g  +  /3'  +  y  -  1)} 
^  {z-a){z-b){z-c) 

which  can  be  written  in  the  form 

0  =  Q(^)^J[-{(f-2)Q'(^)+U(^)}g 


j(L_?Hr_L)  Q^,)  +  (^  _  1)  u'  (^)|  I, 


where 


^  =  1  -  at  -  /9  -  7  =  a'  +  /3'  +  7, 
Q(2)  =  (2-a){z-b)iz-c), 
Riz)  =  2 («'  +  /3  +  7) (z -b){z-  c). 

It  must  be  observed  that  the  function  /  is  not  regular  at  ^=oo,  and  consequently  the 
above  differential  equation  in  /  is  not  a  case  of  the  generalised  hypergeometric  equation. 

We  shall  now  shew  that  this  diflferential  equation  can  be  satisfied  by  an 
integral  of  the  form 
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1=  [  (t-  aY+^+y-'  {t  -  bY+^'+y-'  (t  -  cY+^+y'-'  {z  -  t)-'-^-y  dt, 
J  c 

provided  the  path  C  of  integration  is  suitably  chosen. 

For  on  substituting  this  value  of  /  in  the  differential  equation,   the 
condition  that  the  equation  should  be  .satisfied  becomes 

0=(  (t-  ay+^+y-'  it  -  6)«+P'+Y-i  {t  -  c)°+3+i''-> {z  -  f)-a-3-y-2 Kdt, 
J  c 

where 

K={^-2)\Q{z)  +  {t-z)Q'{z)  +  ^^^Q"{z)]^ 

+  {t-z)[R{z)  +  {t-z)R'{z)] 
=  {^-^){Q{t)-{t-zy]+{t-z)[R{t)-{t-zf^{a:+^  +  y)] 
=  (^-2)Q(t)  +  {t-z)R(t) 
=  -(l+a  +  ^  +  y)(t-a)(t-b){t-c) 

+  l,{a:  +  0  +  y){t-b){t-c){t-z), 

or    K  =  {t-  ay-'^'-^-y  (t  -  by-'-^'-y  (t  -  cy-'^-^-y'  (z  -  <)•+"+>+'' 

■^  {(t  -  a)'+^+y  {t  -  by+^'+y  (t  -  cy+i'+y'  (t  -  2)-»+<'+3+y)}. 


It  follows  that  the  condition  to  be  satisfied  reduces  to 

—  < 
'cdt  J  c 

where  F=  {t  -  0)"'+^+^  {t  -  6)«+/''+r  {t  -  c)''+3+>'  {t  -  2)-»+«+3+v). 


"-/of*-//"' 


The  integial  /  will  therefore  be  a  solution  of  the  differential  equation, 
provided  the  path  of  integration  G  is  such  that  the  quantity  V  resumes  its 
initial  value  after  describing  the  arc  G. 

Now      V={t-  a^+^+y-^  (t  -  6)«+P'+r-'  (t  -  c)°+^+i''-'  (z  -  ^)-«-P-v  U, 

where  U  =(t-a){t-b){t-c)(z-t)-'; 

and  the  quantity  U  resumes  its  original  value  after  describing  any  contour : 
hence  if  0  be  a  closed  contour,  it  must  be  such  that  the  integrand  in  the 
integral  /  resumes  its  original  value  after  describing  the  contour. 

Hence  finally  any  integral  of  the  type 

{z-aY (z-bf  (z-  c)y  (  (t-ay+y+'''-'(t-b)y+'+^'-Ut-cY+^+y'-'(z-t)-'-^-ydt, 

J  c 
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where  C  is  either  a  closed  contour  in  the  t-plane  such  that  the  integrand 
resumes  its  initial  value  after  describing  it,  or  else  is  an  arc  such  that  the 
quantity  V  has  the  same  value  at  its  termini,  is  a  solution  of  the  diffeii'ential 
equation  of  the  general  hypergeometric  function. 

Example  1.     As  an  example,  we  shall  now  deduce  a  real  definite  integral  which  (for  a 
certaii)  range  of  values  of  the  quantities  involved)  represents  the  hyjiergeometric  series. 

The  hypergeometric  series  F{a,  h,  c,  z)  is,  as  already  shewn,  a  solution  of  the  differential 
equation  of  the  function 

f  0  00          1 

p\  0  a           0          z 

\ \-c  h  c—a-b 

The  integral 


thus  becomes  in  this  case 


I   f'-'{t-\)'-'>-'^{t-z)-''dt. 


Now  the  quantity  V  is  in  this  case 

ti-c^a^t-iy-^it-zyi-", 

and  this  tends  to  zero  aX  t  =  \  and  <  =  oo ,  provided  c>  &  >  0. 

Hence  if  these  conditions  are  fulfilled,  we  can  take  as  the  contour  C  an  arc  in  the 
<-plane  joining  the  points  t  =  \  and  « =  oo  ;  so  that  a  solution  of  the  differential  equation  is 


I    t^-'{t-\Y-''-'^{t-z)-'^dt. 


In  this  integral,  write  <=-  ;  the  integral  becomes 


I   u^-'^  {l-u)'^^-'^  {I  -xtz)-"  du  ; 

this  integral  is  therefore  a  solution  of  the  differential  equation  for  the  hypergeometric  series. 

It  is  easily  seen  that  this  integral  is  in  fact  a  mere  multiple  of  the  hypergeometric 
series 

F{a,  b,  c,  2) ; 

for  supposing  \z\<  1,  and  expanding  the  quantity  (1  - uz)-"  in  ascending  powers  of  z  by 
the  Binomial  Theorem,  the  integral  takes  the  form 

(\''-^l-uY-'>-ldu+     I     «(«  +  !)  •••(«'  +  '--l)^r    [\'>-l^rn_,Ac.l,-iau, 

jo         '  r=i  r\  Jo 

or 


256 

or 
or 
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B{b,c-b)\l+  i 
I         r=l 


"  a{a  +  l) ...  ja  +  r-l)  b (b+l) ...  {b+r -1) 


r!c(c  +  l)...(c  +  r-l) 
B{b,c-b)F(a,b,c,i), 


J. 


which  establishes  the  result  stated. 


Example  2.     Deduce  SchlaflUs  integral  for  the  Legendre  functions,  as  a  case  of  the 
general  hypergeometric  integral. 

Since  the  Legendre  equation  corresponds  to  the  hypergeometric  function 

■    -1         00  1 

/*->       0    n+1     0    z 

.      0      -n     0        J 
the  corresponding  integral  is 

I    {t^-l)'>{t-z)-"-^dt, 

taken  round  a  contour  C  such  that  the  integrand  resumes  its  initial  value  after  describing 
it ;  and  this  is  Schlafli's  integral. 

Example  3.     Deduce  Laplace's  integral  for  the  Legendre  functions,  as  a  case  of  the 
general  hypergeometric  integral. 

If  we  write 
the  Legendre  differential  equation  becomes 


tPy  I  /J    .      1    Wy     n{n  +  l)  i_ 


This  corresponds  to  the  hypergeometric  function 

0  00  1 


/ 


P^ 


2  2  ^ 

ra  +  1  n 


and  so  the  hypergeometric  integral  becomes  in  this  case 

taken  round  a  contour  enclosing  the  points  m=  1  and  ?«  =  ^. 

Write  $=f2, 

so  (=z  +  {z^-l)i. 

Then  the  integral  becomes 

f-«-i  l{l-u)-!:{l-C'^u)-iu''du, 
taken  round  a  contour  enclosing  the  points  m=1  and  M  =  f*. 
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Write  u  =  h(  in  this  integral ;  we  thus  obtain 


/< 


the  integral  being  now  taken  round  a  contour  in  the  A-plane  enclosing  the  points  A  =  f  and 

Suppose  now  that  the  real  part  of  z  is  positive ;  and  let  the  contour  become  so  attenuated 
as  to  reduce  to  a  small  circle  surrounding  the  point  A=f,  another  small  circle  surrounding 
the  point  h  =  (-\  and  the  line  joining  the  points  f  and  f~',  described  twice.  The  small 
circles  contribute  only  infinitesimally  to  the  integral,  which  thus  becomes  a  multiple  of 

^^  {l-22h+h^)-ih«dh. 


i: 


Writing  h=z+{z^-\)icoa(f> 

in  this  integral,  we  obtain 

r{0  +  (s2-l)icos^}»d<^, 
which  is  one  of  Laplace's  integrals  (§  119). 


143.     Determination  of  the  integral  which  represents  P<"'. 

We  shall  now  shew  how  the  integral  which  represents  the  particular 
solution  P'"'  (I  141)  of  the  hypergeometric  differential  equation  can  be 
found. 


I 


We  have  seen  (§  142)  that  the  integral 
=(z-aY{z -by{2-c)y I  (t-ay+y+'''-'{t-b)y+'^^'-'{t-cy+^+y'-'{z-t)-''-^-ydt 


satisfies  the  differential  equation  of  the  hypergeometric  function,  provided 
C  is  a  closed  contour  such  that  the  integrand  resumes  its  initial  value  after 
describing  G.  Now  the  singularities  of  this  integrand  in  the  <-plane  are  the 
points  a,  b,  c,  z;  and  on  describing  a  simple  closed  contour  enclosing  the 
singularity  b  alone,  the  integrand  resumes  its  initial  value  multiplied  by 


27rt(y  +  a+p'-l) 
*>  > 

as  is  seen  by  writing  it  in  the  form 

O+y  +  a'-l)l0g((-n)  +  (7  +  a  +  ^'-l)log((-6)+(a+P+y-l)log(<-c)-(a+3+>)l0g(z-0 

Take  then  a  point  0  in  the  f-plane,  and  draw  a  loop  in  the  <-plane  passing 
through  0  and  encircling  the  point  b,  but  not  encircling  any  of  the  points 
a,  c,  z.  Let  an  integral  taken  in  the  positive  or  counter-clockwise  direction 
of  circulation  round  the  perimeter  of  this  loop  be  denoted  by  the  sign 

r(b+) 

h       ' 

W.  A  17 
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and  let  an  integral  taken  in  the  negative  direction  of  circulation  round  the 
perimeter  of  the  loop  be  denoted  by 

Jo       • 
so  that  we  have  the  equation 

/•(»+)  r(b-) 

Jo  Jo 

where  it  is  understood  that  the  initial  value  of  the  integrand  in  the  second 
integral  is  taken  equal  to  the  final  value  of  the  integrand  in  the  first 
integral. 

Let  now  a  contour  C  be  drawn  in  the  following  way.  Take  first  a  loop 
starting  from  0,  encircling  the  point  b  in  the  positive  direction,  and  returning 
to  0 ;  then  a  loop  starting  from  0,  encircling  the  point  c  in  the  positive 
direction,  and  returning  to  0 ;  then  a  loop  encircling  the  point  b  in  the 
negative  direction ;  and  lastly  a  loop  encircling  the  point  c  in  the  negative 
or  clockwise  direction. 

Conformably  to  the  notation  already  explained,  an  integral  taken  round 
this  contour  will  be  denoted  by 

r{b  +  ,c+,b-,c-) 


Jo 


Now  after  description  of  this  contour,  the  integrand  of  the  integral  I 
already  considered  resumes  its  initial  value  multiplied  by 

glwi  (y+a+P'-l+a+^4  y'— 1— >•- a-p'+l-a-^-y'+l) 

or  1,  i.e.  the  integrand  resumes  its  initial  value*. 

Hence  if  C  be  taken  as  the  contour,  the  integral  /  will  satisfy  the 
differential  equation. 

Thus 

I={2-aY(z-by{z-c)y  [      '"  '     '"    (t- af+y+''-' (t - 6)r+«+3'-> 

Jo 

(t  -  cY+f+y-'  {z  -  «)-'»-^-r  dt 

satisfies  the  differential  equation  of  the  hypergeometric  function. 

Now  suppose  that  the  point  z  is  taken  near  to  the  point  a,  so  that  \z  —  a\ 
is  less  than  either  \b—a\  or  \c  —  a\.     We  can  clearly  draw  the  contour  just 

*  These  double-circuit  inter/rah  were  introduced  by  Jordan  iu  1887.  Clearly  any  number  of 
contours  can  be  formed  in  this  way,  it  being  necessary  only  to  ensure  that  each  singular  point  is 
encircled  as  often  in  the  negative  or  clockwise  direction  of  circulation  as  in  the  positive  or  counter- 
clockwise  direction. 


( 
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described  in  such  a  way  that,  for  all  points  i  on  it,  l<  — a|  is  greater  than  |^  — a|. 
Thus  we  can  write 

/•(6  +  ,  c  +  ,  b-,c-) 

X  {t-  a)^+r+«-i  (t  -  b)y+''+^-'  (t  -  cY+^+y-' 

Under  the  conditions  already  stated,  each  of  the  expressions 


M-^:)'.  (-:-^:)'-"^ 


1- 


t  —a. 


can  be  expanded  by  the  Binomial  Theorem  in  ascending  powers  of  {z  —  a). 
We  thus  obtain  for  I  an  expansion  of  the  form 

I  =  (z-  a)'  {A+B(z-a)  +  C(z-  a)-  +  ...], 

and  as  /  satisfies  the  differential  equation  it  must  therefore  be  a  multiple  of 
the  particular  solution  P'"'  of  §  141. 

Thus 

f(b+,c+,  b-,  C-) 

P'«'  =  Constant  x  (^  -  a)"  (z  -hf{z-  c)^  {t  -  af+y^'-'-^ 

{t  -  b)y+''+^'-'  {t  -  c)'-+^+i''-'  {z  -  <)-«-3-y  dt. 

Similarly 

P''''>  =  Constant  x(2-a)°'(«-6)^(2-c)i' f    "''    '     '"     (t-af+y*' 

Jo 


a— 1 


6-) 


(t  -  6)v+«'+'''-'  {t  -  cY'+^+y'-'  (z  -  t)-''-^-y  dt. 

In  the  same  way  the  particular  solutions  Pi^',  P'^'\  P'l",  P'V),  can  be 
expressed  as  contour-integrals. 

144.     Evaluation  of  a  double-contour  integral. 

We  may  note  that  an  integral 

/(a  + ,  b  + ,  a 
0 

can  be  expressed  in  terms  of  the  integrals 

jo        ""'jo      ' 
in  the  following  way. 

Let  the  initial  value  of  the  integrand  at  the  point  0  be  denoted  by  T.     After  describing 
the  loop  round  a,  the  integrand  will  liavo  at  0  tlie  value  e^^'-^'^+^+y'^')  T,  and  the  part 

17—2 


260  TRANSCENDENTAL  FUNCTIONS.  [CHAP.  XI. 

/•(a+)  /■(<>  +  .  '  +  .  »-.  6-) 

I        of  the  integral  I  will  have  been  obtained.     Describing  next  the  loop 

round  b,  the  corresjjonding  part  of  the  integral  I  will  therefore  be 


g2irj(a+p+v-l) 


Jo       ' 


and  the  integrand  will  return  to  0  with  the  value 

^ini  (a'+/3+y-l  +  «  +  ^'+v-l)  JT 

Describing  next  the  loop  round  a  in  the  negative  direction,  we  observe  that  the  corre- 
sponding part  of  the  integral  would  have  been 

A«-) 
'o 
if  the  integrand  had  had  for  initial  value 

g2irt(a'+|3+y-l)  jr 

which  is  its  final  value  when  the  loop  is  described  with  the  initial  value  T:  it  is  therefore 
actually 

g2«(a  +  /3'+Y-l)    /"'""' 


/: 


or 


•+P'+v-i)  /■"•^'. 


■/: 


and  lastly,  describing  the  loop  round  b  in  the  negative  direction,  we  obtain  the  part 

({!'  +  ) 

Jo 
of  the  integral. 

Collecting  these  restilts,  we  have 

a  formula  which  furnishes  the  value  of  the  double-contour  integral  in  terms  of  two  simple- 
contour  integrals. 

145.     Relations  between  contiguous  hypergeometric  functions. 

Let  P  (z)  be  a  hypergeometric  function  with  the  argument  z,  the  singu- 
larities a,  b,  c,  and  the  exponents  a,  a', /3, /3',  7, 7'.  Let  Pi+^^m-ii^)  denote  the 
function  which  is  obtained  by  replacing  two  of  the  exponents,  I  and  m,  in 
P  (z)  by  l  +  l  and  in  —1  respectively.  Such  functions  P(+i„,-i('^)  are  said 
to  be  contiguous  to  P  (z).  There  are  clearly  6  x  5  or  30  contiguous  functions, 
since  I  and  m  may  be  any  two  of  the  six  exponents. 

It  was  first  shewn  by  Riemann*  that  the  function  P  (z)  and  any  two  of 
its  contiguous  functions  are  connected  by  a  linear  relation,  the  coefficients  in 
which  are  polynomials  in  z. 

*  Abhandlungen  der  KSn.  Get.  der  Wiss,  zu  Gottingen,  1857. 
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30  29 
There  will  clearly  be  —  -^ —  or  435  of  these  relations.     In  order  to  obtain 

them,  we  shall  take  P{z)  in  the  form 

P {z)  =  (z  -  of  (z  -bf{z-  c)y  f  (t-  a/+r+«-i  (t  -  6)y+«+^'-i 

J  c 

{t  -  c)°+^+>'-i  (t  -  z)-'-^-y  dt, 

where  C  may  be  any  closed  contour  in  the  <-plane  such  that  the  integrand 
resumes  its  initial  value  after  describing  C. 

First,  since  the  integral  round  C  of  the  differential  of  any  function  which 
resumes  its  initial  value  after  describing  C  is  zero,  we  have 

0  =  f  4  {(<  -  a)"'"*'^"^''  (t  -  by+^'+y-'  (t  -  c)'+^+y'-^  (t  -  z)-'-f-y}  dt, 
J  cdt 

or 

0  =  (a  +  /8  +  7)  f  («  -  ay+f+y-'  {t  -  6)«+3'+''-'  {t  -  c)»+^+V-'  (<  -  zY'-^-y  dt 

Jo 

+  (a  +  /9'  +  7  -  1)  f  (t  -  ay+^+y  (t  -  by+^'+y-^  (t  -  c)-+^+r'-i  (<  -  ^)-<'-^-y  dt 
J  c 

+  (a  +  /9  +  7'  - 1)  f  {t-  ay+^+y  (t  -  bY+^'+y-'  (t  -  cY+^+y'-'  (t  -  zy-^-y  dt 

J  c 

-  (a  +  /3  +  7)  f  {t-  ay^^+y  (t  -  6)-+3'+r-i  (t  -  c)''+^+r'-'  ((  -  2)— 3-r-i  dt, 
J  c 

or 

(a'  +  /3  +  7)  P  +  (a  +  ^'  +  7  -  1)  P..+,. ^-i  +  (a  +  /8  +  7'  -  1)  P.'+,,y-i 

_(a  +  ^  +  7)p 

Considerations  of  symmetry  shew  that  the  right-hand  side  of  this 
equation  can  be  replaced  by 

I  (a  +  ^  +  7)  p 

These,  together  with  the  analogous  formulae  obtained  by  cyclical  inter- 
change of  (a,  o,  o')  with  {b,  /3,  /3')  and  (c,  7,  7'),  are  six  linear  relations 
connecting  the  hypergeometric  function  P  with  the  twelve  contiguous 
functions 

H  Pa+1,3'-1,    Pp+i.y'—i,    Py+i^a'— 1,    Po+1,y'— 1>    ■t'^3+i,«'— n    -^  y+l,  3'-l> 

Pa'+l,P'-l.    Po'+1,y'-1i     Pp'+l,y-l>    P^'+l,a'-l,    Py'+l.a'-l,     -^   y+l,  P'-l  • 
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Next,  writing  t-a  =  (t-b)  +  {b-a),  and  using  P.'-i  to  denote  the  result 
of  writing  a'  -  1  for  a'  in  P,  we  have 

P=P.'_,.3Vi  +  (t-a)'Pa'-i. 

Similarly  P  =  P.'-,, y+i  +  (c  -  a)  P.-i . 

Eliminating  P.'-i  from  these  equations,  we  have 

(c-b)P  +  (a-c)  P.._,,  ^.+1  +  (6  -  a)  Pa'_,,y+.  =  0. 

This  and  the  analogous  formulae  are  three  more  linear  relations  con- 
necting P  with  the  last  six  of  the  twelve  contiguous  functions  written  above. 

Next,  writing  (t  —  z)  =  {t  —  a)  —  (z  —  a)  we  readily  find  the  relation 
P  =  — .  Pp+,y_,  -{z-  a)»+>  (z  -  bf  (z  -  c)y 

Z  —  0 

X  [  {t-  ay+y+'''-'  {z  -  a)i'+''+^'-'  (z  -  6)«+^+r'-i  {t  -  z)-'-^-y-'  dt, 
J  c 

which  gives  the  equations 

(^  _  a)-i  [P-(z-  b)-'  P,+,,y-,}  =  (z-  br  {P-(^-  C)-'  Pr+,.'-i} 

=  (^-c)-MP-(^-a)-'Pa+,s'->l. 

These  are  two  more  linear  equations  between  P  and  the  above  twelve 
contiguous  functions. 

We  have  therefore  now  altogether  found  eleven  linear  relations  between 
P  and  these  twelve  functions,  the  coefficients  in  these  relations  being  rational 
functions  of  z.  Hence  each  of  these  functions  can  be  expressed  linearly  in 
terms  of  P  and  some  selected  one  of  them ;  that  is,  between  P  and  any  two  of 
the  above  functions  there  exists  a  linear  relation.  The  coefficients  in  this 
relation  will  be  rational  functions  of  z,  and  therefore  will  become  polynomials 
in  z  when  the  relation  is  multiplied  throughout  by  the  least  common  multiple 
of  their  denominators. 

The  theorem  is  therefore  proved,  so  far  as  the  above  twelve  contiguous 
functions  are  concerned.  It  can  in  the  same  way  be  extended  so  as  to  be 
established  for  the  rest  of  the  thirty  contiguous  functions. 

Corollary.  If  functions  be  derived  from  P  by  replacing  the  exponents 
a,  a', /3,  ^',  7, 7',  by  a  +  ju,  a' +  g,  /9  4- r,  /3' +  s,  7  +  <,  7' +  m,  where  p,  q,  r,  s,  t,u, 
are  integers  satisfying  the  relation 

}i  +  q  +  r  +  s  +  t  +  u  =  0, 

then  between  P  and  these  functions  there  exists  a  linear  relation,  the  co- 
efficients in  which  are  polynomials  in  z. 


MISC.  EXS.]  HYPERGEOMETRIC   FUNCTIONS.  263 

This  result  can  be  obtained  by  connecting  P  with  the  two  functions  by 
a  chain  of  intermediate  contiguous  functions,  writing  down  the  linear 
relations  which  connect  them  with  P  and  the  two  functions,  and  from  these 
relations  eliminating  the  intermediate  contiguous  functions. 

It  will  be  noticed  that  many  of  the  theorems  found  elsewhere  in  this 
book,  e.g.  the  recurrence-formulae  for  the  Legendre  functions  (§  117),  are 
really  cases  of  the  theorem  of  this  article. 

Miscellaneous  Examples.  • 

1.  Shew  that 

F{a,  6  +  1,  c,  z)~F(a,  b,  c,  z)  =  ^  F{a-\-\,  5  +  1,  c+1,  2). 

2.  Shew  that 

F{a  +  \,  6  +  1,  c,z)-F{a,  h,  c,  z)  =^  F {a+\,  6+1,  c+1,  j). 

dP  cPP 

3.  If  P  (2)  be  a  hypergeometric  function,  express  its  derivates  -3-  and  -p^  linearly  in 

terms  of  P  and  contiguous  functions,  and  hence  find  the  linear  relation  between  P,  -j-  , 

cPP 
and  -jY ,  i.e.  verify  that  P  satisfies  the  hypergeometric  differential  equation. 

4.  If 

■  W{a,b,x)  denote  F  (—j— ,  1,  2,   -bx\, 

I' 

shew  that  the  equation  y=  W{a,  6,  x) 

is  eqmvalent  to  x=W(b,a,y). 

5.  Shew  that  a  second  solution  of  the  diflferential  equation  for 

F  (a,  6,  f,  x) 
is  x^-'F{a-c  +  l,    6-c  +  l,    2-c,    .r). 

6.  Shew  that  the  equation 

i  («2  +  V)  ^2  +  («i  +  ^i-^')  £.  +  («o  +  box)y  =  0 

can,  by  change  of  variables,  be  brought  to  the  form 

and  that  this  latter  equation  can  be  derived  from  the  hypergeometric  equation 

_  x{l-x)'^+{c-{a  +  b  +  l)x}^l-ab2/  =  0 

x" 
by  the  substitution  b  =  m,  x=—  ,  where  m  is  infinitely  large. 
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7.     Shew  that 
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[-      -1  00  1 

I     0  -Ji         0 

where  (fit)  is  the  coefficient  of  A*  in  the  expansion  of  (1  -  ^hz+h^)-"  in  ascending  powers 
of  A. 

8.  Shew  that,  for  values  of  x  between  0  and  1,  the  solution  of  the  equation 

iB  JF{ia,iA  i  (1-2^)2} +  fi(l-2:i-)  i^{i(a+l),i  (^+1),  5.  (1-2^)'}. 

where  A,  B,  are  arbitrary  constants  and  F{a,  )3,  y,  x)  represents  the  hypergeometric  series. 

(Cambridge  Mathematical  Tripos,  Part  I,  1896.) 

9.  Shew  that  the  differential  equation  for  the  associated  Legendre  function  P^  {i) 
of  order  ra  and  degree  m  is  satisfied  by  the  three  functions 

/        0  00  1  \ 

1  11-2 

p\     l""     -"       I*"    -Y- 

—  Tjm    M  +  1     -xm 


PA 


0         00  1 


n  n     «+(«'- 1)1 

2  2     z-{t^-X)\ 


n  +  l 


n  +  1 


V-2-      -"*     ^ 


\y 


P\ 


00  1 


n  m  1 

'2      2      r^« 


+  1       _TO        1 

V"~2~  2       2 


10.     Shew  that  the  hypergeometric  equation 


dy 


is  satisfied  by  the  two  integrals 

J  0 

»nd  /" /-^(l-«)'"-i'{l-(l-x)7}-''rfz. 


(Olbricht.) 
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11.  If 
(1  -  x)'+^-y  F(2a,  2^,  2y,  x)  =  l+Bx+  Ca^+Dx>+... , 

shew  that 

F(a,  /3,  y  +  i,  .v)F(y-a,y-^,  y  +  h  .v) 

%+r  ^y+i)(r+^)       ^(y+i)(y+i)(y+^)    "^^  -• 

(Cayley.) 

12.  Prove  that 

/>„  (z)  =  i  tan  «,r  {§„  (z)  -  §_„.,  (z)}, 

where   P„{z)  and    $„(z)   are  the   Legendre   functions   of  the   first  and  second   kind  of 
order  7i. 

13.  If  a  function  F(a,  fi,  ^,y;  x,  y)  be  defined  by  the  equation 
F{a,  ft  /?,  y ;  x,  y)  =  ^^^-^M_^  J\,«-i  (1  _„)y-«-i  (1  _  ^)-P  (1  -uyT^' du, 

then  shew  that  between  Z'  and  any  tliree  of  its  eight  contiguous  functions 

F{a±\),     F{^±\),     F{^±\\     F{y±\), 

there  exists  a  homogeneous  linear  equation,  whose  coefficients  are  polynomials  in  x  and  y. 

(Levavasseur.) 

^      14.     If  y  —  a  -  ^  <  0,  shew  that,  for  values  of  x  nearly  equal  to  unity, 

and  that  if  y  — a  — ^  =  0,  the  corresponding  approximate  formula  is 

(Cambridge  Mathematical  Tripos,  Part  II,  1893.) 
15.     Shew  that  when  |:r|  <  1, 

(•{1,0.1-. 0-) 

j^  x'^-'-iv-xf-'^-'^v'-'^iX-vy'dv 

=  -  4e""'  sin  OTT  sin  (p  -  a)  «■ .  ^^^,"1^^°^  Pi<h  «u  P,  ^), 

where  c  denotes  a  point  on  the  finite  line  joining  the  points  0,  x,  the  initial  arguments  of 
v-x  and  of  v  are  the  same  as  that  of  x,  and  that  of  (1  -  v)  reduces  to  zero  at  the  origin. 

(Pochhammer.) 


CHAPTER  XII. 

Bessel  Functions. 

146.     The  Bessel  coefficients. 

In  this  chapter  we  shall  consider  a  class  of  functions  known  as  Bessel 
functions,  which  present  many  analogies  with  the  Legendre  functions  con- 
sidered in  Chapter  X.  As  in  the  case  of  the  Legendre  functions,  we  shall 
first  introduce  the  functions,  or  rather  a  certain  set  of  them,  as  coeflScients- 
in  an  expansion. 

For  all  finite  values  of  z,  and  all  finite  values  of  t  except  t  =  0,  the 
function 

can  be  expanded  by  Laurent's  theorem  (§  4.3)  in  a  series  of  ascending  and 
descending  powers  of  t.  If  the  coefficient  of  <",  where  n  is  any  positive 
or  negative  integer,  be  denoted  by  J,j  {z),  we  have  (by  §  43) 


'^"^^^=21^/""""'*'^"'"^'^"' 


the  integral  being  taken  round  any  simple  contour  in  the  M-plane  enclosing 
the  point  u  =  0. 

To  express  this  quantity  J'„  {z)  as  a  power-series  in  z,  write 

2t 


Z 


Thus 


•^<^)= 2^(1)7^"""'^'"^'^^'  -''^-r^ 


the  integral  being  taken  round  any  simple  contour  in  the  i-plane  enclosing 
the  point  t  =  0.     This  can  be  written 
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Now  (§  56)  we  have 
„ — :  I  t-"~''~^e^dt=  the  residue  of  the  function  t~"~''~'  e*  at  its  pole,  the  origin. 
If  n  is  a  positive  integer,  this  residue  is 


(w  +  r)!' 

if  n  is  a  negative  integer,  say  =  —  s,  the  residue  is  zero  when  r  =  0,1,2, ...s  —  1, 
and  when  r  >  s  it  is 

1 
{r-s)l' 

In  any  case,  the  residue  is 


T{n+r  +  iy 
Thus  if  n  is  a  positive  integer,  we  have 

and  if  n  is  a  negative  integer,  equal  to  —  s,  we  have 

r   /,x_    V   f^Y-'     (-l)*"     _    I    /^Y+''  (- 1)'+' 

'^"  ^^'^  ~  rZ,  U;    r iTr^r^yi  -  .fo  V2 J    (s + <)n!  ■ 

or  Jr,{z)  =  {-\yj,{z). 

Whether  n  be  a  positive  or  negative  integer,  the  expansion  can  clearly 
be  written  in  the  form 

r    (._     y     {-irz-+^ 

The  function  J„  {z)  thus  defined  for  integral  values  of  n  is  called  the 
Bessel  coefficient  of  the  ?ith  order. 

We  shall  see  subsequently  (§  149)  that  the  Bessel  coefficients  are  a  particular  case  of  a 
more  extended  class  of  functions  known  as  Bessel  functions. 

Bessel  coefficients  were  introduced  by  Bessel  in  1824  in  hia  "  Untersuchung  des  Theils 
der  planetarischen  Storungen,  welcher  aus  der  Bewegung  der  Sonne  entsteht." 

In  reading  some  of  the  earlier  papers  on  the  subject,  it  is  to  be  remembered  that  the 
notation  has  changed,  what  was  formerly  denoted  by  Jn  (z)  being  now  denoted  by  ./„  (2^). 

Example  1.     Prove  that  if 

26(1+62)  ,    ^j_    .   /I2  I 

(l-2a^-g^)-^  +  4W--'^  +  -^''  +  -^^'+-- 

then  will  e"sin6^  =  ^i/,  (z)  +  A2J2  (2) +  -'13^3  (2)  +  — 

(Cambridge  Mathematical  Tripos,  Part  I,  1896.) 
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For  replacing  the  Bessel  functions  in  the  given  aeriea   by  their  values   as   definite 
integrals,  we  have 


=  —  f< 


K)         ^^'^"' 


we  thus  have 


\       u      u^J       k' 

the  integrals  being  taken  round  any  simple  contour  in  the  «-plane  enclosing  the  origin. 
Taking  a  new  variable  t,  defined  by  the  equation 

^     r  e'('*'')bdt 
AiJ,{z)  +  AjJ2{z)  +  A^3{z)  +  ...^—.j      ^^^^    , 

where  the  integration  is  now  to  bo  taken  in  the  clockwise  direction  round  any  large  simple 
contour  in  the  <-plane.     This  expression  is  (§  56)  equal  to  minus  the  sum  of  the  residues 

of  the  fmiction 

e»(<  +  <>)J 

at  its  poles  t'=ib  and  1=  —ib  ;  that  is,  it  is  equal  to 

le.(a  +  (»)_ie.(a-it) 

or  e"  sin  bi, 

which  is  the  required  result. 

Example  2.     Shew  that,  when  n  is  an  integer, 

m=  — » 

Wehave  ^"+'"0-0=  ^('"0.  JH), 

or  2    <"^«(?+.y)=    2    r>J„(2)    i    fJ^d/). 

n»— CO  tn=— «)  r=— 00 

Equating  coefficients  of  r*  on    both  sides  of  this   equation,   we  have  the   required 
result. 

147.     BesseVs  differential  equation. 

We  have   seen  that,  for  all  integer  values  of  n,  the  Bessel  coefficient 
of  order  n  is  expressed  by  the  formula 

where  C  is  a  simple  contour  in  the  <-plane  enclosing  the  point  t  =  0. 


147,  148]  BESSEL  FUNCTIONS.  269 

We  shall  now  shew  that  the  function  Jn{z)  is  a  solution  of  a  certain 
linear  dilferential  equation  of  the  second  order,  namely, 

dz^^zdz^K        zy^ 
For  we  find  in  performing  the  differentiations  that 


dz"         z      ds         \        z 

'  2l- 


,  dt 
4<»l 


1     2"  r   .„,<--  (i       n+l   , 
=  0, 

t-'' 

since  the  function  e    **  i~"~'  resumes  its  original  value  after  the  point  t  has 
described  the  contour  in  question. 

Thus  t/„  {z)  satisfies  the  differential  equatioii 

This  is  called  Bessel's  equation  of  order  n.  Its  properties  in  many  respects 
resemble  those  of  Legendre's  differential  equation,  which  is  also  a  linear 
differential  equation  of  the  second  order. 

148.     Bessel's  equation  as  a  case  of  the  hyper  geometric  equation. 

If  c  be  any  finite  quantity,  the  differential  equation  of  the  hypergeometric 
function 

0         X  c  \ 

1 

n        ic     ^  +  ic     z 


is  (§  137) 


—  n     —  ic 


d"-y  + 1  rfy ^ (^«=  +  'Ili^  _cy_  ^ ^ 


dz''      z  dz      \z       z  —  c  J  z  {z  —  c) 
If  in  this  equation  we  make  c  tend  to  an  infinitely  large  value,  we  obtain 

dz'  ^zdz^V      z-jy      "' 
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which  is  Bessel's  equation  of  order  n.     Thus  Bessel's  equation  can  be  regarded 
as   a   limiting   case   of  the   hyper-geometric   equation,   corresponding   to  the 

function 

/      0  X         c  \ 


Limit  P  - 

<!=x 


IC        2  ■•"  ^'^      •^  \ 


—  n      —  tc      2  ~  ''^ 


Another  representation  of  Bessel's  equation  as  a  limiting  case  of  the 
hypergeometric  equation  is  the  following. 

If  we  change  the  dependent  variable  in  Bessel's  equation,  by  writing 
y  =  e"u,  the  differential  equation  for  u  is  easily  found  to  be 

dhi      /„.     l\du,  (i      7i'\         „ 

Now  if  c  be  any  quantity,  the  differential  equation  of  the  hypergeometric 

function 

0         00  c  ' 


Pi 


0 


—  n     5  —  2ic     2ic  —  1 

4 


IS 


dhi 
dz^ 


/I      2  -  2ic\  da      /r£c     3  _ 
\z       z  —  c)dz     \'z      8 


ic 


z{z  —  c) 

If  in  this  equation  we  make  c  tend  to  infinity,  we  obtain 

/I        .\  du      f_  Ti' 
\z         I  dz      \    z" 


0. 


dz^ 


■-,+-]u  =  0. 


which   is  the   above  equation.     Hence  Bessel's  equation  is  a  limiting  case 
of  the  hypergeometric  equation,  being  the  equation  for  the  function 


e«  Limit  P 


0 


c 
0 


—  n     Y  —  2ic     2ic  —  1 

4 


Bessel's  equation  is  connected  not  merely  with  the  general  hypergeometric 
equation,  but  with  that  special  form  of  it  which  we  have  considered  in  con- 
nexion with  the  Legendre  functions. 
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For  the  differential  equation  of  the  associated  Legeudre  function  (§  129) 

is  (§  138)  the  equation  of  the  function 


-  1 

m 
2 

m 


?i  +  1 


m  z' 

"2        ~  2nV . 


in 


—  n       —  ■ 


or  (§  139) 


/        47!°  X 


P\ 


0 

2      "  +  ^         2 

??i  m 

2       -"      -2 


or 


The  differential  equation  of  this  function  is 

'     ,  /    _i ,}\Jiy_.( !^ w+1      m'X  /I'y         ^ 

1)2  "^  1^22  _  4,j2  -^  ^2  j  (^  (^2)  -^  \^    ^2  _  4n=        n         zy  z'  (z'  ~  4n^) 

If  in  this  equation  we  make  n  tend  to  infinity,  it  becomes 

d^      I  Jy_  _  /'_  T  ,  !^\  y  ^0 

d{zj'^ z"  d{z')     V  2V4^^       ' 


d'y^ldy 
dz"     z  dz 


which  is  Bessel's  equation.     Thus  Bessel's  equation  of  order  m  is  the  same 
as  the  equation  for  the  function 


LimitP„'"(l-,|). 


By  considering  Bessel's  equation  as  a  limiting  case  of  the  hypergeometric  equation, 
we  can  deduce  certain  solutions  in  the  form  of  definite  integrals. 

For  the  differential  equation  of  the  function 

0        00         c 


I 
.     ..  ., 

\  -n     +ic     i  — 


-ic     i  +  ic     z 


is  satisfied  by  the  integral 
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if  C  is  a  contour  such  that  after  describing  C  the  integrand  returns  to  its  initial  value. 
When  c  becomes  infinite,  this  expression  reduces  to 


J  C 


which  accordingly  satisfies  Bessel's  equation  if  C  be  a  contour  of  the  kind  described ;  C  can 
for  instance  be  a  figure-of-eight  contour  encircling  the  points  t  =  Q  and  t=i. 

In  fact,  if  we  write 

y  =  2»e-«  I    r»-J(<-2)-»~ie2"rf«, 


we  have 


\        a/  J  M^ 

=0. 

other  solutions  can  be  found  by  changing  the  signs  of  n  and  i. 

Example.     Shew  that  Bessel's  differential  equation  is  the  limiting  case  of  the  equation 
of  the  hypergeomotric  function 

0  00  c2 

|ji         i(c-w)        0       22 

.  —\n     —\{c  +  n)     n  +  \ 
when  c  tends  to  infinity. 

149.     The  general  solution  of  Bessel's  equation  by  Bessel  functions  whose 
order  is  not  necessarily  an  integer. 

We  now  proceed,  iti  the  same  way  as  in  §  116,  to  extend  our  definition  of 
the  function  /„  {z)  to  the  general  case  in  which  n  is  not  an  integer. 

It  appears  from  the  proof  given  in  §  147  that,  whatever  n  may  be,  the 
differential  equation 

d^y     \  dy      /,      n^\ 
is  satisfied  by  an  integral  of  the  form 

r         (-- 

«  =  2»      r"-'  e    «  dt, 

J  V 

provided  the  path  of  integration  C  is  a  contour  on  the  i-plane,  so  chosen  that 
the  function 

e    «<-»-» 

resumes  its  initial  value  after  describing  C 
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Now  when  the  real  part  of  <  is  a  very  large  negative  number,  the 
function 

is  infinitesimal.  Hence  y  will  be  a  solution  of  the  differential  equation, 
provided  the  contour  G  begins  and  ends  with  values  of  t  whose  real  part 
is  infinitely  large  and  negative. 

Let  therefore  a  contour  G  be  taken  which  begins  at  the  negative  end 
of  the  real  axis,  and  after  proceeding  close  to  the  real  axis  to  the  neighbour- 
hood of  the  origin  makes  a  circuit  of  the  origin  and  returns,  close  to  the  real 
axis,  to  the  negative  end  of  the  real  axis  again.  The  integral  y  taken  round 
this  contour  satisfies  Bessel's  differential  equation. 

We  shall  now  shew  that  this  solution  y  can  be  expressed  in  the  form  of 
a  series  of  powers  of  z. 

Suppose  as  usual  that  by  i~"~'  is  understood  that  branch  of  the  function 
*-"-'  which  when  continued  (§  41)  to  the  point  <=1  by  a  straight  path, 
arrives  at  the  point  t  =  \  with  the  value  unity. 


Then  we  have 

y  = 

-L 

t-«- 

■>e'. 

e  *tdt 

= 

r  =  0 

-1) 
2^ 

rl      J  c 

-71— 

But 

(§  100)  we 

have 

1 

T{k 

T 

1 
27n 

L'-" 

dt. 

'dt. 


k 


?    27^^•  ■  (-  l)--  ■  2^+" 
Ihus  y=  2.    — - — ,^,    r^. 

But  when  n  is  an  integer,  we  have  (§  146) 

(-  1  )'•««■+'» 


Jn(^)=    S 


o2«+^'-r!  r(n  +  r  +  l)' 
Comparing  these  results,  we  have,  when  n  is  an  integer, 

where  C  is  the  contour  already  described. 

Now  we  have  seen  that  the  right-hand  side  of  this  equation  has  a  meaning 
and  satisfies  Bessel's  differential  equation  for  all  values  of  z  and  all  values  of « ; 
whereas,  up  to  the  present,  J„  (z)  has  been  defined  only  for  integral  values 
W.  A.  18 
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of  n.     We  shall  take  this  opportunity  of  extending  the  definition  of  /„  (z),  in 
the  following  way. 

For  all  values  of  n  and  of  z,  the  function 
27ri  (I)    \r^' 

-         (-lyz" 


-»-  ""-■«  dt 


<or 


rZo  2»+«-r!  r(«,  +  r  +  l) 


will  be  denoted  by  Jn  (z).  In  the  integral,  i~"~^  is  to  have  the  value  which 
becomes  unity  when  the  variable  t  travels  in  a  straight  line  to  the  point  <  =  1 : 
and  (7  is  a  contour  which  encircles  the  point  t  =  0  and  begins  and  ends  at 
the  negative  end  of  the  real  axis  in  the  <-plane.  The  function  J„(z)  thus 
defined  is  called  the  Bessel  function  of  z,  of  the  first  kind  and  of  the  order  n ; 
it  satisfies  Bessel' s  differential  equation  of  order  n. 

Since  Bessel's  differential  equation  is  unaltered  by  the  change  of  n  into 
—  71,  we  see  that  J^ni^)  is  also  a  solution  of  the  equation;  and  therefore  the 
general  solution  of  Bessel's  equation  is  of  the  form 

aJn{z)+bJ_n(^), 

■where  a  and  b  are  arbitrary  constants,  except  in  the  case  in  which  Jn  (z)  and 
J-n  (z)  are  not  independent  functions ;  this  exceptional  case  happens  when  n 
is  an  integer,  for  then,  as  we  have  already  seen,  we  have  the  relation 

J„(^)  =  (-!)"/_„  (4 

A  second  solution  of  Bessel's  equation  in  the  case  when  n  is  an  integer 
will  be  given  later. 

150.     The  recurrence-formulae  fur  the  Bessel  functions. 

As  the  Bessel  functions,  like  the  Legendre  functions,  are  members  of 
the  general  class  of  hypergeometric  functions,  it  is  to  be  expected  that 
recurrence-formulae  will  exist  between  them,  corresponding  to  the  relations 
between  contiguous  hypergeometric  functions  (|  145). 

We  shall  now  establish  these  recurrence-relations ;  the  proof  given  does 
not  assume  the  order  n  to  be  an  integer,  and  consequently  the  formulae  are 
valid  for  all  values  of  n,  real  or  complex. 

Let  C  be  the  contour  described  in  the  last  article,  which  begins  and  ends 
at  the  negative  end  of  the  real  axis  in  the  <-plane,  and  encircles  the  point 
i  =  0. 


Then  since  the  function 


e    **1r^ 
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is  infinitesimal  at  the  extremities  of  this  contour,  we  have  the  equation 

=  1    e~^  (t-»  +  jz't-"-"  -  nt-"-''^  dt 

In 
or  J„_i  («)  +  J„+,  (^■)  =  — /„  (2)  (A), 

z 

which  is  the  first  of  the  recurrence-formulae. 
Next  we  have,  by  differentiation, 

dz }  c  ^    J  c 


dz 


WM 


j.-(?)V.„w, 


dJn  {^)       n 


I 


or  "1^^^=^/„(^)_J„^^(^)  (B). 

From  (A)  and  (B)  it  is  easy  to  derive  other  recurrence-formulae,  e.g. 

^^  =  I  {/„_.(.) -/„+,(.)! (C). 

and  ^^)=J„_,(^)_V„(.) ...(D). 

Example  1.     Shew  that 

Example  2.     Shew  that 

dJ,{z)      d^J,{z) 

151.  Relation  between  tivo  Bessel  functions  whose  orders  differ  by  an 
integer. 

The  various  recurrence-formulae  found  in  the  last  article  can  however  be 
easily  deduced  from  a  single  equation,  which  connects  any  two  Bessel 
functions  whose  orders  differ  by  an  integer,  namely 


{zdzf  1    2"    j  ' 

•where  n  is  any  number  (real  or  complex)  and  r  is  any  positive  integer. 

18—2 
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To  establish  this  result,  we  have,  by  §  149, 


d'     {Jn{z)\_     d-  1 


t~-. 


t-''-'e    'udt 


d  (z'Y  \    z"    )      d  (z^y  2-rri  .2"  Jc 

1        f    <~"~'     <_?.' 

1       1      /"        /  ^ 

—  — — —  /     f-n-r-ip''''u  (]t. 


Jn+r  (Z), 


(_  2)'-  z«+^ 

which  is  the  equation  required. 

The  recurrence-formulae  can  be  derived  without  difficulty  from  this  result. 
Thus,  equation  (B)  of  the  last  article  is  obtained  by  taking  »-=l  in  this 
equation :  and  equation  (A)  of  the  last  article  may  be  derived  in  the  following 
way. 

Taking  »•=  1  and  r  =  2  successively  in  the  formula  just  proved,  we  can 
express  the  first  and  second  derivates  of  Jn(z)  in  terms  of  Jn(z),  Jn+\ {z)  and 
Jn+i  (^).  in  the  form 

*^>  =  _  J  (1  -  n)  J„  (.)  -  ^  J„,,  (.)  +  J„+,  (.). 
Substituting  these  values  in  Bessel's  equation 

we  have  J„+.,  {z)  -  ^-^ — '-  /„+i  (^)  +  J„  (^)  =  0. 

z 

Changing  n  to  (n  —  1)  in  this  result,  we  have 

2w 

«^»+i  (^)  -  —  •^"  (^)  +  -^"-^  (^)  =  ^' 
z 

which  is  the  formula  (A)  of  the  last  article. 

The  other  recurrence-formulae  can  be  derived  in  a  similar  way. 
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152.     The  roots  of  Bessel  functions. 

The  relation  established  in  the  preceding  article  enables  us  to  deduce  the 
interesting  theorem  that  between  any  two  consecutive  rial  roots  of  Jn  (■?)  there 
lies  one  and  only  one  root  of  /„+,  {z)*. 

For  since  Jn{z)  satisfies  Be.ssel's  equation,  it  follows  that  the  function 
y  =  z~"  Jn  (z)  satisfies  the  differential  equation 

^  (.",)  + 1 1^  (.»,) +(l- I)  .'.y=0 


or 


z' 
.g.(2«.l)g  +  ,,  =  0. 


From  this  equation  it  is  evident  that  if  f  be  a  value  of  z  (real  and  not 
zero)  for  which  ~-  is  zero,  then  the  signs  of  ~y^^  and  y  must  be  unlike  at  the 
point  z=^.  Now  let  z  =  ^i  and  z  =  ^^  be  two  consecutive  roots  of  the 
function  -^ .     It  is  clear  from  the  differential  equation  that  neither  y  nor  -j^ 

can    be    zero    at    either  of  these  points.     Then  the  function  -~  -^^   has  a 

different  sign  just   before  reaching  z  =  ^2  to  that  which  it   has   just  after 

leaving  z  =  ^i;  and  hence  it  follows  that  the  function  y -~  has  a  different 

sign  just  before  reaching  2=  f,  to  that  which  it  has  just  after  leaving  z=  f,. 
The  function  y  must  therefore  have  an  odd  number  of  roots  between  the 
points  z  —  ^i  and  z  =  ^.,. 

But  from  Rolle's  Theorem  it  follows  that  y  cannot  be  zero  more  than 
once  in  this  interval :  so  y  must  have  one  and  only  one  zero  between  the 

points   ^  =  f I    and    z  =  P^'-    f^fl   therefore   the  zeros  of  y  and   of   -,-   occur 

az 

alternately. 

Thus,  between  any  two  consecutive  roots  of  the  function  z~^  Jn  (z)  there 
lies  one  and  only  one  root  of  the  function  -y-  {z~"  Jn  (z)]  or  -  zr^  J„+i  (z):  which 
establishes  the  theorem. 

153.     Expression  of  the  Bessel  coefficients  as  trigonometric  integrals. 

We  shall  next  obtain  a  form  for  the  Bessel  coefficients  (i.e.  the  Bessel 
functions  for  which  the  order  n  is  an  integer),  which  in  some  respects 
corresponds  to  the  Laplacian  integrals  obtained  in  §§  119  and  1.32  for  the 
Legendre  functions. 

*  The  proof  here  given  is  due  to  Gegenbauer,  Monalthefte  fur  Math.  vni.  (1897). 
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If  in  the  equation 

n=-«> 

we  write  t  =  e**,  we  have 

00 

n=-oo 

Changing  i  to  —  i  in  this  equation,  we  have 
Adding  and  subtracting  these  results,  we  have 

00 

cos  {z  sin  </))  =     S     /„  {z)  cos  n(^, 

n=  -00 

00 

sin  {z  sin  ^)  =     S     J„  (^)  sin  w^. 

n=  -00 

Since  </n(«)  =  (— l)"</-n(^),  these  equations  give 

cos  («  sin  <f>)  =  /„  (2;)  +  2  Jj  (^:)  cos  2<^  +  2/4  (^^)  cos  4<^  +  . . . , 
sin  {z  sin  ^)  =  2  Jj  (2;)  sin  </>  +  2  J,  {z)  sin  3(^  -h  . . . . 

As  these  are  Fourier  series,  we  have  (§  82) 

1   /■" 
J^  (z)  =  -        cos  nO  cos  (z  sin  0)  rf^,     (w  even), 

"T  Jo 
1     f" 

0  =  -  I    COS  n^  cos  (z  sin  0)  dO,     {n  odd), 

TT  Jo 

1    f' 
J„(0)  =  -l    sin  n0sin(«sin^)d^,     (n  odd), 

0  =  —  I    sin  n^  sin  (z  sin  0)  rf^,     (n  even). 

Since 

cos  {n6  —  z  sin  ^)  =  cos  nO  cos  (2;  sin  &)  +  sin  n0  sin  (z  sin  ^), 

we  have  in  all  cases  when  n  is  an  integer 

1  T" 
Jn  {z)  =  —\    COS  (n0  —  z  sin  ^)  (Z^, 

•T  Jo 

the  formula  required. 

Example.     To  shew  that  for  all  values  of  n,  real  or  complex,  the  integral 

1    /■» 
y=-  I    cos  (nfl -  r  sin  5 )  rftf 
"■Jo 


1 
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satisfies  the  difiFerential  equation 

which  reduces  to  Bessel's  equation  when  n  is  an  integer. 

1    T" 
For  if  y  =  -  \    cos  {n6  -  z  sin  6)  d6, 

^  J  0 

we  have  -1  =  ~  i    sin  fl  sin  (n6  -  z  sin  ff)  d6, 

d'^V         1    {■' 

-fi=  —  I    sin^ 6 cos {n6  —  z sin 6) d6, 

so  y+;j2=^/    cos»flcos(nfl-2  8infl)rffl, 

and  -^ — ;«=-  /     sin  (nfl  -  2  sm  fl)  rffl I     -i;  cos(«fl-zsmfl)rffl. 

z  dz      z'"     ir  ]  Q     z  ^  '  ■"■  J  0  ^ 

Now  integrating  by  parts,  we  have 

l/""'sinfl.  1  \    [^  cos  fl 

K  -I      —   sin(»fl  — 2  8infl)"rffl  =  — sin  W7r  +  -  /     —     (ji  -  z  cos  fl)  cos  (nfl  —  z  sin  fl)  rffl, 


and  therefore 


dPy     I  dy      (      mA         1  1    T" 

^2  +  2  5z  +  V^  ~  ^2  j -^  " '^  "'"  ""  "^  ^V  j  0   ^"'""^  ^  "  "'^ '^  ^"^  "  ' ''°  ^^ '^^ 
1  jj      /"e=ir 

=  —  sin  n?r  -  -=-  /         cos  («fl  -  z  sin  fl) .  rf  («fl  -  z  sin  fl) 


I 


1     .  w     . 

=  —  sin  mjr  -   „    sm  nn 

nz  z'tt 


_amnn /\      n\ 
~^^\z~?)' 

which  is  the  required  result. 


154.     Extension  of  the  integral-formula  to  the  case  in  which  n  is  not  an 
integer. 


I 


We  shall  now  shew  how  the  result 

1  f" 
Jn  {z)  =  -  I   COS  {nd  —  z  sin  6)  dd 

■""Jo 


must  be  generalised  in  order  to  meet  the  case  in  which  n  is  not  an  integer, 
i.e.  the  case  of  the  Bessel  functions,  as  opposed  to  the  Bessel  coefficients. 
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Suppose  that  the  real  part  of  z  is  positive.     Write  t  =  ^zu'\n  the  formula 


we  thus  have 


where  m~"~'  has  that  value  which  becomes  unity  when  the  variable  w  travels 
by  a  rectilinear  path  to  the  point  m  =  1.  Since  values  of  t  whose  real  part  is 
large  and  negative  correspond  to  values  of  u  whose  real  part  is  large  and 
negative,  we  see  that  the  path  in  the  w-plane,  along  which  this  integral  is  to 
be  taken,  is  still  a  path  leading  from  m  =  —  oo  round  the  point  m=0  and 
returning  to  w  =  —  oo  . 

Let  this  contour  be  chosen  so  as  to  consist  of 

(a)     a  straight  line  parallel  to,  and  below,  but  indefinitely  close  to,  the 
real  axis  from  «  =  —  oc  to  m  =  —  1 ; 

(/S)     a  circle  I  of  radius  unity  described  round  the  origin  ; 

(7)     a  straight  line  parallel  to,  and  above,  but  indefinitely  close  to,  the 
real  axis  from  m=  —  1  tow=  —  00. 

Thus 

where  w~"~'  has  in  the  first  integral  the  value  e'"*'*'"  at  m  =  —  1,  and  in  the 
third  integral  has  the  value  e~ '"+"*"■  at  m=  — 1.  Hence,  writing  u  =  -t  in 
the  first  and  third  integrals,  and  u  =  e'*  in  the  second  integral,  we  have 

,    ,  If'  pin+i)iiT   r"  ?/■_(+!') 

^7r  J  _„  27rt    Ji 

ztn     J 1 

where,  iu  the  last  two  integrals,  r"-'  has  the  value  1  at  the  point  t  =  l. 
Writing  t  =  e*,  we  have 


_^sjn(n+l)7rr^.„,.„,„,,^^ 

TT  Jo  I 

•'TJO  V  Jo  ' 
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or       J^(z)^-  rcos(zsm9-ne)dd-^-^^^  f    e-»»-"i"h«d6l (1). 

This  formula  is  valid  when  the  real  part  of  z  is  positive.     When  the  real 
part  of  z  is  negative,  a  similar  procedure  leads  to  the  result 

J-„(0)=  — '|rcos(^sin6»  +  ?i^)c^^-sinn7r  f    e -»«+""''' «(^^| (2). 

When  n  is  an  integer,  the  fi)rmula  (1)  gives 

1    f" 
J^  (2:)  =  -  I    cos  {nO  —  z  .sin  6)  d6, 

TT  Jo 

when  the  real  part  of  z  is  positive ;  and  the  formula  (2)  gives 
J„  (z)  =  ^::-Jl  r  cos  {nO  +  z  sin  6)  dO, 

or,  since  /„  (z)  =  (—  1)"  /_„  {z), 

1    f 
Jn  {z)  =  -       COS  (nd  —  z  sin  6)  dO, 

"T  J  » 

when  the  real  part  of  z  is  negative. 

Thus  in  either  case  when  n  is  an  integer,  we  have  again  the  result  of  the 
last  article,  namely  the  formula 


I 


J„(z)  =  -  r cos{nd-zsme)de (3). 

T  Jo 


I 


The  equation  (3)  was  known  to  Bessel.  Equation  (1)  is  due  to  Schlafli,  Math.  Ann.  in. 
{1871) ;  equation  (2)  was  first  given  by  Sonine,  Math.  Ann.  xvi.  (1880). 

The  trigonometric  integral-formula  for  J^  (z)  may  be  regarded  as  corresponding  to  the 
Laplacian  definite  integrals  for  the  Legendre  functions.  For  we  have  seen  that  the 
Bessel  function  J^  (z)  satisfies  the  difi'ereutial  equation  of  the  fimction 


But  the  Laplacian  integral  shews  that  this  quantity  is  a  multiple  of 

I  1  -(-  -  cos  d) )   COS  md)  d<i>, 

0  \       n        ^J 

or  I     e'-  "OS  *  COS  mcf)  d(p, 

the  similarity  of  which  to  the  above  result  (3)  will  be  observed. 
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155.     A  second  expression  of  Jn  (z)  as  a  definite  integral  whose  path  of 
integration  is  real. 

Another  definite-integral  formula,  which  is  valid  for  all  values  of  z  and  a 
certain  range  of  values  of  n,  can  be  obtained  in  the  following  way. 

The  function  Jn{z)  is  expressed  for  all  values  of  n  and  z  by  the  series 
Since  (§  95)  we  have 

r(.+  ^)  =  (.-y(.-g...^l.rQ)    _ 

this  can  be  written  in  the  form 

Jn{z)=  t   — ^^ — ^. 

r=o2"r(n-t-r+ l).2r!rQj 
Now  by  §  107  we  have 

/^cos^^sin^.^#=        r(4n+l)       ' 
provided  the  real  parts  of  (r  +  ^ )  ^^d  (w  +  g)  are  positive. 
Thus  if  the  real  part  of  (^  +  g)  ^^  positive,  we  have 

2»r(^)r(7i  +  i)r=o         2r!        Jo 

But  cos  (z  cos  d))  =   2, -  -f ^  . 

r=o  2r! 

Thus  we  have 

Jn  (ir)  = 7— f -r.      cos  {z  cos  A)  sin«"  6  d<f). 

2"rQ)r(n  +  D  0 

This  formula  is  true  for  all  values  of  z,  and  for  all  values  of  n  whose  real 
part  is  greater  than  —  ^ . 

Example  1.    Shew  that 

1         /■" 
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For  we  have 

1  [' 

"■  j  0 
jo  T  y  0  J  0 

=~  ("di  r(>t+l) 

n-Jo        {cos  6 +  i  sin  6  COS  (f))"*^ 

=  r(m+l)P„(cos(9), 
which  establishes  the  result. 

Example  2.     Shew  that 

1  f 

P„'"(coa6)=—, -.  I     e-'"''>'»J„{xamd)af*dx. 

r(Ji  — 7n  +  l)^  0 

(Cambridge  Mathematical  Tripos,  Pari;  II,  1893.) 

156.      Hankel's  definite-integral  solution  of  Bessel's  differential  equation. 
If  in  the  result  of  the  last  article  we  write 

t  =  cos  (f), 
we  obtain  the  result 

It  will  now  be  shewn  that  this  integral  is  a  member  of  a  very  general 
class  of  definite  integrals  which  satisfy  Bessel's  differential  equation,  namely, 
integrals  of  the  form 

«  =  «"  f  e^' (t' -  ly-i  dt, 
J  c 

where  C  may   be  any  one   of  a  number  of  contours   in   the  t-plane.     The 
importance  of  solutions  of  this  type  was  first  shewn  by  Hankel*. 

To  shew  that  integrals  of  this  class  satisfy  Bessel's  equation,  we  form  the 
first  and  second  derivates  of  the  expression  y,  and  find  that 

dz'^zdz^v  z^jy 

=  -  2"-"  f  [ze^' (f  -  1  )"+*  -{2n  +  l)ti e'*'  (<" -  1  )"-*)  dt 
J  c 

d 


=  ^'^""'  i   I*  {«""(«'-  1)"+^}  dt. 
J  n  at 


'  cdt 

*  Math.  Ann.  i. 


284  TRANSCENDENTAL    FUNCTIONS.  [CHAP.  XII. 

From  this  it  is  clear  that  Bessel's  equation  will  be  satisfied  by  the  integi-al 

J  c 
provided   C  is  a  closed  contour  such  that  tlie  integrand  resumes  its  initial 
value  after  making  a  circuit  of  C. 

The  similarity  of  this  result  to  the  general  theorem  of  §  142  is  very 
apparent. 


/ 


157.  Expression  of  t/,,  (z),  for  all  values  of  n  and  z,  by  an  integral  of 
Hankel's  type. 

We  shall  now  shew  how  the  particular  solution  Jn  {z)  of  Bessel's  equation 
can  he  expressed  by  an  integral  of  Hankel's  type.  Consider  the  contour 
formed  by  a  figure-of-eight  in  the  i-plane,  enclosing  the  point  i  =  -t- 1  in  one 
loop  and  the  point  t  =  —  \  in  the  other,  so  that  a  description  of  the  contour 
in  the  positive  sense  involves  a  turn  in  the  positive  direction  round  the  point 
t  =  +  \  and  a  turn  in  the  negative  direction  round  the  point  i  =  — 1.  After 
turning  round  the  point  <  =  -(- 1  in  the  positive  sense,  the  integrand  resumes 
its  original  value  multiplied  by  e^n-i)'^"-',  as  can  be  seen  by  writing  it  in  the 
form 

zM+(n-J)loga-l)+(n-i)log((+l). 

and  after  turning  round  t  =  —  \  in  the  negative  sense,  it  is  further  multi- 
plied by 

-(n-J)2iri  ' 

Hence  after  describing  the  whole  contour,  the  integrand  resumes  its 
original  value. 


Thus 


y 


r(i+, -1-) 


is  a  solution  of  the  differential  equation,  valid  for  all  values  of  z  and  of  n ; 
the  symbol  (1  -f,  —  1  — )  placed  at  the  upper  limit  of  the  integral  indicating 
that  the  path  of  integration  consists  of  a  positive  revolution  round  1  and  a 
negative  revolution  round  —  1 

III  this  equation  we  shall  suppose  as  usual  that  z"  has  the  value  which 
reduces  to  1  when  z  travels  by  a  straight  path  to  the  point  z=\,  and  we  shall 
suppose  (<'  —  !)"-*  to  have  initially  the  value  which  reduces  to  e-(»-J)"  when 
t  travels  by  a  straight  path  to  the  point  <  =  0. 

To  find  the  relation  between  this  quantity  y  and  the  particular  solution 
Jn  {z)  of  Bessel's  equation,  we  expand  y  in  the  form 

00     -n+rVr    /•(!  +  , _i-) 
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To  evaluate  the  integrals  which  occur  in  this  series,  write 
F{r,  n)=  fit"-  l)"-idt. 

Then  F (r,  n  +  [)  =  j      '        {V'+^ -  r)  {f  -  1)"-^ dt 


(2+, -1-)     *r+l 


J  2n  +  l  V  '     / 

('•+1) 


2n+l 


i^Cr-,  n  +  l)-i?'()-,  «). 


Thus  we  have        F  (r,  n)  =  -  ^""^'"t^  F  (r,  n  +  1 ). 

^  '     ^  2n  +  l         ^ 

This  result  enables  us  to  reduce  the  evaluation  of  F  {r,  n)  to  the  evalua- 
tion of  F  (r,  n  +  1),  anil  thus  to  the  evaluation  of  F {r,  n  +  k),  where  k  is  a 

positive  integer  so  chosen  that  the  real  part  of  (»  4-  k)  is  greater  than  —  ^  • 
We  have  therefore  to  evaluate  the  integral 

F{r,  n)=  \  f{t--\Y-Ht, 

where  we  may  now  suppose  that  the  real  part  of  n  is  greater  than  —  ^ .     The 

contour  can  be  supposed  to  start  at  the  point  t  =  0,  where  {t^—  1)"~*  has  the 
value  e-(''-i)''',  then  to  proceed  to  the  neighbourhood  of  the  point  t=\  along 
the  real  axis,  then  to  make  a  positive  turn  in  a  small  circle  round  <  =  1,  then 
to  return  along  the  real  axis  to  the  point  t  =  Q,  where  (<'•'— l)"~i  has  now 
the  value  e*""*^"*,  then  to  proceed  along  the  real  axis  to  the  neighbourhood 
of  the  point  t  —  —  l,  then  to  make  a  negative  turn  in  a  small  circle  round 
i  =  — 1,  and  lastly  to  return  along  the  real  axis  to  the  point  t  =  0,  where 
(f  _l)n-i  has  now  the  value  e-(»-i>".     Since  the  real  part  of  ?i  is  greater 

than  —  - ,  the    integrals   round   the   small   circles  at  t  =  1   and  t  =  —  \   are 

infinitesimal,  and  we  therefore  have 

F{r,  n)  =  «-(«-««  f  r(l -<')""* f^^-e^""^^"  (    V^il-t^y-^dt 

Jo  Jo 

Jo  Jo 

where  in  each  of  these  integrals  the  quantity  (1  —  t^y-i  is  now  supposed  to 
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have  the  vahie  unity  at  t  =  0.     Writing  -  *  for  (  in  the  two  last  integrals, 
we  have 

F{r,  n)=-{e<»-»'^-e-(''-»"}{l-(- 1)'"+')  [  f  {\  -  t^)"-^  df. 

=  —  2i  cos^  -^  sin  (n  —  ^j  TT  j    v^  "■""  (1  —  i')""*  dv,  where  v  =  t-, 
(by  §  105)         =  -  2{  cos"  ^  sin  (n  -  ^  irB  (*—  >  "  +  2) 


<by  §  106)         =  -  2i  cos^  y  sin  f 


n  ^C 


■^+^^r^  +  i 


.  2  y  M"  -  2 

n  —  T^   TT 


'("^i 


+  1 


This  result  has  now  been  proved  to  hold  so  long  as  the  real  part  of  «  is 
greater  than  —  = :  and  in  virtue  of  the  formula 

„  ,       .         2/1  +  »•  +  2  „  ,    •        , , 
Fir,  n)  = ^-—^F{r,  n  +  1), 

we  see  that  it  holds  universally. 

Thus  we  have  F  (r,  n)  =  0,  when  »•  is  odd ;  and  it  is  therefore  sufficient  to 
take  r  even.     Let  r  =  2s.     Then  the  formula  becomes 

F{2s,  n)  =  2i  sin  (n  +  I)  ir  -J ll—l £Z . 

But  (§  97)  we  have 

r(.  +  l)r(|-.)^.  /•       ■ 

^  ^         ^  ^  Sm  ^  71  +  2  j   TT 

Therefore  2inrV(s  +  '^^ 

F(2s,  n)=—^ ,     ^       '^ 

rQ-«jr(?i  +  s  +  i) 

and  so  2/  =  S  ^^ — ^r-. 7^ r-^ — 

.=0        2s!         rQ-n)r(n  +  s  +  iy 

or  v=  i  (zlZf"^"  ^^"^^8) 

^'    .=0       2".!       r[l-n)Tin  +  s+iy 
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Therefore  Jn  (^)  = 77\  v, 

This  formula  gives  the  required  expression  of  J„  (2).  It  is  valid  for  all 
values  of  n  and  of  z;  but  when  rv  is  of  the  form  (^  +  0).  where  A;  is  a 
positive  integer,  the  factor  T  i~  —  n\  becomes  infinite  and  the  integral 

becomes  zero  (since  the  integrand  is  now  regular  at  all  points  within   the 
contour),  so  that  for  this  exceptional  case  the  formula  is  indeterminate. 

Example.     Deduce  the  formula 

•^•'  ^^)  =  2'T(i)'r(n+i)  /jcos(^cos,/,)sir,^<^rf<^ 
fi'om  the  result  of  this  article. 

158.     Bessel  functions  as  a  limiting  case  of  Legendre  functions. 

We  have  already  (§148)  shewn  that  Bessel's  differential  equation  of  order 
m  is  the  same  as  the  differential  equation  of  the  associated  Legendre 
functions 

"ir  ^"'"  ('  -S  ^"'  "i^'  ^""^  {'  -&■ 

We  shall    now  express  this  connexion    more    precisely,  by  establishing  the 
formula 


J^  (z)  =  Limit  n-™  P„'"  f  ]  -  ^)  . 


For  taking  the  expression  of  the  associated  Legendre  function  by  a  definite 
integral  (§  131),  we  have 

^-mpmf'l   _    ^°>>        (n  +  7?t)(w  + 771-1) (w-m+1)^"'/  z'\^ 

"    \        2n'J  (2m-l)(2m-3) 1 .  tt  .  «^       \        4nV 

/•ir  C  -2  /  z'  ^^  \  )  """* 

^i„li-2^^+-^n-,T^+4;r.)l    ^^^^•^'^•^' 

and  as  n  becomes  infinitely  great,  the  right-hand  side  of  this  equation  tends 
to  the  limiting  value 

j^ TT-r5 ^ /      1  +  -  cos  ^     sin»"  <f>  d<f>, 

(2ot  — 1)  (2m  — 3)...l  .TT  Jo  V        n        ^1  ^    ^ 
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-nt  /"IT 

or  -. ,,,^         .,-      , e"™^*  sin""  <f> d<f>, 

{2m— l){2iti  —  S)..A  .TTJo 

or  (§155)  Jm(z), 

which  establishes  the  result  stated ;  it  is  due  to  Heine*.       / 

159.     Bessel  functions  whose  order  is  half  an  odd  integer. 

The  result  of  §  167  suggests  that  when  the  order  n  of  a  Bessel  function 

Jni^z)  is  a  number  of  the  form  A  +  S)  where  A;  is  a  positive  integer,  certain 

exceptional  circumstances  arise  f  in  connexion  with  the  function.     In   this 
case  it  is  in  fact  possible  to  express  the  Bessel  function 


2*+ir(i  +  -)  '        2(2^  +  3)^2. 4. (2A;  +  3)(2A;  +  5)     ••• 
in  terms  of  well-known  elementary  functions. 

For  by  §  151  we  have,  if  A;  be  a  positive  integer, 

But  the  series-expansion  of  the  function  J^  {z)  is 

r   ,   ,       2M  (,  Z^  Z"  )        /  2  \i     . 

^*(")  =  Vi  ll-2.3+2T374r5--}  =  U)   ^'"^• 
Therefore  J,,,  (.)  =^ A_^  ^  ^^^  (_j  , 

which  is  the  required  expression  of  the  function  Jj+j  {z)  in  terms  of  more 
elementary  functions. 

The  student  will  without  difficulty  be  able  to  prove  that  a  second  solution  of  Bessel's 
differential  equation  in  this  case  is 

*  Heine's  definition  of  the  associated  Legendre  function  is  somewhat  different  from  that 
which  hae  Bince  become  general  and  which  is  adopted  in  this  book :  this  leads  to  differences  of 
statement  in  many  other  formulae,  such  as  that  of  this  article. 

+  The  student  who  is  familiar  with  the  theory  of  linear  differential  equations  will  observe  that 
in  this  case,  and  also  in  the  other  exceptional  case  of  n  an  integer,  the  difference  of  the  roots  of 
the  "  indicial  equation  "  of  Bessel's  equation  is  an  integer. 
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Example.    Show  that  the  solution  of  the  equation 

■"  J.  J7  -  n 

j^^am  +  i+y-" 

2m+1  p=2m 

where  the  quantities  Cp  are  arbitrary  constants,  and  a^,  a,,  ...  a,^,  are  the  roots  of  the 
equation 

a2"  +  i  =  t.  (Lommel.) 

160.  Expression  of  Jn{z)  in  a  form  which  furnishes  an  approximate  value 
to  Jn  {z)for  large  real  positive  values  of  z. 

We  now  proceed  to  form  an  integral  which  will  be  found  to  play  the 
same  part  in  the  theory  of  the  function  J„  {z)  as  the  integral  of  §  104  plays 
in  the  theory  of  the  function  F  (z).  We  shall  suppose  z  to  be  real  and 
positive.     Then,  by  §  155,  we  have,  for  all  positive  values  of  n, 

z"'  {'" 

Jn  (z)  =  ; rr I      COS  {z  COS  (}>)  sin'»"<^  d^. 

2" .  r  (n  +  i  j  .  Tri  -^  0 
Writing  cos  <})  =  x,  this  becomes 

»z"  r+' 

Jn  (Z)  =  -. rr (1  -  «'')''-*  COS  ZXclx, 

Jn  (z)  =  Real  part  of r—T. f  (1  -  «")""*  «"''  '^'^• 


or 


In  order  to  transform  this  integral,  we  take  in  the  plane  of  a  complex 
variable  t  a  contour  OPQBCO,  formed  in  the  following  way.  0  is  the  origin 
{t  =  0);  P  is  the  point  t  =  l  —  p,  where  p  is  a,  small  quantity,  and  OP  is  the 
part  of  the  real  axis  between  0  and  P.  Q  is  the  point  t—l  +  ip,  and  PQ  is  a 
quadrant  of  a  circle  which  has  its  centre  at  the  point  t  =  l.  B  is  the  point 
t=l  +ik,  where  A;  is  a  large  positive  quantity,  and  QB  is  the  line  (parallel  to 
the  imaginary  axis  in  the  i-plane)  joining  Q  and  B.  C  is  the  point  t  =  ik,  and 
BG  is  the  line  (parallel  to  the  real  axis)  joining  B  and  C.  Lastly,  CO  is  the 
part  of  the  imaginary  axis  between  G  and  Q.     Then  the  function 

(1  _  t^y-i  gilt 

is  regular  at  all  points  of  the  <-plane  in  the  interior  of  the  contour  OPQBGO ; 
and  therefore  the  integral 


|"(l_<2)n-ie«<d«. 


taken  round  this  contour,  is  zero. 

w.  A.  19 
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We  can  write  this  relation  in  the  form 


/  +/  -I  +/  */  =»• 

J  OP       J  PQ       J  QB       J  BC      J  CO 


Now  the  part  of  the  integral  due  to  PQ  tends  to  zero  with  p,  and  the  part 
due  to  BC  tends  to  zero  as  k  becomes  infinitely  great,  while  the  part  due  to 
CO  is  purely  imaginary.     Thus  we  have 

Real  part  of  /      =  —  Real  part  of  I      , 

J  OP  J  QB 

and  80      J„  (z)  =  Real  part  of ~^"  ,, [     (1  -  <»)»-*  e'"  dt. 


In  this  integral  write 


z 


so  that  M  varies  between  the  limits  0  and  oo  when  t  describes  the  line  Q£; 
and  (l-t')*  =  e-T  (?)*..  (l  +  i)\ 

and  therefore     f    =  2"-*  ie  ^' '  ^*"  " "  *J  ^-"-i  \    e-«  m""*  ( 1  +  f^)"    ^^• 
Thus  we  have 

J,  («)  =  Real  part  of      ,   ^^  ,. |     e-»  m"-*  f  1  +  ^V     du, 

r(n+i).7ri.2iio  V        2^^ 

or  J"„  (z)  =  —7 -^ 

r(«+y.(27r^)i 

»-f-("4)i}/>"«-'i(^-r'-(-sn<"' ■ 

This  is  the  integral-expression  required.  It  is  easily  seen  to  furnish  an 
approximate  value  of  /„  {z)  for  large  positive  values  of  z ;  for  as  z  becomes 
indefinitely  large,  the  two  integrals  in  the  expression  tend  respectively  to  the 

limits  2r  \n  +  ^ j  and  zero ;  and  therefore  the  function  /„ {z)  approximates 

for  large  positive  values  of  z  to  the  value 


(^y°°«f-(^+l)l}- 


I 


A 
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The  evaluation  of  /„  (z)  when  z  is  large  will  be  considered  in  fuller  detail 
in  the  next  article. 

The  result  of  this  article  can  also  be  obtained  in  the  following  quite  different  manner, 
which  connects  it  more  closely  with  the  general  theory.  We  have  seen  in  §  148  that  Bes.sel'8 
differential  equation  is  a  limiting  case  of  the  general  hypergeometrio  equation,  represented 
by  the  function 

f      0       00  c 


e**  Limit  P  ■ 

C=QO 


-n       ^  0     z 

n    3  —  2ic    2ic  -  1 

Since  the  differential  equation  of  the  P-function 

(0  00  c 

a  ^  y     z 

a  0'  y 
is  (§  142)  satisfied  by  the  integral 

z'  {z  -  c)y  j  «^+y+«'-i  (<  -  c)"+3+i"-i  {z  -  t)-'-^-y  dt, 

taken  between  suitable  limits,  we  see  that  Bessel's  equation  is  satisfied  by  the  expression 
Limit  e"2-»  \  V'-i{\-*-\-''-i*'^^  {z-ty-idt, 

or  e**?-"  \t^-ie-''^{z-tY-idt, 

or  (putting  t=  -  ivz) 

•  I  {v+iv^y- 


e*'z"     lv+iv^Y-iie-^'"dv. 


The  limits  of  the  integral  can  be  taken  to  be  0  and  oo ,  since  these  satisfy  the  conditions 
for  the  limits  found  in  §  142  ;  and  hence  it  follows  that 

P  e"z"  I    {y  +  iv^y-ie-^'^dv 

is  a  solution  of  Bessel's  equation. 

Similarly  the  quantity 

«-«j"  /    {v-ii?Y-ie-'^'"dv 

is  a  solution  of  Bessel's  equation. 

The  solution  J^  {z)  must  therefore  be  of  the  form 


./„(2)  =  Je"2"  I    (z)  +  tV2)»-ie-2'»rfi;+i?e-"2"  |    {v-iv'^y-^e'^'^dv, 


19—2 
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where  A  and  B  are  constants  independent  of  z.  This  is  substantially  the  form  given  above, 
but  the  determination  of  the  constants  A  and  5  is  a  matter  of  some  difficulty,  for  which 
the  student  is  referred  to  a  memoir  by  Schafheitlin,  Crelle'i  Journal,  cxiv.  p.  39. 

Example.  Shew  (by  making  the  substitution  u  =  2z  cot  <p  in  the  integral  found  above, 
or  otherwise)  that 

IT 

•^«(*)= ^"^'^'       I   e-«"=<>'*cos»-J(^cosec2"  +  i(^cos{2-(re-i)<^}(i(^. 

r(n+J).n-*yo 

161.     The  Asymptotic  Expansion  of  the  Bessel  functions. 

The  Bessel  functions  can  for  large  values  of  the  argument  be  represented 
by  asymptotic  expansions.  We  shall  here  consider  only  the  asymptotic 
expansion  of  J»(^)  for  positive  real  values  of  z;  this  was  discovered  by 
Poisson  (for  n  =  0)  and  Jacobi  (for  general  integer  values  of  n).  The  theorem 
has  been  considered  for  complex  values  of  z  by  Hankel  *  and  several  subse- 
quent writers. 

We  shall  derive  the  asymptotic  expansion  from  the  integral-expression 

1 


Jn{z)  = 


(27r^)ir(n-h^) 

-(-i)ii/:--*fr-sr-(-in-j 


cos  <z 


+  am  <z 

found  in  the  last  article. 

It  is  first  necessary  to  find  the  asymptotic  expansion  of  the  integral 

j"    e-"w*  il  +  ^£\  du,     {k  >  0), 

which  we  shall  denote  by  the  symbol  I. 

Now  we  have 
/'l  +  i!*?  _  1  +  z.  *■«  ,  *  (*  -  1)  A'w  V  ,         ,  k(k-l)...(k-n  +  l)  fiuy 

iu 

,  k{k-l)...(k-n)  [^/iu      V,, 

*  Math.  Ann.  i. 


f 
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Therefore 

iu 


nl 
or 


I=r(k  +  l)^l+P^''-'^^-;l^-''^'^\^^\k  +  r)ik  +  r-l)...(k  +  l)^+R„. 


where 


„       k{k-l)...{k-n)/  lY 
■tin  = ; 


Now  as  z  becomes  infinitely  large,  ?i  having  any  definite  finite  integer 
value,  the  remainder-term  ii„  tends  to  the  limit 

„       k(k-l)...(k-n)f  iy+'  r     „    .,    f",         ,„  , 


or  -Rn  = 


k{k-l)...{k-n)/iy+' 


(n+1)! 


[2z)      ■ 


or  ii„ , ,  ^ 

(w  +  1)! 

It  follows  from  this  that 

Limit  3"ii„  =  0, 

and  therefore  the  series 

r(;b4-i)ji  +  ^i/'+^^^^^^-;^-^^-^-^^>0} 

is  the  asymptotic  expansion  of  the  function 

["e-^w^fl  +  ^y^w         (^>0). 

Substituting  this  result  in  the  expression   already  found  for  /„(^),  we 
see  that 


(27rz)i  r  (n  +  i 

cos{.-(«  +  2)-,J{2  +  ^2 ^^^ 


L+sxn|.-(«  +  ^)-}|X^ _ 
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2\» 


or 


+  sm  {z 


f     V      2;2jrri  (2r-l)!  (2^f 

is  the  asymptotic  expansion  of  the  Bessel  function  /„  {z)  for  large  positive 
values  of  z. 

Even  when  2  is  not  very  large,  the  value  of  Jn  (2)  can  be  computed  with  great  accuracy 
from  this  formula.  Thus  for  all  values  of  2  greater  than  8,  the  first  three  terms  of  this 
asymptotic  expansion  give  the  value  of  ./„  (2)  and  J^  (2)  correct  to  six  places  of  decimals. 

162.     The  second  solution  of  Bessel' s  equation  when  the  order  is  an  integer. 

We  have  seen  in  §  149  that  when  the  order  n  of  Bessel's  differential 
equation  is  not  an  integer,  the  general  solution  of  the  equation  is 

aJ„(z)  +  /8J"_„(z), 

where  a  and  /8  are  arbitrary  constants. 

When  however  n  is  an  integer,  we  have  seen  that 

J„(z)  =  (-l)"J_„(^), 

and  consequently  the  two  solutions  Jn{z)  and  J-n{z)  are  not  really  distinct. 
We  therefore  require  in  this  case  to  find  another  particular  solution  of  the 
differential  equation,  distinct  from  Jn{z),  in  order  to  have  the  general 
solution. 

To  obtain  this  second  solution,  we  write 

y  =  uJn  {z), 

where  u  is  a  new  dependent  variable,  in  Bessel's  equation 


dz'     z  dz      \        z- 

Remembering  that  /„(«)  is  a  solution  of  Bessel's  equation,  the  differ- 
ential equation  for  u  becomes 
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d?u       dJn(z) 

dz'     a~~dz       ,  1      „ 
or  -T-  +  2    J.  ^  .    +-  =  0. 

dz 

Integrating  this  equation,  we  have 

du 
log  T-  +  2  log  Jn  (z)  4-  log  z  =  constant, 

or  T-  =     ,  r  ,  ,.„ ,  where  6  is  a  constant, 

dz     z  \Jn  (^)P 

,  [^       dt 

where  a  and  h  are  arbitrary  constants. 

The  complete  solution  of  Bessel's  equation  can  therefore  be  written  in 
the  form 

P       dt 
y  =  aMz)  +  bJn(z)j    ^jr^.- 

To  find  the  nature  of  the  solution  thus  obtained,  we  observe  that  in  the 
vicinity  of  the  point  t  =  0  the  integrand 

is  of  the  form 

f-m-i  (constant  +  powers  of  f  )~^, 

which  when  n  is  a  positive  integer  can  be  expanded  as  a  Laurent  series  in 
the  form 


The  function 

j't-'{Jn{t)}-'dt 


has  therefore  the  form 

where  the  quantities  d_an,  c^-sn+a.  •••  are  definite  constants. 

It  thus  appears  that  the  complete  solution  of  Bessel's  equation  can  be 
written  in  the  form 

y  =  AJ^  (z)  +  B  {J„  (z)  log  z  +  v}, 

where  v  is  the  result  obtained  by  multiplying  together  J„  {z)  and  a  Laurent 
series  of  the  form 
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where  the  quantities  d_2n,  d-m+a,  ...  are  definite  constants,  and  A  and  B  are 
arbitrary  constants.  The  expansion  of  J„  (z)  being  known,  we  see  that  the 
product  V  has  the  form 

z~'*  X  a  power-series  in  z' ; 

and  thus  a  second  solution  of  Bessel's  differential  equation,  in  the  case  in 
which  n  is  an  integer,  can  be  taken  of  the  form 

J„  (z)  log  z  +  z-^  (a„  +  OiZ^  +  OiZ*  +  a^^  +...). 

where  the  quantities  a„,  Oj,  a,,...  are  definite  constants.  These  quantities  a 
are  not  however  all  of  them  strictly  speaking  definite,  since  by  adding  a 
multiple  of  i/„  {z)  (which  will  leave  the  expression  still  a  solution  of  Bessel's 
equation),  it  is  possible  to  change  all  the  quantities  a  after  a„_i. 

This  solution  will  be  denoted  by  K^  {z)  *. 

The  coefficients  «„,  a^,  a^,  ...  may  theoretically  be  determined  by  substi- 
tuting this  expansion  in  the  differential  equation,  and  equating  to  zero  the 
coefficients  of  successive  powers  of  z.  A  better  method  is  however  the 
following-f-. 

We  have  seen  that  when  n  is  a  positive  integer,  J^n(^)  reduces  to 
(—  1)"  J„  (z) ;  in  fact,  if  in  the  equation 

j_,„_, {z) - y       ^z^  ri-n  +  e+p+i)r(p+i) [2) 

we  suppose  the  quantity  e  to  tend  to  zero,  all  the  terms  of  the  series  vanish 
as  far  as  p  =  n,  since  r(— w-|-^  +  l)  is  for  these  terms  infinite.  Changing 
the  meaning  of  the  index  of  summation  p  in  the  other  terms,  we  have 

/^\— n+«  n-1  /_  JNp  fz\^ 

J_,„_.,  {z)  =  (^^J        ^^Y{-n  +  e+p  +  l)T{p  +  l) [l] 


^       '   \V       „%T(e+p  +  \)V(n+p  +  W)    ' 


p^oT(e+p  +  l)r{n+p  +  l)\2J 
and  when  e  =  0,  the  first  of  these  partial  series  is  zero  and  the  second  is 

(-!)»/„  (2). 
Since  the  quantity 

(-1)»J_,„_,(^)-J„._.,(^) 

vanishes  with  e,  we  can  take  as  a  second  solution  of  Bessel's  equation  the 
limiting  value  of  the  quotient 

(- 1)"J_(^)(^) -/,„_.,  (^)^ 
e 

*  In  referring  to  memoirs  it  must  be  borne  in  mind  that  difierent  writers  have  taken  different 
definitions  of  tlie  Bessel  functions  of  the  second  kind, 
t  Doe  to  Hankel,  Math.  Ann.  1.  p.  470  (1869). 


\ 
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Substituting  the  above  values  for  the  Bessel  functions,  this  becomes 

where /(e)  represents  the  expression 

^^^^"r{n+p  +  l)T{p  +  e+l)\2)  ~  r(n+^-e  + 1)  r(p  + 1)  Uj     ' 
The  limiting  value  of/(€)/e,  as  e  tends  to  zero,  is 

1 „,    z  1         r(p+i) 

T{n+p  +  l)T(p  +  l)      ^^2     T(n  +  p  +  l)  [T (p  +  1)}» 

1  r'Oi+^+1) 


T{p+l)[r{n+p  +  l)Y 
Also,  since 

1  1 

=  -  r  {ii  —  e  —  p)  sm  {-  n  +  e  +  p  +  1)  IT, 


r{-n+e+p  +  l)      IT 

we  have  Limit  -^f^. ir^  =  (-  1 )"+?+!  T(n-  p). 

.=0    er(-n  +  e+p  +  l)     ^       ^  v       ^/ 

Consequently   we   obtain,  as   a    second   particular   solution   of  Bessel's 
equation,  the  expression* 

_/zy^\^T(ji-^/z_Y    (^Yk  (-i)p fzyp 

\2/     p=or(2J  +  l)V2J    '^[2)  ^lor{n  +  p  +  l)r(p  +  l)[2) 

(gw^      r{n+p  +  l)     T'ip  +  l)] 

r'°^2    r(n  +  p  +  i)    r(p  +  i)r 

The  coefficient  of  log^  in  this  expression  is  2J„(z).     So,  dividing  the 
expression  by  2,  we  have  the  second  solution  in  the  form 

^»wiog-2Sr3;^(ir-A(^)iog2 

/z_y  I  (-ly  ^zY  1 J  _  r'(»+p  +  i)  _  t'jp  +  i)' 

'^\2j  p.oT{n  +  p+l)r(p  +  l)\2)    2  1      T(n+p  +  l)      T(p  +  1) 
It  is  convenient  to  add  to  this  expression  a  term 

J„(^)|log2+I^^^|, 

*  This  is  Hansel's  second  solution  y„  {z).    It  is  really 

dn     ^^      '  dn      • 
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which  is  itself  a  solution  of  Bessel's  equation ;  so  the  second  solution  now 
takes  the  form 


/„(.)log.-2^2— ^^ y 


_  1  (?X  I  (-l)P  (zY  [r(n+p  +  l)     T'ip  +  l) _  2r (1)] 

2Wp:or(«+;)  +  i)r(p  +  i)U/   [V(n+p  +  ij^r(p  +  i)     r(i)  }• 

This  is  the  solution  K^  {z)  which  we  take  as  our  standard. 
Since,  when  r  is  a  positive  integer,  we  have 

r(r  +  l)     r'(l)      ,11  1 

r(r+l)      r(l)         ^2^3^"       r' 

we  can  write  K^  (z)  in  the  form 

1  /zY  "     (-  i)p    (,    1    1         1,1  1  1  fzyp 

When  n  is  an  integer,  the  two  independent  solutions  of  Bessel's  differ- 
ential equation  are  /„  (z)  and  K^  (z). 

Example  1.    Shew  that  the  function  K^  (z)  satisfies  the  recurrence-formulae 

These  are  the  same  as  the  recurrence-formulae  satisfied  by  J,^  (z). 

Example  2.    When  the  real  part  of  z  is  positive,  shew  that  the  expression 

/    8in(«sin(^— w<^)rf(^-  I     e-»8'n'i»{e"*-|-(-l)''e-'>»}  rf^ 

is  a  second  solution  of  Bessel's  differential  equation  of  integer  order  n. 

(Schlafli.) 
Exam^e  3.    Shew  that  the  expression 

is  a  second  solution  of  the  Bessel  equation  of  order  zero. 
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163.     Neivmann  s  expansion ;  determinntion  of  the  coefficients. 

We  shall  now  consider*  the  expansion  of  an  arbitrary  function  f{z), 
regular  at  the  origin,  in  a  series  of  Bessel  functions,  in  the  form 

f(z)  =  tto  J„  (z)  +  a, /i (z)  +  aj/j  {z)+  .. ., 

where  the  coefficients  a,,,  a^,  a^,  ...  are  independent  of  ^r. 

Suppose  first  that  such  an  expansion  is  possible,  and  let  us  try  to 
determine  the  coefficients,  by  expanding  both  sides  of  the  equation  as 
power-series  in  z  and  equating  coefficients  of  the  several  powers  of  z.     Since 

/(^)=/(0)+2  g)/'(0)  + J  (|)V"(0)  +  |!  (|)V"'(0)+  ... 

and      >/.(^)  =  ;^(|)"{l-i-Tor+T)(|)"  +  2!(n+lKn  +  2)(iy----}' 
we  have  on  comparing  coefficients  the  equalities 

/(0)  =  «„, 
2/'(0)  =  a„ 
2»/"(0)  =  -2a„  +  «„  etc., 
from  which  without  difficulty  we  find 
«o  =  /(0). 

On  =  2  |/(0)  +  |V"  (0)  +  tiULz^f^  (0)  +  . . .  +  2»-/ '")  (0)|        (n  even), 


+  '^^^l-;f^^/-(0)4-...  +  2"-V-(0) 


(n  odd). 


These  coefficients  take  a  simpler  form,  if  we  introduce  functions  Oi(z), 
Oiiz),  Otiz),  ...,  defined  by  the  formulae 


On(^)  =  -  +  ^  +  -^-^i ^+-+    z^       (neven), 

f.   ,  .      n     n(n»-P)     n  («» -  P)  (w=  -  3»)  2"-'n!      ,       ,,, 


z"  z*         '  z*  z^ 

for  then  it  is  easily  seen  that  a„  is  twice  the  residue  of  the  function  Onit)f(t) 

*  C.   Neumann,    Theorie   der  BesseVschen  Functionen.     The   exposition  here   g^ven  follows 
Kapteyn,  Annates  de  VEcole  Narmale  (3)  x.  p.  106  (1893). 


800  TRANSCENDENTAL   FUNCTIONS.  [CHAP.  XII. 

at  the  point  t  =  0.     The  two  formulae  for  0„  (z)  can  be  united  by  reversing 
the  order  of  the  terms ;  thus 

2»->7i!  (  z*  z^ "1 

On(z)=  --snT-y-  +  2{2n-2)'^ 2 .4-{2n-2){2n  - 4,)'^  '" \  ' 

the  series  terminating  with  the  term  in  ^"  or  z^'K 
We  thus  have  Neumann's  expansion 

/(z)  =  aoJ,{z)  +  aiJi(z)  +  aiJ,(z)  +  •.., 
where  «o  =/(^). 

and  a„  (n  >  0)  is  twice  the  residue  of  0„  {t)f(t)  at  the  point  <  =  0,  so  that 

an  =  ^.lOn{t)f(t)dt, 

•m   J  y 

where  7  is  any  simple  contour  surrounding  the  origin. 

164.     Proof  of  Neumann's  expansion. 

The  method  by  which  this  result  has  been  found  cannot  be  regarded  as  a 
proof,  since  the  possibility  of  the  expansion  was  assumed.  We  can,  however, 
now  furnish  a  proof  by  determining  directly  the  sum  of  the  series  obtained. 

From  the  definition  of  On  (z),  we  can  at  once  obtain  the  identities 
0„+,(^)  +  2^%^^-0„_,(^)  =  0,      (n>0). 


dz 


Writing  the  first  of  these  equations  in  the  symbolic  form 

0„+,  -  2i)0„  -  0„_i  =  0,    where  ^  =  ^  . 

and  solving  the  series  of  recurrence-equations  obtained  by  giving  n  integer 
values,  in  the  same  way  as  if  D  were  an  algebraic  quantity,  we  obtain  for  0„ 
the  symbolic  expression 

This  symbolic  expression  can  be  transformed  into  a  definite  integral  in 
the  following  way. 
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1    r°° 

We  have  -  =  /    e'"'  du, 

t       Jo 

where  the  upper  limit  must  be  understood  to  mean  that  direction  at  infinity 
which  makes  the  real  part  of  tu  positive  and  infinite ;  and  therefore 

On  (<)  =  f   i  e-'"  [{u  +  («»+!  )Jj"  +  {u  -  (u'  +  l)i)»]  du, 

Jo 

or,  writing  tu  =  x, 

On  (0  =  f   h  t~"~'  e-"  [[x  +  (:c=  +  <=)i}»  +  {x-(x'  +  t=)i)"]  dx, 

Jo 

where   the  upper  limit  now  means  the  real  positive  infinity,  so  that  the 
integration  may  be  regarded  as  taken  along  the  real  axis  of  x. 

Writing  this  in  the  form 
we  have  0„  (0  /„  iz)  +  2  1  On  (t)  J„  (z) 


n  =  l 


=  1  Limit  ri   \\\^+^±fl\\i-ir\     -,\     J"V„(4e-c^., 


(by  §  146) 
\ 

2<     X=ao 


=  S-,  Limit  I    2e2 '       '         «+<,x^\t?)^\ .  e^  dx 
Jo 


1   .   .   r-^'  ?£-x 

=  -  Limit  jet      dx. 
t    X=<x    Jo 


z  —  t 
In  order  that  this  integral  may  have  a  meaning,  the  real  part  of  — — 

must  be  negative,  a  condition  which  is  fulfilled  when 

If  this  inequality  is  satisfied,  we  have  therefore 

0„(OJo(^)  +  2SO„(0/«(^)  =  ^. 
»=i  t  —  z 

From  this  result  Neumann's  expansion  can  at  once  be  derived ;  for  let 
f{z)  be  any  function  which  is  regular  in  the  interior  of  a  circle  C  whose 
centre  is  at  the  origin,  and  let  the  &  point  on  the  circumference  of  the  circle. 
Then  if  z  be  any  point  in  the  interior  of  the  circle,  the  condition  \z\<  \t\  is 
satisfied,  and  therefore  we  have 

^      o„(0^„(^)  +  2io„(e)J-„(4 


t-z 


n=l 
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Thus    /(.)  =  , -i-.f^<*>^^ 

=  ^|^/(<)d<  J0„  it)  J,  {z)  +  2  J^0„  {t)  J„  (z)| 

=  a„  Jo  (^)  +  ai«^i  (■2)  +  as'^z  (^)  +  •  •  • . 
where  Oo  =/(0) 

and  o„  =  — .  f  0„  (0/(0  dt      (n  >  0). 

This  establishes  the  validity  of  Neumann's  expansion  for  points  z  within 
the  circle  C 

Example.     Shew  that 

cos z=J^  (z)  -  27j  {z)  +  2Jt  («)-..., 

6im=2Ji(z)-2J3{z)  +  2J^  (z)  -  ... . 

165.     Schlomilch's  expansion  of  an  arbitrary  function  in  terms  of  Bessel 
functions  of  order  zero. 

Schlomilch  *  has  given  an  expansion  of  a  quite  different  character  to  that 
of  Neumann.     His  result  may  be  stated  thus : 

Any  function  f{z)  which  is  finite  and  continuou^s  for  real  values  of  z 
between  the  limits  z  =  0  and  z  =  7r,  both  inclusive,  may  be  earpressed  in  the  form 

f{z)  =  tto  +  tti  Jo  (^)  +  a^Ji,  (2^)  +  OsJo  (3^^)  +  . . ., 
where  ao  =/  (0)  +  -  f  m  f  (1  -  f  )-i/'  {ut)  dt  du, 

TJo        Jo 

2  /■"  /■! 

an=-  I  u  COS nuj  (1  -  «')"*/'  ("0 dt  du  (n  >  0). 

Schlomilch's  proof  is  substantially  as  follows. 

Suppose  that  F  and  /  are  two  functions  connected  by  the  relation 

f(z)  =  l[\l-^)-iF(zs)d8. 
Then  we  have 

/'  {z)  =  ^j\l  -  «»)-*  sF'  (zs)  ds. 

•  Zeitschrift  fur  Math.  u.  Phytik,  ii.  (1867). 


I 
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In  this  equation,  write  zt  for  z,  multiply  both  sides  by  ^  (1  —  t")-*  dt,  and 
integrate  with  respect  to  t  between  the  limits  <  =  0  and  t  =  \.     Thus 

zC{\-  t')-if'  (zt)dt  =  '^  l\l-  <»)-*  dt  f\l  -  s=)-i  sF'  (zst)  ds 
Jo  'Jr  J  0  Jo 

=  -  (2»  -  a;»  -  «»)-i  F'  (x)  dx  dy, 

"T  J  0    J  0 

where  x  =  zst,    y  =  ^s  ( 1  —  <')* . 

Performing  the  integrations,  we  have 

z(\l-  t')i/'(zt)  dt  =  F(z)-  F(0). 
Jo 

Now  by  the  definition  of  the  function  /,  we  have 

/(0)  =  F{0). 

Thus  F(z)  =/(0)  +  z  j\l  -  f  )-i/'  (zt)  dt. 

Jo 

This  equation  expresses  the  function  F  explicitly  in  terms  of  the  function 
J',  whereas  in  the  original  definition  f  was  expressed  explicitly  in  terms 
oi  F. 

In  order  to  obtain  Schlomilch's  expansion,  it  is  merely  necessary  to  apply 
Fourier's  theorem  to  the  function  F(zs).     We  thus  have 

2  /"i  (If'  2     "    f'  ) 

f(z)  =  -  I    (1  -  s^)-i  ds  \-  I   F{u)du  +  -     2       cosnMCOsni;s^(M)dM^ 

'"'Jo  V^Jo  TT    „  =  iJo  J 

=  -l   F{u)du  +  -    2    I   cos  nu  F (u)  Jo  (nz)  du. 

"T  Jo  TT    „  =  i  Jo 

In  this  equation,  replace  F{u)  by  its  value  in  terms  of  f{u).  Thus 
we  have 

f{z)  =  1  JJ  |/  (0)  +n\\l-  f)-if'  (ut)  dt^  du 

+  -    i  Joinz)^  cos  nu\f{G)  +  u  {^  {I- f)-^f'{ut)dVtdu, 

T  n-\  Jo  I  Jo  ) 

which  is  Schlomilch's  expansion. 

Example.     Shew  that  if  0  ^  z  <  tt,  the  expression 

^'-2  \Jo{z)+Im3')+^JoM  +  ...J 
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is  equal  to  2  ;  but  that,  if  n-  <  «  $  2ir,  its  value  is 

«+2jrcos-»--2(«2_n-2), 

where  cos~'  —  is  taken  between  0  and  7; . 
z  3 

Find  the  value  of  the  expression  when  z  lies  between  2jr  and  3jr. 

(Cambridge  Mathematical  Tripos.) 

166.     Tabulation  of  the  Bessel  functions. 

Many  numerical  tables  of  the  Bessel  functions  have  been  published. 
Meissel's  tables  (Berlin,  1889)  give  the  functions  Ja{z)  and  J^{z)  to  12 
decimal  places  for  real  values  of  z  from  ^  =  0  to  z  =  15^,  at  intervals  of  001. 

Tables  of  the  second  solution  Y^  {z),  defined  by  the  equation 

Fo(.2)  =  Jo(^)log^  +  J- (1 +2)2?74.  +  ---. 

from  z  =  (i  to  z  =  10'2,  are  given  by  B.  A.  Smith,  Messenger  of  Math.  xxvi. 
(1897). 

The  British  Association  Reports  for  1889,  1893,  1896,  contain  tables  of 
the  functions  /„  {z),  which  are  solutions  of  the  differential  equation 

dhi     1  du      /,      n=\ 

so  that  7„  {z)  =  i~"  /„  (iz). 

A  table  of  the  first  40  roots  of  J^  (z)  is  given  by  Wilson  and  Peirce,  Bull. 
Amer.  Math.  Sac.  III.  (1897). 

Miscellaneous  Examples. 

1.  Shew  (e.g.  by  multiplying  the  expansions  for  e  '^  'i'  and  e~  ^  "  t' ,  and  equating 
the  terms  independent  oit)  that 

Ko(^)}''+2{y,(^)}H2{/j(^)}«+2{J3(e)}»+...  =  l, 

and  hence  that,  for  real  values  of  2,  J^  {z)  can  never  exceed  unity,  and  the  other  Bessel 
coefficients  of  higher  order  can  never  exceed  2~J. 

2.  Shew  that,  for  all  values  of  ft,  and  v, 
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3.    Shew  that 


4.     Shew  that 


6.     Shew  that 


J^{z)       M  +  1-  »i  +  2-  n  +  3- 


^-m(^)^^_,(^)  +  J'_^,,WJ^W  =  ^-^1^. 


6.     If  "^;Vf  be  denoted  by  §„  (2),  shew  that 


(Lommel.) 


7.    Shew  that 


8.    If  the  function 


^_^)  =  i_^)e„(.H.  {&(.)}. 


r  /jr  (22  COS  6)de  =  1T  {Jr  {z)Y- 
1     /■" 

—  I     2*  cos*  ?« COS  (wiM  —  z  sin  m)  c?m 
"■jo 


(which  when  i"  is  zero  reduces  to  a  Bessel  function)  be  denoted  by  J^  (2),  shew  that 

where  iV-m,  i,  p  is  the  "  Cauchy's  number  "  defined  by  the  equation 

1     f^' 
Jjr  _/  0 

Shew  further  that  this  function  satisfies  the  equations 


and  zJ„,     (2)  =  %mJ^^  (2)  -  2  (^  + 1 )  { J^_i  (2)  -  7^+1  (2)}. 


(Bourlet.) 


9.     If  quantities  v  and  M  are  connected  by  the  equations 

I 


T.        •     r.  cos  E-e  .         ,    , 

=  L-esinJi,     cos»=, r;,     where    e  <  1, 

1-e cos  £  ' 


shewthat  v  =  3f+2(l -e'^)i   2      2  (ief  JJ' (me) -sin  mif, 

1  /■" 
where  t/,„*  (2)  =  -  I    (2  cos  «)'  cos  (mw  -  2  sin  u)  du. 

T  j  0 


10.     Prove  that 


P,"'  (cos  fl)  =  '^  J,„  {(..'^  +2/2)i  1}  2-, 


•where  2  =  r  cos  6,  .r2+y-=/^siu2  5,  and  Cb*"  is  a  numerical  quantity. 

(Cambridge  Mathematical  Tripos,  Part  II,  1893.) 
w.  A.  20 
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11.  Shew  that,  if  7t  is  a  positive  integer  and  (m+2ra+l)  is  positive, 

Jo  J  'I 

(Cambridge  Mathematical  Tripos,  Part  I,  1899.) 

12.  Prove  that 

2    f 
*^o  (■^)  =  ~  /     sin  (z  cosh  u)  du. 

(Cambridge  Mathematical  Tripos,  Part  II,  1893.) 

13.  Prove  that 

and  if  F,  (z)  is  Hankel's  second  solution  of  Bessel's  equation,  defined  by  the  equation 

i  r„  (.)  =  Limit  ■^-n(^)-/n(^)cOS>»^ 

"•  n=integer  sm  ran- 

•'"*^'     .-'■■<'>-?^nii^,c*£r'(™")- 

14.  Shew  how  to  express  z*^J^  (z)  in  the  form 

AJ,  z)-\-BJ^{z), 
where  A,  B  are  polynomials  in  z  ;  and  prove  that 

J4(e*)  +  3Jo(6*)=0, 

3^e(30*)  +  5/2(30*)  =  0. 

(Cambridge  Mathematical  Tripos,  Part  II,  1896.) 

15.  Prove  that,  if  /„  (a|)  =  0  and  J„  0^)  =  0, 

l^xJ,{ax)M^x)dx=0,  and    i^x{J,{ax)}^  dx  =  ]^P{J^^^{a^)Y. 
Jo  Jo 

Hence  prove  that  the  roots  of  t/„(^)=0,  other  than  zero,  are  all  real  and  unequal. 

(Cambridge  Mathematical  Tripos,  Part  I,  1893.) 

16.  Shew  that 

/■"                                                                 ^  \~2^  / 
I     ^-n  +  mJ^(a^)(^=2-''  +  '"a''-"'-l— — i -i—  , 

V        2  / 

if  2ra+l  >M^-1. 

(Cambridge  Mathematical  Tripos,  Part  I,  1898.) 
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17.     Shew  that 

^ —  X'^iP  +  l  > 


(Lommel.) 

18.  Shew  that  the  sohition  of  the  differential  equation 

where  <^  and  \(f  are  arbitrary  functions  of  z,  is 

19.  Shew  that 

IF 

20.  In  the  equation 

the  quantity  n  is  real ;  shew  that  a  solution  is  given  by 

(-  lym  z'i^  COB  (Um-  n log z) 


(Hobson.) 


cos  (n  log  z)—    2 


m=i  22"TO!(l+m2)i(4  +  ,i2)i (m'+n^)i  ' 

where  «„  denotes 

tan- 1  7  +  tan- 1 -  +  ...+ tan"  1  -  . 
12  ?«. 

(Cambridge  Mathematical  Tripos,  Part  II,  1894.) 


I 


21.     Prove  that  the  complete  primitive  of  the  differential  equation 


dhi     1  du 
dz^      z  dz 


(>+'D«=». 


where  »i  is  a  positive  integer,  is 
h  u  =  AI^(z)  +  BK,„{z), 

where,  for  real  values  of  z, 

^"^  (^)= iT3:5:ri2m- 1)  J  „ '^"^^  (^°°^  "^^  ^'°""  *'^*' 

^"•(^)=lT^T5Tr(2-™-l)  Jo   «-"°"*-"l^^"''^'^^- 
Prove  also  that 

Z'm(0)  =  1.3.5...(27)l-l)(-2)"'  I      (u2+z2)-"'-icOSMrfM. 


20—2 
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Shew  that  for  very  small  values  of  i, 

^oW=-log|--577..., 
and  that  for  very  large  values  of  z, 

(Cambridge  Mathematical  Tripos,  Part  II,  1898.) 
22.     If  C  be  any  cui've  in  tlie  complex  domain,  and  m  and  n  are  integers,  shew  that 

j^O,^{z)0„{z)dz=0, 

j     •^m(2)0„{z)dz  =  k, 

where  t=0  if  the  curve  does  not  include  the  origin  ;  and,  if  the  curve  does  include  the 
origin, 

k  =  0      if  m  4=  71, 

k  =  'ivi  if  7)1  =  n. 


CHAPTER  XIII. 

Applications  to  the  Equations  of  Mathematical  Physics. 

167.     Introduction :   illustration  of  the  general  method. 

The  functions  which  have  been  introduced  in  the  three  preceding 
chapters  are  of  very  great  importance  in  the  applications  of  mathematics  to 
physical  investigations.  Such  applications  are  outside  the  province  of  this 
book ;  but  most  of  them  depend  essentially  on  one  underlying  circumstance, 
namely  that  by  means  of  these  functions  it  is  possible  to  construct  series 
which  satisfy  certain  partial  differential  equations,  known  as  the  partial 
differential  equations  of  mathematical  phi/sics ;  and  in  this  chapter  it  is 
proposed  to  explain  and  illustrate  this  fundamental  property. 

The  general  method  may  be  explained  by  considering  first  the  solution 
of  the  partial  differential  equation 

Jaf^-'Tf^^    ^'^' 

a  solution  which,  while  resting  on  the  same  principles  as  those  to  be 
developed  later,  does  not  require  the  use  of  any  but  the  elementary  functions 
of  analysis. 

Consider  any  solution  V{x,  y)  of  this  equation  (1).  Near  any  point  at 
which  a  branch  of  the  function  F(«,  y)  is  a  regular  function  of  x  and  y,  and 
which  we  may  without  loss  of  generality  take  as  origin  of  coordinates,  this 
branch  of  the  function  V  {x,  y)  can  by  Taylor's  Theorem  be  expanded  as  a 
power-series  of  the  form 

V{x,  y)  =  a„  +  a^x  +  6,y  +  a,^'^  +  h^y  +  Cnjf  +  a,a?  + ; 

on  substituting  this  value  of  V  in  equation  (1),  and  equating  to  zero  the 
coefficients  of  the  various  powers  of  x  and  y,  we  obtain  the  relations 

a,,  +  c,  =  0, 

3«3  +  C3  =  0, 

U,  +  63  =  0, 
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Fixing  our  attention  on  those  terms  in  V  which  are  homogeneous  of  the 
nth  degree  in  as  and  y  combined,  it  is  clear  that  the  equalities  just  written 
will  furnish  (n  — 1)  relations  between  the  (n  +  1)  coefficients  of  these  terms 
of  degree  n.  When  these  equations  are  satisfied,  there  will  therefore  remain 
only  j(7i  +  1)  —  (n  —  1)}  or  2  coefficients  really  arbitrary  in  the  terms  of  the 
nth  degree  in  V. 

Now  the  expressions 

V=(x  +  lyY 

and  V  —{x-  iyY 

satisfy  equation  (1),  and  therefore  if  An  and  5„  are  any  arbitrary  constants, 

the  expression 

Anix  +  iyY  +  Bnix-iyJ' 

satisfies  equation  (1),  and  is  homogeneous  of  the  wth  degree  in  x  and  y,  and 
contains  two  arbitrary  constants.  It  therefore  represents  the  most  general 
form  of  the  terms  of  the  nth  degree  in  F;  and  so  the  general  solution  of 
equation  (1),  regular  at  the  origin,  can  be  expressed  in  the  form 

F  (a;,  y)  =  4„  +  yli  («  +  iy)  +  By{x-  iy)  +  A^  {x  +  iyf  +  B,(x-  iyf  + (2), 

where  the  quantities  Ao,  A^,  5,,  A.,,  ...  are  arbitrary  constants. 

This  expansion  furnishes  the  general  solution  of  equation  (1) ;  what  is 
however  in  general  needed  is  the  particular  solution  of  equation  (1)  which 
satisfies  some  further  conditions.  As  an  example  of  the  conditions  most 
frequently  occurring,  we  shall  suppose  that  the  value  of  the  required  solution 
V(x,  y)  is  known  at  every  point  of  the  circumference  of  a  circle,  whose  centre 
is  at  the  origin  and  whose  radius  is  any  quantity  a ;  it  being  supposed  that 
this  circle  lies  wholly  within  the  region  for  which  V  is  regular.  This  being 
given,  we  shall  shew  that  the  constants  A^,  A^,  B^,  ...  can  be  found,  and 
the  solution  can  be  completely  determined. 

For  writing 

x  =  r  cos  0,        y  =  r  sin  6, 

the  value  of  V  is  known  when  r  =  a,  as  a  function  of  6,  say  f(0).  Let  the 
function /(^)  be  expanded  as  a  Fourier  series  in  the  form 

f(0)  -  ao  +  Oi  cos  0  +  biSin  0  +  a^coa  26  +  1^811120  + (3), 

where  the  coefficients  ao.  (h,  h,  a^, ...  are  given  by  the  formulae 


1    f'^" 

1  r^" 

a„  =  -  I     /(<)  cos  ntdt 
6,.  =  -      f{t) 


I  sin  ntdit 


.(4). 
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Consider  now  the  expression 

Co  +  - («!  COS 0  +  b^  sin  0)  +  [-]  (a^ cos  26  +  b^sm20)+ (5). 

ct  Vet/ 

This  expression  (5)  reduces  to  (3),  i.e.  to  f(d),  when  r  =  a;  and  since  we 
have 

r"  cos  n^  =  ^  {(x  +  lyY  +  (a;  -  I'y)"), 

r"  sin  n6=-^.  [{x  +  i}lY  -  {x  -  iy)»}, 

it  is  clear  that  the  expression  (5)  is  of  the  form  (2),  i.e.  that  it  is  a  solution 
of  the  equation  (1). 

It  follows  that  the  solution  V  of  equation  (1),  which  is  characterised 
by  the  condition  that  it  has  the  value  V=/(6)  when  r  =  a,  is  given  by  the 
expansion 

r  fr\^ 

F  =  «„  +  -  («!  cos  ^  +  6j  sin  0)  4-   - 1  {a^  cos  2^  +  62  sin  2^)  +  ... , 

Qi  \Q// 

where 

1    C^" 
"0  =  ^       f{t)dt, 

1     f'^" 

a„  =  -       /  (t)  cos  ntdt, 

TJ"  Jo 
1     f'^" 

6n  =  -       /{t)  sin  ntdt. 

The  principal  object  of  this  chapter  will  be  to  obtain  theorems  analogous 
to  this  for  the  other  partial  differential  equations  of  mathematical  physics ; 
the  method  followed  will  be  iu  most  respects  similar  to  that  by  which  this 
result  has  been  obtained. 

168.     Laplace's  equation;  the  general  solution;  certain  particular  solutions. 
The  partial  differential  equation 

da?  ■*■  dy^  ■•"  dz"  ~ 

is  known  as  Laplace's  equation,  or  the  potential-equation,  and  is  of  importance 
in  the  iavestigations  of  mathematical  physics. 

The  general  solution  of  this  equation  was  given  by  the  author  in  1902. 
It  may  be  written 

V=\    f{x  cos  <  +  2/  sin  i  +  iz,  t)  dt, 

Jo 
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where  f  is  any  arbitrary  function  of  the  two  arguments  x  cos  t-\-y  sin  t  +  iz 
and  t.  The  solution  is  effected  in  Monthly  Notices  of  the  Royal  Astron.  Soc, 
Vol.  LXII.  In  this  chapter  however  we  are  concerned  not  so  much  with  the 
general  solution  as  with  the  particular  solutions  which  satisfy  certain  further 
conditions.     To  the  consideration  of  these  we  .shall  now  proceed. 

Let  the  equation  be  transformed  by  taking  instead  of  the  independent 
variables  x,  y,  z,  a  new  set  of  independent  variables  r,  6,  <f>,  connected  with 
them  by  the  relations 

x  =  r  sin  6  cos  ^, 

y  =  r  sin  6  sin  </>, 

z  =  r  cos  d. 

It  is  found  without  difficulty*  that  Laplace's  equation  becomes 

dr\     dr)'^  sin^  0  d<p'  +  sin  ^la^^  T^"^    ~dd  J 
Let  us  seek  for  particular  solutions  of  this  equation,  of  the  form 

where  R,  @,  4>,  are  functions  respectively  of  r  alone,  6  alone,  and  (f)  alone. 

Substituting,  we  obtain 

1  ^/    dR\  1        d  /  .      d^\  1       d'^_ 

dr  \    dr)'^  B  sin  6  dd  1^^°     dd)'^  ^  siu'^  6  d(f>'  ~ 


Rdr\    dr 
Now  the  quantity 


R  dr\     dr , 


does  not  involve  6  or  cj);  and  since  by  this  equation  it  is  equal  to 

1        d  /  .    ^d&\           1       #* 
^-- 1  sin  d  -^—  I 


©  sin  d  dd  V  deJ      4>  sm'^  9  d^y'" 

it  clearly  cannot  vary  with  r :  it  is  therefore  independent  of  r,  6,  and  <^,  and 
80  must  be  a  constant;  this  constant  we  shall  write  in  the  form  n(n+  1). 

We  thus  have 

dr^ 


{r^^)-nin+l)R  =  0. 


Write  r  =  e",  so  dr  =  e"du.     Then  this  equation  becomes 

aw'      du         ^         ' 

•  *  The  work  is  given  in  full  in  Edwards'  Differential  Calculm. 
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This  is  a  linear  differential  equation  of  the  second  order  with  constant 
coefficients ;  its  solution,  found  in  the  usual  way,  is 

^e""  + -Be- <"+"", 

where  A  and  B  are  arbitrary  constants. 

The  most  general  form  of  the  function  R  is  therefore 

ie  =  ^.r" +  £?■-"-'. 

Considering  next  the  function  <1>,  it  can  in  the  same  way  be  shewn  that 
the  quantity 

is  independent  of  r,  Q,  and  c^,  and  so  must  be  a  constant.  Writing 
this  constant  in  the  form  —m",  we  have  for  the  determination  of  <J>  the 
equation 

T--  4-  m^*  =  0, 

of  which  the  general  solution  is 

<1>  =  a  cos  ntc^  +  h  sin  ??i^, 
where  «  and  h  are  arbitrary  constants. 
It  thus  appears  that  the  expressions 

r"  cos  m^  @    and    r"  sin  m^  0 

are  particular  solutions  of  Laplace's  equation,  if  n  and  m  are  any  constants 
and  0  is  a  function  (of  Q  only)  which  satisfies  the  equation 

1        d  I  .     ,d©\        w?        . 
nin-V  1)H-7T-^ — ^-j^   sin  P -j^ ^-^-3  =  0- 

Writing  cos  6  =  z,  this  becomes 

But  when  m  is  a  positive  integer,  this  is  (§  129)  the  equation  which  is 
satisfied  by  the  associated  Legendre  functions  of  order  n  and  degree  m ;  so  a 
particular  solution  is  the  function 

P„'"  {z\     or     P„™  (cos  d). 

Hence  generally  we  see  that  the  (■2?i+  1)  expressions 

?•"  Pn  (cos  6),  r"  cos  ^  P„'  (cos  0),   ?•"  cos  2<^  P,.''  (cos  ^),  . . . ,   r"  cos  n^  P„"  (cos  ^), 

r-« sin  0 P„'  (cos  6),   ?'" sin  2(^ P„=  (cos  6),  ...,   ?•" sin n(^ P„" (cos  0), 

w/(e?'e  H  is  a  positive  integer-,  are  particular  solutions  of  Laplace's  equation. 
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Moreover,  since  P,!^  (cos  6)  is  of  the  form  sin'"  6  x  &  polynomial  of  degree 
(n  —  m)  in  cos  6,  it  is  easily  seen  that  each  of  these  quantities,  if  expressed  in 
terms  of  x,  y,  z,  becomes  a  polynomial,  homogeneous  of  degree  n,  in  x,  y,  z. 
It  C£in  in  fact  be  easily  shewn,  by  using  the  result  of  §  132,  that 

r"  cos  m^  P,,'"  (cos  6) 
is  a  constant  multiple  of 

n 

(x  cos  t  +  ysmt  +  izY  cos  mt  dt. 


f 

Jo 


'  0 

and  that 

r-»  sin  m<f>  Pn"'  (cos  6) 

is  a  constant  multiple  of 


J( 


'2w 

(x  cos  t  +  y  sin  t  +  iz)"  sin  mt  dt, 

0 


from  which  their  polynomial  character  is  evident ;  these  forms  have  the 
further  advantage  of  exhibiting  these  particular  solutions  as  cases  of  the 
general  solution  given  at  the  beginning  of  this  article. 

Example.     If  coordinates  r,  6,  <j)  are  defined  by  the  equations 

i,^=r  cos  6, 
y=  (r2-  1  )i  sin  5  cos  <^, 
Z=(r2-l)i8iu5sin(^, 
shew  that  the  function 

F=P„'"  (r)  P„'»  (cos  6)  cos  m(t> 

is  a  solution  of  Laplace's  equation 

dx^      3y2      g^2 

169.     Tlie  series-solution  of  Laplace's  equation. 

The  particular  solutions  of  Laplace's  equation,  which  have  been  found  in 
the  preceding  article,  enable  us  to  express  the  general  solution,  in  the  form  of 
an  infinite  serie.s  involving  Legendre  functions.  This  series-solution  will  of 
course  be  really  equivalent  to  an  expansion  of  the  general  solution 

I    /(*■  cos  t+y  sin  t  +  iz,  t)  dt 
Jo 

already  mentioned;  but  the  series- form  is  (as  will  appear  from  §  170)  more 
convenient  in  determining  solutions  which  satisfy  given  boundary-conditions. 

For  let  V(x,  y,  z)  be  any  solution  of  Laplace's  equation 

da?  ■•"  dy^  ■*"  dz^  ~ 
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Then  in  the  neighbourhood  of  any  ordinary  point,  which  we  may  take  as 
the  origin  of  coordinates,  V  can  be  expanded  in  the  form 

F=  Uo  +  ciix  +  h^y  +  CiZ  +  Oiscr  +  b^y-  +  c.,z^  +  d^yz  +  e^zx  -vfiXy  +  a^a?  +  .... 

Substituting  this  expansion  in  Laplace's  equation,  and  equating  to  zero 
the  coefficients  of  the  various  powers  of  x,  y,  z,  we  obtain  an  infinite  number 
of  linear  relations  between  the  coefficients  a^,  a^,  61,  Cj,  a^,  — 

There  are  -n{n  —  \)  relations  of  this  kind  between  the  ^{n+\){n  +  T) 

coefficients   of  terms   of  degree   n   in    the   expansion   of   V:   and   so   only 

^(n  +  l)(?i  +  2)  —  2«(n  -  1)[    or   (2?i  +  1)   of  the  coefficients  of  terms   of 

degree  11  in  the  expansion  of  V  are  really  independent.  But  in  the  last 
article  we  have  found  (2?i  +  1)  independent  polynomials  of  degree  n  in  x,  y,  z, 
which  satisfy  Laplace's  equation,  namely  the  quantities 

r-^Pn  (cos  6),     7-"  cos  <^  P„'  (cos  6), r"  cos  m<^P„"  (cos  6), 

r-"  sin  <^P„'  (cos  6), r"  sin  w^P„"  (cos  6). 

It  follows  that  the  terms  which  are  of  degree  n  iu  x,  y,  z  in  the  expansion 
of  V  must  be  a  linear  combination  of  these  (2m  + 1)  quantities;  that  is, 
V  must  be  expansible  in  the  form 

F  =  4„  +  7-  {^iP,  (cos  e)  +  A,^  cos  <i)Pi'  (cos  6)  +  £/  sin  <^P,i  (cos  6)] 

+  7^  {A^P„, (cos  6)  +  A^^  cos  j>Pi  (cos  6)  +  A„'  cos  %^Pi  (cos  6) 

+  Bi  sin  ^P„}  (cos  6)  +  B^- sin  24> P^^ (cos  6)]  +  ..., 

where  the  quantities  ^0,  -4,,  A^,  B^, ...  are  arbitrary  constants. 

170.  Determination  of  a  solution  of  Laplace's  equation  which  satisfies 
given  boundary  conditions. 

In  order  to  determine  the  unknown  constants  A^,  A-^,  A^^,  B^,  ...,  which 
appear  in  the  expansion  just  found,  it  is  necessary  to  know  the  remaining 
conditions  which  the  function  V  is  required  to  satisfy.  A  condition  of 
frequent  occurrence  is  that  V  is  to  have  certain  assigned  values  at  the  points 
of  the  surface  of  a  sphere,  which  we  may  take  as  being  of  radius  a  and  having 
its  centre  at  the  origin.  This  sphere  will  be  supposed  to  lie  entirely  within 
the  region  for  which  F  is  a  regular  function  of  its  arguments  x,  y,  z.  When 
r  =  a,  F  is  therefore  to  be  equal  to  a  given  function  f{d,  <j>)  of  d  and  (f>. 

The  constants  Af,,  A^,  A^^,  £/ are  therefore  to  be  determined  fi-om  the 

equation 

f{d,  4>)  =  A,  +  a  [A,Pi (cos  d)  +  A,'  cos  </>  P,'  (cos  9)  +  B,'  sin  </)P,i  (cos  6)] 

+  a''  [A.P^  (cos  e)  +  As'  cos  <f>P^'  (cos  6)+  ...}  +  ... 
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In  order  to  obtain  the  value  of  one  of  these  constants,  say  A^^^,  from  this 
equation,  we  multiply  both  sides  of  the  equation  by  P„'"  (cos  0)  cos  m<^,  and 
integrate  over  the  surface  of  the  sphere.    On  the  left-hand  side  we  thus  have 

r  I  '  f{e,  <f))  Pn™  (cos  6)  cos  m<j>  sin  d  dO  d(j>. 
Jo  .  0 

As  to  the  right-hand  side,  we  know  that 

/•2ir 

I     cos  m0  cos  rcf>  d(f) 

Jo 

is  zero  except  when  r  =  m,  and  that 

riir 

I     cos  Tn<j>  sin  rtf>  d<f> 
is  always  zero ;  and  also  (by  §  130)  that 


r  P,™  (cos  6)  PrT  (cos  6)  sin  6  d0 
Jo 

is  zero  except  when  r  =  n.     It  follows  that  on  the  right-hand  side,  every 
term  vanishes  except  the  term 

a" An'"  (Pn™  (cos  d)Y  cos=  m<f>  sin  9  dO  d<j). 

Jo  Jo 

riw 
Since  I    cos''  m^  d(j>  =  tt, 

Jo 

and  (by  §  1 30)    /J  {P,r  (cos  ^)1^  sin  6  dO  =  ^^^  [^j . 

this  term  has  the  value 

«^  ™        2      (n  +  m)! 
2rt  + 1  (n  —  m)\ 

We  have  therefore  the  formula 

^""^ = "im"^  ■  ottS'I  r  'o"-^^^'  "^^  ^""  ^'°'  ^^  '°'  ""^  ''"  ^  "^^  ^'^' 

which  determines  the  coefficients  A^  in  the  expansion  of  V. 

The  coefficients  B,i!^  can  be  similarly  determined :  and  so  finally  the 
solution  V  of  Laplace's  equation,  which  has  the  value  f  {6,  4>)  at  the  surface  of 
the  sphere,  is  given  for  points  in  the  interior  of  the  sphere  bi/  the  expansion 

-1-2  S  J— -^^;P,™(cos^')-Pn"(cos^)cosm((/)-f)   sin6''cZ6>'df. 


I 
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This  result  may  be  regarded  as  a  three-dimensional  analogue  of  the  two- 
dimensional  result  of  §  167. 

Example  1.     Shew,  by  applying  the  expansion-theorem  just  given,  that 
P„  {cos  6  cos  ff-ywaB  sin  ff  cos  (<^  -  0')}  =  /"„  (cos  ff)  P„  (cos  ff) 

+  2  2  ^-— (;P„'»(co8^)i'„"'(cos5')co8m(<^-<^')- 

Example  2.  Prove  that  if  the  product  of  a  homogeneous  polynomial  of  degree  n  in 
X,  y,  z  and  the  function  /*„  {costfcos^'-f-sin^sin  ^co8(0-<^')}  be  integrated  over  the 
surface  of  the  sphere,  the  result  is  Airl{2n  +  \)  multiplied  by  the  value  of  the  polynomial 
at  the  point  {ff,  <^'). 

(This  can  be  proved  by  taking  ^  to  be  zero,  which  involves  no  real  loss  of  generality, 
and  expanding  the  polynomial  by  the  theorem  of  this  article.) 

171.  Particular  solutions  of  Laplace's  equation  which  depend  on  Bessel 
functions. 

It  is  possible  to  conistruct  solutions  of  Laplace's  equations  in  series  in 
several  ways,  of  which  that  which  has  been  given,  and  which  depends  on 
Legendre  functions,  may  be  taken  as  representative.  A  full  discussion  of 
the  other  methods  would  be  beyond  the  scope  of  this  book,  but  a  general 
idea  of  them  may  be  inferred  from  the  result  which  will  next  be  established, 
namely  that  the  Bessel  functions  furnish  a  group  of  particular  solutions  of 
Laplace's  equation,  just  as  the  Legendre  functions  do. 

When  Laplace's  equation 

da?  ■*■  dy^  "^  dz^  ~ 

is  expressed  in  terms  of  the  "  cylindrical  coordinates  "  z,  p,  </>,  where  p  and  <f> 
are  defined  by  the  equations 

fa;  =  /3  cos  <f>, 

\y  =  p  sin  q!), 
it  takes  the  form 

dz"  '^  dp'  '^pdp  '^  p^  d<l>' 
Let  us  seek  for  particular  solutions  of  this  equation,  of  the  form 

where  Z,  P,  <I>,  are  functions  of  z  alone,  p  alone,  and  <f)  alone,  respectively. 
On  substituting  this  value  of  V,  Laplace's  equation  becomes 

Id^      l^fiPP      ldP\        1    d-^ 
Zdz''^  P  \  dp''  '^  pdp)"^  p'^  d^'  ~ 
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This  equation  shews  that  the  quantity 

Id'Z 
Z  dz^ 

must  be  a  constant  independent  of  z,  p,  and  <f> ;  let  this  constant  be  denoted 
by  P.     Then  on  solving  the  equation 

dz--"^' 

we  have  the  particular  solutions 

Z  =  e*'  and  Z=e-''\ 

Similarly  the  quantity 

1  d'^ 
(l)d<fy' 

is  a  constaint,  which  may  be  denoted  by  —  m^;  on  solving  the  equation 

we  obtain  the  particular  solutions 

O  =  cos  nii,<f)  and  <1>  =  sin  m(f>. 
The  equation  to  determine  P  is  niAw 
d^P  .  1  dP     f. 


d/o^     pdp      V         /I'V 


On  putting  kp  =  y,  this  becomes  Bessel's  actuation  of  order  m, 

clrP      IdP      (■,_n^\-p 
df^'ydy^V      f)"^^' 

a  particular  solution  of  which  is  \^ 

P  =  /m(y).        ■     \ 
It  follows  that  the  expressions 

e±**  cos  m(f>J,n  {kp)  and  e±**  sin  m<j)Jm  (kp), 

where  k  and  m  are  arbitrary  constants,  are  particular  solutions  of  Laplace's 
equation. 


172.     Solution  of  the  equation 

dsf    ay' 

We  now  proceed  to  consider  another  partial  differential  equation. 


I 
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We  have  seen  in  the  last  article  that  Laplace's  equation 

is  satisfied  by  the  particular  solutions 

e^  J„  (r)  cos  n6  and  e^  /„  (?•)  sin  7i0, 

where  x  =  r  cos  6,  y  =  r  sin  6. 

But  if  we  write  W  =e'V, 

where  F  is  a  function  of  x  and  y  only,  the  Laplace's  equation  for  W  becomes 

d^V     cT-V 
dx^      dy- 

It  follows  that,  for  all  values  of  n,  the  quantities 

Jn  (r)  cos  nQ  and  /„  (r)  sin  nd 

are  particular  solutions  of  this  latter  equation. 

From   these  particular  solutions,  as  in  the  case   of  the  solution  of  the 
equation 

already  described,  we  can  build  up  the  general  solution  of  the  equation 

'dx'      dy^ 
in  the  form  F  =  ^  J„  (r)  (a„  cos  nO  +  &„  sin  nQ), 

n=0 

whei'e  a,),  a-i,  a^,  ...,  6i,  62.  •••>  are  arbitrary  constants. 
173.     Solution  0/ the  equation 

In  order  to  solve  the  equation 

an^   a^F    d^v 

whi(!h  is  likewise  of  great  importance  in  the  investigations  of  mathematical 
physics,  we  first  express  the  equation  in  terms  of  new  independent  variables 
r,  6,  (f>,  defined  by  the  equations 

x  =  r  sin  6  cos  </>, 

-  y  =  r  sin  6  sin  (/>, 

.z  =  r  cos  6, 
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and  theu  endeavour  to  find  particular  solutions  of  the  form 

where  R,  €>,  <&,  are  functions  respectively  of  r  alone,  6  alone,  and  (f>  alone. 
Proceeding  as  in  §  1C8,  the  differential  equation  becomes 


Id/  „dR\  1        d  /  .    ^a.vv\  1       ti-siy      . 


dS)  "*"  *  sin''  e  d^ 


This  equation  can  be  solved  by  the  process  used  in  §  168  for  finding 
particular  solutions  of  Laplace's  equation ;  the  quantity 

1  ^  /    dR\ 
'^  Rdr\     dr) 

must  be  a  constant,  which  we  shall  denote  by  n{n  +  l).     If  in  the  resulting 
equation 

we  write  y  =  Rr^,  it  becomes 

which  is  Bessel's  equation  of  order  [n  +  ~\ . 

The  quantity  R  can  therefore  be  taken  to  be 

ii;  =  r-iJ-„+j(r). 

The  equations  for  ©  and  <I>  are  now  found  to  be  the  same  as  those  which 
occur  (§  168)  in  the  solution  of  Laplace's  equation;  and  proceeding  as  in 
§  169,  we  find  that  the  general  solution  of  the  partial  differential  equation 

rr     d^V     d'V 

dx^  "^  dy'  "^  a^=  "^        ' 

regular  near  the  origin,  can  be  expressed  in  the  form 
F=    i   r-iJr^(r) 

n=o 

IA„P„  (cos  d)  +  An^  cos  4>P„^  (cos  6)  +  ...+  A„" cos  n^P„"  (cos  0)] 

X 

[  +  Bn^  sin  4>Pn' (cos  6)+  ...+!?„»  sin  n0P„"  (cos  0)) 

where  the  quantities  A  and  B  are  arbitrary  constants. 
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When  a  particular  solution  V  of  the  equation  is  to  be  determined  by  the 
condition  that  it  is  to  take  prescribed  values  at  all  points  on  the  surface  of  a 
sphere,  the  constants  A  and  B  are  determined  exactly  as  in  §  170. 

Example.     Shew,  as  a  case  of  the  general  expansion  of  this  article,  that 

n=0 

JVote.  The  partial  diflerential  equations  of  §§  172,  173,  possess  general  solutions 
analogous  to  that  of  Laplace's  equation.     The  solution  of  the  equation  of  §  172  is 

where /is  an  arbitrary  function  ;  and  the  solution  of  the  equation  of  §  173  is 
F=  T"    r'  ei(xsh^tcos^+ysmtsm<l>+zcost)y^^^  ,^,)dtd^, 

where  /  is  an  arbitrary  function.     For  the  proof  of  these  results,  reference  may  be  made 
to  papers  by  the  author. 

Miscellaneous  Examples. 

1.  If  a  solution  V  of  Laplace's  equation  be  symmetrical  with  respect  to  the  axis  of  z, 
and  have  the  value  V=f{z)  at  points  on  that  axis,  shew  that  its  value  at  any  other  point 
of  space  is 

V=-  ['f{z  +  i{.ifi+f)^cos(l>}d(l). 

T  y  0 

2.  Deduce  from  the  result  of  Example  1  that  the  potential  of  a  circular  ring  of 
mass  M,  whose  equation  is 

a:2+/  =  c-,      2  =  0, 


-  (''3/lc'  +  {z+i{x^+f)^coa (pYV^ d<t>. 
^  J  0 


3.     Let  P  (x,  y,  2)  be  a  point  in  space,  and  let  the  plane  through  P  and  the  axis  of  z 
make  an  angle  (j>  with  the  piano  zx.     Let  this  plane  cut  the  circle  whose  equations  are 

2  =  0,     3:'^+f=k% 

in  the  points  a  and  y,  and  let  the  angle  aPy  be  denoted  by  6  and  log  (PajPy)  by  o-. 

If  0-,  d,  <t>  be  regarded  as  coordinates  defining  the  position  of  the  point  P,  shew  that 
Laplace's  equation 

dx'      8y2      dz^ 
takes  the  form 

8_  r sinho-        dV]       d_  f       sinh  a-       dV\      1 ^IT^o 

da-  [cosh  o-  -  cos  6  da-)      dO  (cosh  <r  -  cos  6  ddj       sinh^  a  (cosh  a  -  cos  6)  8<^2       ' 

and  that  the  quantities 

V=  (cosh  a  -  cos  8)^  cos  nd  cos  m0  P     ,  (cosh  a) 

are  solutions  of  it. 

W.  A.  21 


CHAPTER  XIV. 

The   Elliptic  Function   p  (z). 

174.     Introduction. 

li  f{z)  denote  any  one  of  the  circular  functions  sin  z,  cos  2,  tau  ^  ...  ,  it  is 

well  known  that 

/(^  +  27r)=/(^), 
and  hence  that 

f(z  +  2n7r)==/(z), 

where  n  is  any  positive  or  negative  integer. 

This  fact  is  generally  expressed  by  the  statement  that  the  circular 
Junctions  admit  the  period  lir.  They  are  on  this  account  said  to  be  periodic 
functions;  and  in  contradistinction  to  other  classes  of  periodic  functions, 
which  will  be  introduced  subsequently,  they  are  called  singly-periodic 
functions. 

It  will  in  fact  be  established  in  this  chapter  that  a  class  of  functions 
exists  possessing  the  following  properties:  it /(z)  be  any  function  of  the 
class,  then  f{z}  is  a  one-valued  function  of  z,  with  no  singularities  other  than 
poles  in  the  finite  part  of  the  ^^-plane  ;  moreover,  /  (z)  satisfies,  for  all  values 
of  z,  the  equations 

/{z  +  2a,,)  =f{z), 

f{z  +  2co,)=f{z), 

where  «Bi  and  Wj  are  two  quantities  independent  of  z.  Functions  f(z)  of 
this  class  are  said  to  admit  the  quantities  20),  and  2t02  as  periods,  and  are 
called  doubly-periodic  functions  or  elliptic  functions.  The  two  periods  2ft), 
and  2ft).,  play  the  same  part  in  the  theory  of  elliptic  functions  as  is  played 
by  the  single  period  2'rr  in  the  theory  of  circular  functions. 

By  repeated  application  of  the  formulae  written  above,  we  obtain  as  the 
characteristic  equation  of  all  elliptic  functions  the  equation 

f{z+  2mo,,  +  2nft)j)  =  f(z), 

where  m  and  n  are  any  integers. 
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175.     Definition  of  ^  (z). 

The  elliptic  functions  may,  as  we  have  just  seen,  be  regarded  as  a 
generalisation  of  the  circular  functions.  It  is  natural  therefore  to  introduce 
them  into  analysis  by  some  definition  analogous  to  one  of  the  definitions 
used  in  the  theory  of  circular  functions. 

One  mode  of  developing  the  theory  of  the  circular  functions  is  to  start 
from  the  infinite  series 

1  ioo  1 


t=±i{z-mTry' 

It  can  be  shewn  that  this  series  converges  absolutely  and  uniformly  for 
all  values  of  z  except  the  values 

z=0,     +  TT,     ±  27r,     ±37r...; 

and  that  it  admits  the  period  27r.  If  now  its  sum  be  denoted  by  (smz)~^, 
and  this  be  regarded  as  the  definition  of  the  function  sin^,  then  from  this 
definition  we  can  derive  all  the  properties  of  the  function  sin  z,  and  thus 
a  complete  theory  of  the  circular  functions  can  be  developed. 

Similarly,  as  the  basis  of  the  theory  of  elliptic  functions,  we  form  the 
infinite  series 

z~'  +  2  {(^  —  2to(Bi  —  2n(0s)~-  —  (2m&),  +  2nio^)'^}, 

where  a\  and  cd.>  are  any  two  quantities,  independent  of  z,  whose  ratio  is  not 
purely  real,  and  where  the  summation  extends  over  all  integer  and  zero 
(except  simultaneous  zero)  values  of  m  and  of  ?i. 

It  has  been  shewn  in  §  11  that  this  series  is  absolutely  convergent  for  all 
values  of  ^,  except  the  values  z  =  0,  +  &),,  +  tuj,  +  toi  +  co^,  ±  2(0i  ±  m^, .... 

By  comparing  the  series  with  the  convergent  series  2  (m^  +  n")"*  as  in 
§  11,  it  is  seen  that  this  convergence  is  also  uniform  (§  52).  The  series 
therefore  represents  a  one- valued  function  of  z,  regular  for  all  values  of  the 
variable  z  except  the  values  z  =  2m&)i  +  2n(D2 ;  and  at  these  points,  which  are 
the  singularities  of  the  function,  it  clearly  has  poles  of  the  second  order. 

We  shall  denote  this  function  by  the  symbol  p  (z).  Its  introduction  is  due 
to  Weierstrass. 

There  are  other  ways  of  introducing  both  the  circular  and  elliptic  functions  into 
Analysis  ;  for  the  circular  functions,  tlie  following  may  be  mentioned  : 

(1)  The  geometrical  definition,  according  to  which  sin  z  is  the  ratio  of  one  side  to  the 
hypotenuse,  in  a  right-angled  triangle  of  which  one  angle  is  z.  This  is  the  definition  usually 
given  in  the  introductory  chapter  of  treatises  on  Trigonometry  :  but  from  our  point  of 
view  it  is  defective,  as  it  applies  only  to  real  values  of  z. 

(2)  The  definition  by  means  of  the  infinite  product 

8in.=.(l-i;)(l-2^,)(l-3j,).... 

21—2 
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(3)     The  definition  by  the  inversion  of  a  definite  integral, 


/sin-'  2 
0 


We  shall  see  subsequently  that  alternative  definitions  of  the  elliptic  functions  exist, 
analogous  to  each  of  these  definitions  (1),  (2),  (3),  and  that  they  may  if  desired  be  taken 
as  fundamental  in  the  theory. 

Example.     Prove  that 

/  TT  \M1         «              ,  2rea)o    1 
where  G=-{c  -Ms+      2     cosec^ ■^r  • 

\2o),/     (S       n=-«  o>i       J 

176.  Periodicity,  and  other  properties,  of  \p  (z). 

The  function  p(z)  is  an  even  function  o{  z,  i.e.  it  satisfies  the  equation 

For  if  —z  be  substituted  for  z  ni  the  series  which  defines  ^{z),  the 
resulting  series  is  the  same  as  the  original  series,  except  that  the  order  of 
the  terms  is  changed.  But  since  the  series  is  absolutely  convergent,  this 
change  in  order  does  not  affect  the  value  of  the  sum  of  the  series;  and 
therefore  we  have 

«'(^)=P(-^)- 

Further,  the  function  ^  (z)  admits  the  quantity  2(Ui  as  a  period. 

For 

=  {z  +  2(o,)-'  -z-'+t  {{z  +  2a»i  -  2m(u,  -  2n(o.,)-"-  -{z-  2mw,  -  2n(o^)-^\ 

=  l{{z-2{m-l)(0i-  2n(o^)--  -(z-  2mcoj,  -  2nco^)-'-}, 

where  the  last  summation  is  extended  over  all  integer  and  zero  values  of  m 
and  n  without  exception.  But  this  last  sum  is  zero,  since  its  terms  destroy 
each  other  in  pairs.     Thus  we  have 

Similarly  ^  (^  +  Swj)  =  ^  (z), 

and  generally  P(z+  2ma)i  +  2n(U2)  =  ^  i^), 

where  m  and  n  are  any  integers. 

Therefore  the  function  ^(z)  admits  the  two  periods  2g)i  and  2«2. 

Differentiating  the  above  results,  we  see  that  ^'  (z)  is  an  odd  function  of 
z,  and  admits  the  same  periods  as  jp  (z). 

177.  The  period-parallelograms. 

The  study  of  elliptic  functions  is  much  facilitated  by  a  method  of 
geometrical  representation  which  will  now  be  explained. 
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Suppose  that  in  the  plane  of  the  variable  z  we  mark  the  points  z  =  0, 
z  =  2a),,  z  =  2(U2,  z  =  2(i}i  +  2&)2,  •••  and  generally  all  the  points  comprised  in 
the  formula  z  =  Inuo^  +  2naSi,  where  m  and  n  are  any  positive  or  negative 
integers  or  zero. 

By  joining  the  point  z  =  0  by  a  straight  line  to  the  point  ^  =  2a)i,  then 
joining  the  point  2a)i  to  the  point  2(o^  +  2&>2,  then  joining  the  point  2a),  +  2ai^ 
to  the  point  2a)2,  and  lastly  joining  the  point  2a)2  to  the  point  z  =  Q,  we 
obtain  a  parallelogram  in  the  ^-plane,  which  we  shall  call  the  fundamental 
period-parallelogram. 

It  is  clear  that  the  whole  ^-plane  may  be  covered  with  a  network  of 
parallelograms,  which  are  each  similar  and  equal  to  this  parallelogram,  and 
which  can  be  obtained  by  joining  the  other  marked  points  by  straight  lines. 
These  parallelograms  will  be  called  period-parallelograms. 

Then  if  t  be  any  quantity,  the  points 

z-=t,  z  =  t+2<jt)i,  z=t+i(o.2,  ...,  z=t+2jn(Oi+2n(02, 

manifestly  occupy  corresponding  positions  in  these  parallelograms ;  these 
points  are  said  to  be  congruevt  to  each  other. 

It  follows  from  the  fundamental  property  of  p{z)  that  the  function  f{z) 
has  the  same  value  at  all  points  ivhich  are  congruent  with  each  other ;  and 
hence  that  the  values  which  the  function  ^{z)  has  in  any  period-parallelogram 
are  a  mere  repetition  of  the  values  which  the  function  has  in  any  other  period- 
parallelogram. 

178.     Expression  of  the  function  p  (z)  by  means  of  an  integral. 

We  shall  now  obtain  a  form  for  g)  (z)  in  terms  of  an  integral,  which  will 
be  found  to  be  of  great  importance  in  the  theory  of  the  function. 

The  quantity  g)  (z)  -  z-^, 

or  2  [(z  —  2mQ)i  —  2ncOi)~^  —  (2ma),  +  2nQ)i)~^}, 

is  a  regular  function  of  z  in  the  neighbourhood  of  the  point  z  =  0,  and  is  an 
even  function  of  z.  It  can  therefore  by  Taylor's  theorem  be  expanded,  for 
points  z  near  the  origin,  in  the  form 


where  clearly  we  shall  have 


g  =  3S  (2ma),  +  2na,2)-^ 
g  =  5S  (2wia),  +  2na)2)-^. 


Thus  ^(^)  =  ^-.+  g^.  +  |^^  + 


20         28 
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Forming  the  square  and  the  derivates  of  this  expansion,  we  have 

irw        ^  10    14  ' 

f"(z)  =  6z-*  +  f^  +  ^g,z'+.... 

Therefore    p"  (^)  —  g  ^"(z)  =  joS'a  +  terms  involving  z*  at  least. 
It  follows  that  the  function 

is  regular  in  the  neighbourhood  of  the  point  z  =  0;  and  as  it  is  doubly-periodic 
(for  clearly  any  power  or  derivate  of  an  elliptic  function  is  likewise  an  elliptic 
function)  it  must  be  regular  in  the  neighbourhood  of  each  of  the  points 

z  =  2ma)i  +  2na>i.    • 

But  the  only  singularities  of  ^(z)  are  at  these  points :  and  therefore  the  only 
possible  singularities  of  the  function 

are  at  these  points.  The  latter  function  is  consequently  regular  for  all  values 
of  z;  and  so  by  Liouville's  theorem  (§  47)  is  independent  of  z,  and  therefore 

is  equal  to  the  value  which  it  has  at  the  point  z—0,  which  is  jg^fa. 
We  have  therefore  the  relation 

iP'(^)=l^"iz)  +  ^^g,. 

Multiplying  by  3p'  (z)  and  integrating,  we  have 

where  c  is  a  constant ;  on  substituting  the  expansions  in  this  equality,  we 
find  that  c  =  j  ^j. 

Thus,  finally,  the  function  g)  (z)  satisfies  the  differential  equation 

where  g^  and  g,  (called  the  invariants)  are  given  in  terms  of  the  periods 
of  ipiz)  by  the  equations 

r/j  =    60  S  (2mw,  +  2«Wj)-*, 

^3  =  1402  (2TOa),  +  2nws)-«. 
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This  differential  equation  can  be  written  in  the  form 

where  t=  p  (z), 

and  therefore  (since  ip{z)  is  infinite  when  z  is  zero)  we  have 

which  is  the  required  expression  of  p(z)  in  terras  of  an  integral. 

The  preceding  theorems  may  be  illustrated  by  the  results  which  correspond  to  them  in 
the  theory  of  the  circular  functions.  Thus  we  may  in  the  following  way  discuss  the 
properties  of  a  function  f{z)  (really  coeec' z),  which  we  shall  take  to  be  defined  by  the 
series 

/(2)  =  3-2  +  («-7r)-2  +  (^  +  Jr)-H(z-2ff)-2+(z  +  2ff)-2  +  (2-37r)-2+.... 

This  series  is  clearly  infinite  at  the  points  2  =  0,  n,  -  n,  2ir, ...  ;  for  other  values  of  z  it 
is  absolutely  and  uniformly  convergent,  as  is  seen  by  comparing  it  with  the  series 

1  +  1-2+1-^2-2  +  2-2  +  3-2+3-2+.... 

The  efiect  of  adding  any  multiple  of  «•  to  z  is  to  produce  a  new  series  whose  terms  are 
the  terms  of  the  original  series,  arranged  in  a  different  order  ;  this  does  not  affect  the  sum 
of  the  series,  since  the  convergence  is  absolute  ;  and  therefore  /  (z)  is  a  periodic  function  of 
t,  with  the  period  w. 

By  drawing  parallel  lines  in  the  2-plane  at  distances  jr  from  each  other,  we  therefore 
divide  the  plane  into  strips,  such  that  at  points  occupying  corresponding  positions  in  the 
different  strips,  f{z)  has  the  same  value.  In  each  strip,  /(«)  has  only  one  singularity, 
namely  at  that  one  of  the  points  0,  n-,  —n,  2n,  —2n,  ...  which  lies  within  the  strip.  The 
function  is  not  infinite  at  the  infinite  ends  of  the  strip,  because  the  several  terms  of  the 
series  for  f{z)  are  then  small  compared  with  the  corresponding  terms  of  the  comparison- 
series 

1+1-2+1-2  +  2-2  +  2-2  +  3-2  +  3-2+.... 

Now  near  the  point  z  =  0,  the  function /(z)  can  be  written  in  the  form 

/(.)  =  .-2  +  .-2(l_i)-V.-.(l+i)-V(2.)-.(l-A)-V... 

=  2-2  +  »r-2(l  +  l  +  2-2  +  2-2  +  ...)  +  n-422(3  +  3  +  3.  2-*  +  3.  2-H. ..)  +  .. . 

=  2-2  +  2,7-2.  ^'  +  ff-V.  3.  2.^  +  ... 
b  90 

=  2-2  +  -  +--22+.,. 

3^15     ^•" 
Difl'erentiating  and  squaring  this  equation,  we  have 

/"(2)  =  62-*  +  ^  +  ..., 

/.(.)  =  .-H|2-2+l  +  i  +  .... 

It  follows  that 

/"(2)-6/2(2)  +  4/(2) 
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is  a  series  containing  no  negative  powers  of  2 ;  it  has  therefore  no  singularity  at  the  i)oint 
2=0,  and  therefore  (since  that  is  the  only  possible  singularity)  no  singularity  in  the  strip 
which  contains  z  =  0,  and  therefore  (on  account  of  the  periodic  property)  no  singularity  in 
any  atrip.  It  is  therefore,  by  Liouville's  theorem  (§  47),  a  constant :  this  constant  must 
be  equal  to  the  value  of  the  function  at  the  point  z=0,  which  (on  substituting  the  expan- 
sions) is  found  to  be  zero.    We  have  therefore 

Multiplying  by  2/'  (c)  and  integrating,  we  have 

/'2(2)  =  4/3(0)-4/2(2)  +  C, 

where  c  is  a  constant.     On  substituting  the  exiwinsions,  c  is  found  to  be  zero,  and  therefore 

/'2(2)  =  4/»(«){/(2)-l} 

or  (^y=4<2(<-l),  where  <=/(2), 

whichgives  22=/      i-^{t-l)-idi 

as  the  expression  of /(«)  by  means  of  an  integral. 
Example,     li  y  =  ^  (2),  shew  that 

\dzj         \dz) 
where  e,,  «2,  e^  are  the  roots  of  the  equation 

For  we  have  ¥HA  =  '^9^z)-g^\^{z)-g^, 

and  so  (fJ=4(3^-«i)(y-«2)(y-«3)- 

Differentiating  logarithmically,  we  have 

-;^2 = (3' -  «i)  -  • + (i^  -  62)-! + (y  -  63)-^. 

\dz) 


Differentiating  again,  we  have 

2 


dh/         /d?ii\  2 


^  dz' 


\dz)        \dz) 


Adding  the  last  equation,  multiplied  by  J,  to  the  square  of  the  preceding  equation, 
multiplied  by  ^,  we  have  the  required  result 

It  may  be  noted  that  the  left-hand  side  of  the  equation  is  half  the  Schwartzian  derivative 
of  2  with  respect  to  y  ;  and  hence  the  result  shews  that  2  is  the  quotient  of  two  solutions 
of  the  equation 
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179.     The  homogeneity  of  the  function  fp  (z). 

When  the  Weierstrassian  elliptic  function  is  considered  as  depending  on 
its  arguments  and  periods,  it  has  a  certain  property  of  homogeneity,  which 
will  now  be  investigated. 

Let  f  [z,  ' )  denote  the  function  formed  with  the  argument  z  and  periods 
2a)i  and  2wn.     Then  we  have 

a  (xz,  ^'"')  =  \-^z-'  +  1  {(Xz  -  2mXa),  -  2nXa,^)-^  -  (2mX(»,  +  InXw^)-^] 

It  follows  that  the  effect  of  multiplying  the  argument  and  the  periods  by 
the  same  quantity  X  is  equivalent  to  multiplying  the  function  by  X~'. 

This  relation  can  also  be  expressed  in  terms  of  the  quantities  g^,  g,. 

For  let  J)  (2;  g^;  g^)  denote  the  function  formed  with  the  invariants 
^2  and  g,.     Then  we  have 

g,=    601  (2mio,+ 2^(0,)-*, 

t^3=  140S  (2?no>i  +  2?i&).,)-«. 

■  The  effect  of  replacing  coi  and  lo^  by  Xcoi  and  Xwj  respectively  is  therefore 

to  replace  g,  and  gs  by  X"*^.,  and  X~^g,  respectively;  and  thus  we  have 


_  =X^f{Xz;  X-*g^,  X-'g,), 

which  expresses  the  homogeneity-property  in  terms  of  the  invariants. 
Example.     Deduce  the  last  result  directly  from  the  equation  , 

z=[      {4fi-g.,t-g^)-idt. 

180.     The  addition-theorem  for  the  function  ff  (z). 

The  function  ^(z)  possesses  an  addition-theorem,  i.e.  a  formula  which 
gives  the  value  of  ^{z-\-y)  in  terms  of  the  values  of  ^{z)  and  ^{y),  where 
2  and  y  are  any  quantities. 
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To  obtain  this  formula,  consider  the  expression 

1  1   if>(^+y)   -ip'i^  +  y) 
I  1    ip(y)  p'(2/) 

as  a  fi]  notion  of  z. 

Since  it  is  compounded  of  doubly-periodic  functions,  it  is  itself  a  doubly- 
periodic  function ;  and  the  only  points  at  which  it  can  have  singularities  are 
the  points  at  which  the  functions  p{z  +  y)  and  ^(z)  have  singularities, 
i.e.  the  points  z  =  0,  z=—y,  and  points  congruent  (§  177)  with  these. 

Now  for  points  z  near  the  point  z  =  Q,  we  can  write  the  determinant  in 
the  form 

1    i'(3')+V(y)  +  |^'p"(y)  +  -"    -p'(y)-^p"(y)---. 


+  205'2^'  + 


-^^'  +  rr,9.z  +  ... 


1  l>(y)  p'(y) 

Expan  ding  this  determinant,  we  find  that  the  terms  involving  negative 
powers  of  z  destroy  each  other;  the  determinant  can  therefore,  in  the 
neighbourhood  of  the  point  ^  =  0,  be  expanded  as  a  series  of  positive  powers 
of  z ;  that  is,  the  function  represented  by  the  determinant  has  no  singularity 
at  the  point  z  =  0 ;  and  therefore  (by  the  periodic  property)  it  has  no 
singularity  at  any  of  the  points  congruent  with  z  =  0. 


Considering  next  the  neighbourhood  of  the  point  z  =  —y,  write  z  =  ■ 
The  determinant  can  be  written  in  the  form 


■y  +  a;. 


1 


1         ar^  +  ^g^x+...  -2ar'i-f^g^x+. 

1     F(-3/)  +  «P'(-2/)  +  ---      S>'(-2/)+V(-y)+---   !' 
1  P(2/)  ip'(y)  I 

and  on  expansion  this  is  found  to  contain  no  negative  powers  of  x.  The 
function  represented  by  the  determinant  has  therefore  no  singularity  at  the 
point  z  =  —y  or  any  of  the  congruent  points. 

The  function  has  therefore  no  singularities,  and  so  by  Liouville's  theorem 
(§  47)  is  independent  of  z.  But  it  vanishes  when  z  has  the  value  y,  since  two 
rows  of  the  determinant  are  then  identical.  The  determinant  is  therefore 
always  zero. 

We  thus  have  the  formula 


1     ip{z  +  y)     -^'{z  +  y) 
1     F(2/)  P'(y) 


=  0, 
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true  for  all  values  of  2  and  y.  Since,  by  §  178,  p'  (z+y),  p'  (z),  f'  {y)  are  at 
once  expressible  in  terms  of  f{z  +  y),  f{z),  fp{y),  respectively,  this  result 
really  expresses  piz  +  y)  in  terms  of  jp{z)  and  fp(y).  It  is  therefore  an 
addition-theorem. . 

The  addition-theorem  may  also  be  obtained  in  the  following  way. 

Take  rectangular  axes  Ox,  Ou,  in  a  plane  ;  and  consider  the  intersections  of  the  cubic 
curve 

with  a  straight  line  , 

u  =  'mx+n. 

The  abscissae  x^,  x.^,  x^  of  the  points  of  intersection  are  the  roots  of  the  equation 
(f){x)  =  0,  where 

<f)(x)  =  {mx  +  n)^-4x^+g^+g^. 

The  variation  Sx^  in  one  of  these  abscissae,  consequent  on  small  changes  Sm  and  Sti  in 
m  and  n,  is  therefore  given  by  the  equation 


(j)'  (Xr)  8xr + 2  (mx, + n)  (Xybm  +  dn)  =  0, 


whence 


4      *'^'-     =     2  I    x^m  +  8t. 


Therefore 


=  0,  by  a  well-known  theorem  in  partial  fractions. 

3 

S  {4j;/-gtXr- g3)-i SXr=Q. 


Now  when  n  is  infinite,  the  abscissae  ^j,  x^,  x^  are  all  infinite  :  we  may  therefore 
integrate  the  last  equation  over  the  series  of  positions  of  the  straight  line  y  =  mx+n,  and 
obtain  the  result 


3     /«> 

2    I     {ix/-g:t%\-g3)-idxr=0. 

r=\  J  I, 


If  we  write 


^1=^(2),   ■'ei=<P{y\   ^3=P(«'). 

we  have  therefore  2  +y  +  w = 0. 

But  the  ordinatea  of  the  three  points  of  intersection  are 

«!=«>'«,   «2=F'(y),   «3=r(«')- 

Since  the  three  points  are  coUinear,  we  have 

=0, 
1     X,     u. 


and  therefore 


1    ^{^+y)  -r(^+5') 
1    ^W  F(y) 


=0, 


which  is  the  addition-theorem. 
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181.     Another  form  of  the  addition-theorem. 

The  determinantal  form  of  the  addition-theorem  given  in  the  last  article 
may  be  replaced  in  the  following  way  by  a  simpler,  though  less  symmetrical, 
formula. 


Consider  the  equation 


1     ^{x) 

f'{<^) 

1     ^(z) 

p'(^) 

1    ^iy) 

p'iy) 

=  0. 


If  in  this  we  replace  p' («)  by  its  value  in  terms  of  f)(a;),  and  expand, 
we  have 

This  may  be  regarded  as  a  cubic  equation  in  the  quantity  ^  (x).  One  of 
its  roots  is  ^(x)  =  p(z  +  y),  by  the  addition-theorem ;  and  the  other  two 
roots  are  f{x)  =  f  {z)  and  p  (x)  -f{y),  since  the  determinant  vanishes  when 
^  or  y  is  substituted  for  x.     We  have  therefore 

P  (■^)  +  P  ( y)  +  F  (•^  ■*■  y)  ~  ^'^'^  '^^  roots  of  cubic 

=  -  {Coefficient  of  ^{x)}  -=-  {Coefficient  of  p»  {x)] 

and  thus  we  have 

which  is  a  new  form  of  the  addition-theorem. 
Example  1.     Prove  that  the  expression 

i  W  (^)  -  «f  (j/)Y  W{^)-^  (y)}  -  ^  -  F  (2)  -  P  (^ +y). 

considered  as  a  function  of  z,  has  no  singularities :   and  deduce  the  addition-theorem 
for  t>(z). 

For  the  given  expression,  from  the  mode  of  its  formation,  can  clearly  have  no  singu- 
larities except  at  the  points  2  =  0,  2=y,  2=  -y,  and  points  congruent  with  these. 

Consider  then   first  the  neighboiu-hood   of  the  point  2=0.     The  expression  can   be 
expanded  in  the  form 

H-22-3-^(^)-(-T^^^+...}2{2-2-«)(y)-|-5\5^222-)-...}-2-2-«-5\j5'222-... 

-i?(y)-#'(y)--, 

and  this  on  reduction  is  found  to  contain  no  negative  powers  of  2,  the  first  non-zero  term 
being  ^(y).     The  expression  has  therefore  no  singularity  at  the  point  2  =  0. 


181,  182]  THE    ELLIPTIC   FUNCTION   jf>  (2).  333 

Considering  next  the  neighbourhood  of  the  point  z=y^  we  take  z=y-'rx  ;  the  expression 
becomes 

i{^'(y)+-^fr'"(y)+...-fr'(y)}^{j?(y)+xf)'(^)+...-p(y)}-2-^(2^)-^^'(^,)-... 

-^(2y)-^r(2y)-..., 

and  this  on  reduction  is  found  to  contain  no  negative  powers  of  x ;  there  is  therefore  no 

singularity  at  the  point  z=y. 

The  case  of  the  point  z=  —y  can  be  similarly  treated. 

The  given  expression  has  therefore  no  singularities,  and  so  by  Liouville's  theorem  is 
independent  of  z.  But  its  value  at  the  point  z  =  0  has  been  shewn  to  be  ^(3/).  We  have 
therefore,  for  all  values  of  z, 

i  {&>' W  -  r  (^)}MF  (^)  -  ^  (y)} -^  -  ^  W  -  F  (2 +y)  -  P  (3/) = 0, 

which  is  the  addition-theorem. 
Example  2.     Shew  that 

if>{z+y)  +  ip{z-y)={p(z)-^(2/-i\-n{2^{^)^(^)-i92}{S>(^)  +  ^m-ffzl 
For  by  the  addition- theorem  we  have 

Replacing  f'^z)  hy  i^^z)  - g,_^  (z)  - g,,  and  replacing  jJ'^  (3,)  by  i^^  (y)  - g^iP  (y) - g,, 
and  reducing,  we  obtain  the  required  result. 

182.     The  roots  e,,  e^,  63. 

Let  n  denote  any  one  of  the  periods  of  p  (z),  namely  the  quantities 
2a)j,  2w^,  2&)i-|-2<B.„  2a)i-2&),,  -2o},-2(02,  ■■•■     Then 

p'uOj  =  g)'Ufi  -flj,  since  ^' (2)  has  the  period  fl, 

=  &'{-» 

=  —  ^'  (2  ^)  >  since  g)'  is  an  odd  function  of  z. 

It  follows  from  this  that  unless  s^  i'^  itself  a  period  (in  which  case 
(p'unj   is  infinite),  ^'ufij  is  zero. 

We  have  therefoi'e 

fp'(w,)  =  0,      jp'{(O,)=0,      f>'(&,3)  =  0, 

where  0)3  stands  for  —  (wj  +  0)2). 
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Now  denote  the  quantities  p (<»,),  fpio-d,  ^(ws)  by  Ci,  Cj,  63,  respectively. 
Then  the  equation 

jp'«  («B,)  =  4^  (w,)  -  g^§>  (w,)  -  gi, 

or  0=4ei'-5'2ei-5r3, 

shews  that  Ci  is  a  root  of  the  cubic  equation 

Similarly  Cj  and  es  are  roots  of  this  equation. 

Moreover,  the  quantities  e^,  e^,  e,  are  distinct  roots  of  the  equation ;  for  if 
for  example  we  had  e,  =  63,  we  should  have  g)  (wj)  =  g)(a),),  and  therefore 

0)3=  ±  cOi+  a.  period, 

which  is  not  the  case. 

We  see  therefore  that  the  three  roots  of  the  cubic 

are  c,,  gj,  63,  where 

61  =  p  (wi),     62  =  P  (("s).     e,  =  ^  (eB3), 
ajid  ft)i  +  6)2  +  0)3  =  0. 

The  quantities  Ci,  Ca,  ej  therefore  satisfy  the  relations 

61  +  63  +  63  =  0, 

t  _  1 

^16263  —  ^gs- 

183.     Addition  of  a  half-period  to  the  argument  of  jp  {z). 
From  the  addition-theorem  we  have 

jp  (^  +  «0  +  P  (^)  +  ei  =  5  p'=  (^)  (p  {z)  -  e,}-' 

=  {P  {Z)  -  fii}  {P  (^)  -  6,]  1  J)  (.2)  -  63]  {^  {Z)  -  6,]-' 

=  {P  (^)  -  62)  tp  (^)  -  63)  {p  (z)  -  e,}-\ 
or  jp  (^  +  wi)  =  e,  +  (e,  -  e^)  (e,  -  e,)  [fp  (z)  -  e,]-\ 

This  formula  expresses  the  result  of  adding  a  half-period  to  the  argument 
of  the  Weierstrassian  elliptic  function. 
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Example  1.     Shew  that 

is  a  multiple  of  the  discriminant  of  the  equation 

For  we  have 

p{z  +  wj)  -  «!  =  (ej  -  62)  (e,  -  63)  {^  (j)  -  e,}-i. 

Differentiating,  we  have 

r  (2+0..)=  -  (e,-e2)(e,- €3)  fy  (z)  {p(2)-«,} -2. 
Therefore 
ip'(z)i9'(2  +  <Oi)  ^'{z+^,)P'{z  +  ,o,) 

=  («1  -  %)'  («2  -  "3)'  («3  -  «l)'  P'*  (^)  {P  (2)  -  e,}  -  MF  («)  -  «2}  -  MP  (^)  -  63}  -  ' 

=  16  («i  -  62)2  ((-J  -  63)2  (63  -  e,)2, 
which  is  a  multiple  of  the  discriminant  of  the  equation 

4  (^  -  ei)  {x  -e^){x-  e^  =  0. 

Example  2.    Shew  that 

{^  (22)  -  61}  {p  (2z)  -  ej  +  {jp  (2^)  -  e J  {^  (22)  -  63}  +  {j?  (22)  -  e^}  {^  (2^)  -  63}  =  j?  (z)  -  ^  {,2z). 

184.     Integration  of  (ax*  +  'ibce'  +  Gca;^  +  idx  +  e)~i. 

We  shall  now  shew  how  certain  problems  in  the  Integral  Calculus,  whose 
solution  cannot  be  found  in  terms  of  the  elementary  functions,  can  be  solved 
by  aid  of  the  function  ^  (z). 

Let  the  general  quartic  polynomial  be  written 

f{x)  =  aa^+'ibx'  +  6cx'  +  4!dx  +  e. 

Let  its  invariants*  be 

gi  =  ae  —  4-bd  +  S(f, 


9>^ 


a 

b 

c 

b 

c 

d 

c 

d 

e 

=  ace  +  2bcd  -  <f  -  ad'  -  ^e  ; 


I 


let  its  Hessian  be 

h  {x)  =  {ac  -  ¥)  x*  +  2  (ad  -bc)x'  +  (ae  +  2bd  -  Sc")  x'- 
+  2 (be- cd) x  +  (ce-  d% 
and  let  its  sextic  covariant  be 

t(x)  =  U-f(x)h'(x)+h(x)f'(x)] 


=  (a''d  -  3abc  +  ib'yaf  +  .... 

*  The  student  who  is  not  already  familiar  with  the  elements  of  the  theory  of  binary  forms  is 
referred  to  Bnrnside  and  Pantou's  Theory  of  Equations,  where  the  invariants  and  oovariants 
of  the  quartic  are  discussed. 
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Then  it  is  known  that 

P  (*•)  =  -  4A»  {x)  +  g,p  {x)  h  {x)  -  g,p  (x). 

If  we  write  s  =  —  h  {x)/f{x),  this  relation  becomes 
t''(x)=/'(x)(^-g^-g,). 

Now  c^.  =  ^-MmzmA^,. 

=  ^^hx 

and  so  (4s^  —  g^s  —  g's)"^  ds=2  {f{x)}~i  dx. 

Let  x„  be  any  root  of  the  equation  f(x)  =  0 ;  then  to  the  value  x  =  x^ 
corresponds  s  =  ao  ;  and  hence,  if  we  write 

z=rif(x)}-idx. 

we  have  2^  =  1    {W  —  g.^t  —  g^~i  dt. 

It  follows  that  the  equation 

^(2z;  g,.  g,)  =  -h{x)/f(x) 
is  an  integrated  form  of  the  equation 

z  =  I    {oaf  +  ^ha?  +  Qcx^  +  ^dx  +  e}~*  da;. 
Example  1.     Shew  that  (with  the  same  notation) 

F'(2z;s'2,^3)=+«W{/W}-5. 

Example  2.     Shew  also  that,  if 

-idt. 


then  IP  {z+y)  and  ^{z-y)  are  the  roots  of  the  equation 

where  i^(a-,  tt)  =  a.r2M2  +  26.OTi(^+M)  +  c(x2  +  4;!;M  +  M2)  +  2rf(:!;  +  M)+e, 

and  H  {x,  u)  is  derived  from  h{x)  in  the  same  way  as  F{x,  u)  iTomf{x). 

(Cambridge  Mathematical  Tripos,  Part  II,  1896.) 

185.     Another  solution  of  the  integration-problem. 

The  integration  discussed  in  the  last  article  may  also  be  effected  in  the 
following  way. 

As  before,  let 


z 


[' [f{x)\-^dx, 
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where  f(^)  =  o.^  +  ^fcar"  +  Qca?  +  ^dx  +  e, 

and  let  a;„  be  a  root  of  the  equation  f{x)  =  0. 
Then,  by  Taylor's  theorem,  we  have 

fix)  =  {x  -  x,)f'  {x,)  +  \{x-  a:,yf"  {x,)  -^\{x-  x,)>f"'  {x,) 

+^(«-*«y/""K) 

Writing  {x  —  «;„)"'  =  f,  we  have 

/(^)=r- {/(..„)?»+-;  r(^o)r=+g/"'(^o)?+i/""K)}. 

and  so  z  =  f^  [f  (x,)  ^  +  lf" (x,)  ?=  +  ]  f" (x,)  f  + 1/"" (x,\~^ d^ 

Writing  f  =  4  (/'  (a^o)!"'  ^,  we  have 

Now  take  a  new  variable  of  integration  s,  defined  by  the  equation 

this  substitution  destroys  the  terra  involving  the  square  of  the  variable  of 
integration  in  the  denominator,  and  we  thus  have 

L  ^  =  j     {4s^  -  ^r^s  -  g^-^  ds, 

where 

S'a  =  2^  {/'  (^o)  /"  (^o)  / '"  (^o)  -  I  r  i^o)  -  I  r  (^o)  /""  (*■»)[  . 

It  can  easily  be  verified  that  these  latter  quantities  are  the  same  as  the 
invariants  g^  and  g^  of  the  last  article. 

We  have  therefore 

s  =  ^{z;  g2,  9z), 

and  therefore  6  =  p{z)  -  ^i  f" (xo), 

?=  4  1/ (*•„)}- |^(z)-i/"(^, 

and  fi  nally  x  =  x,+\f'  («„)  |^  («)  -  ^  /"  (a-o)| "' . 

This  last  equation  is  the  integral-equivalent  of  the  equation 

Z=r{f(a=)}-idx. 

J  X, 

w.  A.  22 


I 
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It  may  be  observed  that 

and  hence  that 

/'(.ro)^'(^) 


{/{^w 


4Jf'(^)-i/"(4'" 
Example.     Shew  that  the  integrated  form  of  the  equation 

where  x^  is  any  constant  (not  necessarily  a  root  of /(^•)),  and  /(*•)  is  any  quartic  function 
of  X,  is 

,_,  ,  /^W^'W+if  (^,) {^W-A/" W}+A/(^o)/"'(^o) 
■''-''»+  2{S>W-A/"K)F-i^/(^o)/"'K) 

where  J>  is  the  Weierstrassian  elliptic  function  formed  with  the  invariants  grj  "''^^  S's 
of/(x). 

Shew  further  that 

»^^'^-  2(x-a:„)2  +4(:r-^o)      24-^    ^  "^ 

186.     JJniformisation  of  curves  of  genus  unity. 

The  theorem  of  the  last  article   may  be  stated   somewhat   differently 
thus : 

If  two  variables  y  and  x  are  connected  by  an  equation  of  the  form 

y"^  =  a«*  +  46ar'  +  Qca?  +  4rfa;  +  e, 

then  it  is  possible  to  express  them  in  terms  of  a  third  variable  z  by  means 
of  the  equations 

iy  =  5/'(^o)p'(^){p(^)-^,/"(4"°. 

where  /(*)  =  «^  +  ^bx^  +  6ca-  +  idx  +  e, 

x^  is  any  root  of  the  equation  f{x)  =  0,  and  the  function  ^  (z)  is  formed  ivith 
the  invariants  g^  and  g^  of  the  quartic  f{x) ;  moreover,  the  quantity  z  is  defined 
by  the  equation 

^=r{f{x)]-idx. 

Now  y  is  a  two-valued  function  of  x,  since  the  quantity 
±  (oi*  +  46a.'»  +  6cx'  +  4da;  +  e)i 
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may  take  either  sign  ;  and  a;  is  a  four-valued  function  of  y,  since  the  equation 

in  X 

ax*  +  4:ba?  +  Qcx-  +  ^dx  +{e-if)  =  0 

has  four  roots.     But  on  referring  to  the  equations  which  express  x  and  y  in 

terms  of  z,  we  see  that  x  and  y  are  one-vali^d  functions  of  z.     It  is  this  fact 

which  gives  importance  to  the  variable  z;  z  \s  called  the  uniformising  variable 

of  the  equation 

y'  =  ax*  +  4,bx^  +  Gcx'  +  idx  +  e. 

The  student  who  is  acquainted  with  the  theory  of  algebraic  plane  curves  will  be  aware 
that  cu:-ves  are  classified  according  to  their  genns*,  a  number  which  may  be  geometrically 
interpreted  as  the  difl'erence  between  the  number  of  double  points  possessed  by  the  curve 
and  the  maximum  number  of  double  points  which  can  be  possessed  by  a  curve  of  the  same 
degree  as  the  given  curve.  Curves  whose  genus  is  zero  are  called  unicurtal  curves  ;  if 
f(x,  y)  =  0  is  the  equation  of  a  unicursal  curve,  it  is  known  that  .v  and  y  can  be  expressed 
in  the  form 

where  (j)  and  yjr  are  rational  functions  of  their  argument ;  since  rational  functions  are  always 
one-valued,  it  follows  that  the  variable  2  thus  introduced  is  the  uniformising  variable  for 
the  equation /(:f,  _y)  =  0  ;  i.e.,  although  y  is  in  general  a  many -valued  function  of  z,  and  x 
is  a  many-valued  function  of  y,  yet  x  and  y  are  one-valued  functions  of  z. 

Considering  now  curves  whose  genus  is  not  zero,  let 

/(^,y)=o 

be  a  curve  of  genus  unity.  Then  it  can  be  shewn  that  x  and  y  can  be  expressed  in 
the  form 

(y  =  i/,  (z) 

where  <^  and  ■<//■  are  now  elliptic  functions  of  their  argument  z  ;  x  and  y  are  thus  expressed 
as  one-valued  fimctions  of  z,  and  r  is  the  uniformising  variable  of  the  equation  f{x,  y)=0. 
This  result  is  obtained  by  writing 

f^=-f  (I,  n) 

where  F  and  O  are  rational  functions  of  their  arguments,  and  choosing  F  and  O  in  such  a 
way  that  the  equation /(a',  y)=0  is  transformed  into  an  equation  of  the  form 

we  can  then  write 

and  X-  and  y  will  thus  be  expressed  as  one-valued  functions  of  z. 

When  the  genus  of  the  algebraic  curve 

f{x,y)  =  0 

is  greater  than  unity,  the  uniformisation  can  be  effected  by  means  of  automorphic 
functions.     Two  classes  of  automorphic  functions  are  known  by  which  this  uniformisation 

*  In  French  genre,  in  German  Geschlecht. 

22—2 
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may  be  eft'ected :  namely,  one  which  was  first  given  by  Weber  in  Gottinger  Nachrichten, 
1886,  and  one  which  was  first  given  by  the  author,  Phil.  Trails.,  1898.  In  the  case  of 
Weber's  functions,  the  "  fundamental  polygon  "  (the  analogue  of  the  period-parallelogram) 
is  "multiply-connected,"  i.e.  consists  of  a  region  containing  islands  which  are  to  be 
regarded  as  not  belonging  to  it.  In  the  case  of  the  functions  described  in  Phil.  Trans., 
the  fundamental-polygon  is  "  simply-ccjnnected,"  i.e.  is  the  area  enclosed  by  a  polygon. 
This  latter  clsiss  of  functions  may  be  regarded  as  the  immediate  generalisation  of  elliptic 
functions. 


Miscellaneous  Examples. 


1.     Shew  that 


2.     Prove  that 


'(2+y)-F(2-y)=-rwr(y){P«-S>(y)}-''- 


Viz)   »'(^+y+«')-2a,2^<(,){j,(^)_j,(^)}. 

where,  on  the  right-hand  aide,  the  subject  of  differentiation  is  symmetrical  in  z,  y,  and  w. 

(Cambridge  Mathematical  Tripos,  Part  I,  1897.) 
3.     Shew  that 


r'(^-i')  T'Cy-"-)  f'i^o-z) 
r(^-y)  r(y-«')  r'C"'-^) 

P(^-y)     ^(y-w)      P(w-2) 


=\9i. 


r'{z-y)  r'(2/-«')  r'c^'-^) 

F(2-y)     ^0/-w)     ^(w-z) 

1         1  1 


4.     If 
simplify  the  expression 


(Trinity  College  Scholarship  Examination,  1898.) 


_dy 


y=fr'W-«„    y=-j, 


y  Y~id? '"^ ^')  "*■  ^*' ~ *2) ("i - «3) I . 


where  ej,  e.^,  e^  are  the  values  of  JJ  («)  for  which  JJ'  {z)  =  0. 

(Cambridge  Mathematical  Tripos,  Part  I,  1897.) 

5.  Prove  that 

2{^(2)-e}{^(.y)-&'(«')}M^(y-K«')-e}*{F(y-«')-«}*  =  0, 

where  the  sign  of  summation  refers  to  any  three  arguments  z,  y,  w,  and  e  is  any  one  of  the 
quantities  e,,  e^,  e^. 

(Cambridge  Mathematical  Tripos,  Part  I,  1896.) 

6.  Shew  that 


1  FW-^K' 


^'W 


(Cambridge  Mathematical  Tripos,  Part  I,  1894.) 


7.     Prove  that 

p  (22)  -  p  (c.,)  =  {^'  (e);-2  ip  {z) -  ip  {U,)Y  W  W  -  9  {'^■M-'i)?- 

(Cambridge  Mathematical  Tripos,  Part  I,  1894.) 
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8.  If  m  be  any  constant,  prove  that 

r (y) .'        P (^)- P(y)      '  ""^  ^''  J    iP i^)-P (y) 

2      j]       {if>«-e.}{p(y)-e,}      ' 

where  the  summation  refers  to  the  values  of  <p  (2)  for  which  (p'  (z)  is  zero  ;  and  the  integrals 
are  indefinite. 

(Cambridge  Mathematical  Tripos,  Part  I,  1897.) 

9.  Let 

and  let  ^  =  <^  {x)  be  the  function  defined  by  the  equation 

where  the  lower  limit  of  the  integral  is  arbitrary.     Shew  that 

2<^'  (g) <t>'{a+y)  +  <l}'(,a)  ^  (/>'(a-y)  +  (^'(a)  _  (f)' (a+y)-(j>' (x) 

(t>{x+7/)-(j){a)      <j>{a+y)-<j){a)       ^  {a  -  ij)  -  <i>  {a)       <f)(a+i/)-<t>(x) 

<t>'{a-y)-^'{x) 

<\>{a-y)-4>{x)  ' 

(Hermite.) 

10.  Shew  that  when  the  change  of  variables 

V  T 

is  applied  to  the  equations 

they  transform  into  the  similar  equations 

rf„_         ^L      0. 

Shew  that  the  result  of  performing  this  change  of  variables  three  times  in  succession  is 
a  return  to  the  original  variables  f ,  1; ;  and  hence  prove  that  if  ^  and  7;  be  denoted  as 
functions  of  u  by  £!{k)  and  F{u)  respectively,  then 

where  A  is  one-third  of  a  period  of  the  functions  E{u)  and  F{u). 
Shew  that  B(u)  =  ^-ip  {u  ;  g^,  .9-3), 

''liere  ff2-^P+^-^P*,    93=  - '^ 'Ip' ' ^qP'- 

(De  Brun.) 


CHAPTER  XV. 

The  Elliptic   Functions  snz,  ens,  dnz. 

187.  Construction  of  a  doubly -periodic  function  with  tiuo  simple  poles 
in  each  period-parallelogram. 

The  function  ^{z),  which  has  been  considered  in  the  previous  chapter, 
is  a  doubly-periodic  function  of  z,  with  a  single  pole  of  the  second  order  in 
each  period-parallelogram,  namely  at  the  point  congruent  with  the  origin*. 
We  shall  next  introduce  a  doubly-periodic  function  which  differs  from  f{z) 
in  having  two  poles,  each  simple,  in  every  period-parallelogram. 

Consider  the  series 

f{z)  =  2  [{2  +  2mw,  +  (2n  -f- 1)  <Bj}->  -  \1mw^  -f  (2n  -I- 1)  w^]-^ 

-[z  +  (2wi  -f- 1)  ft)i  -F  (2)1  -H  1)  <»,}->  -f-  {(2m  -I- 1)  Wi  -1-  (2«  -f- 1)  Wa}"'], 

in  which  the  summation  extends  over  all  positive  and  negative  integer  and 
zero  values  of  m  and  n. 

When  the  modulus  of  (2??i&)i  -I-  ^nm^)  is  large  (and  we  may  suppose  the 
series  arranged  in  order  of  ascending  values  of  j  2??ia)i -I- 2n«B2 1 ),  the  terms 
of  the  series  bear  a  ratio  of  approximate  equality  to  those  of  the  series 

2  [-  2:  {2ma),  -f-  (2n  -|-  \)m^]-^  +  z  ((2m  -)- 1) «,  -)-  (2n  -I- 1)  <».,)"']. 
or         -  ^  2  {2ma,,  -|-  (2«  +  1)  a),)-»  i"l  -  |l  +  „ lr7h^^^\^ 

and  these  terms  bear  a  ratio  of  approximate  equality  to  those  of  the  series 

-  2^coi  2  {2ma)i  -I-  (2n  -h  1)  Wj)-', 

which  again  bear  a  finite  ratio  to  those  of  the  series 

2  (2ma)i  +  1nw^~^, 

which  was  shewn  in  §  11  to  be  an  absolutely  convergent  series. 

•  In  the  network  of  parallelograma  described  in  §  177,  the  poles  of  ^  (2)  are  not  within  the 
parallelograms,  but  on  their  bounding  lines.  We  may  however  suppose  the  whole  network 
slightly  translated  so  as  to  bring  the  poles  within  the  parallelograms. 
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It  follows  that  the  series  which  represents  f(z)  is  absolutely  convergent 
for  all  values  of  z,  except  for  the  exceptional  values  included  in  the  formula 

2  =  ?H(u,  +  (2n  +  1)q).j,  (to,  n,  integers) 

for  which  the  several  terms  of  the  series  are  infinite,  and  which  have  been 
tacitly  excluded  from  the  foregoing  discussion  of  convergence. 

Moreover,  since  the  terms  of  the  comparison-series  are  independent  of  z, 
the  convergence  is  (§  52)  not  only  absolute  but  uniform. 

By  a  discussion  similar  to  that  in  §  176,  we  can  shew  that/(i')  is  a  doubly - 
periodic  function  of  z,  whose  periods  are  2q),  and  2ft)2 ;  it  is  an  odd  function 
of  z,  so  that 

and  its  singularities  are  at  the  points 

z  =  m(Oi  +  (2n  +  1)  (o.^, 

where  m  and  n  may  have  any  integer  or  zero  values ;  these  singularities 
are  simple  poles,  with  the  residues  +  1.  There  are  two  of  these  singularities 
in  each  period-parallelogram. 

188.     Expression  of  the  function  f(z)  by  means  of  an  integral. 

The  singularities  of  f(z)  in  the  fundamental  period-parallelogram  are, 
as  we  have  seen,  at  the  points  «  =  (Us  and  z  =  Wj  +  co.^. 

Consider  now  the  neighbourhood  of  the  point  ^  =  <02. 

Writing  «  =  Wa  -t-  a;,  we  have 

/(ws +  «)  =  —/(— a)o  — a;),     since  /  is  an  odd  function, 

=  — /(2a)2  — ft).,  — «),     since  2co2  is  a  period, 

=  -/(«2-«), 

from  which  it  follows  that  f((o^  +  x)  is  an  odd  function  of  x ;  the  expansion 
oi  f(z)  in  ascending  powers  of  a;  will  therefore  contain  only  odd  powers  of  a;. 

Now 

f(z)  =  t  [{x  +  2ma)i  +  (2n  +  2)  o)^}-'  -  {2ma>,  +  {2n  -f- 1)  lo^]-' 

-\x  +  (2m  +  l)eo^  +  (2n  +  2)  to^}-'  +  {(2m  +l)a>,  +  (2n  -f- 1)  w.^)-'] , 

where  the  summation  extends  over  all  positive  and  negative  integer  and  zero 
values  of  m  and  »!. 

In  this  expression,  replace  all  expressions  of  the  form  (A  +  x)~^  by 
their  expansions  A-^  —  A--x  +  A~^a?  —  ...,  x  being  supposed  small.     A  term 
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in  a:"'  will  arise  from  the  pair  of  values  (m  =  0,  n  =  —  l),  and  we  thus 
have 

f(z)  =  -  +  Bx+Ca^  +  ..., 

•'  X 

where  5  =  S  [-  [^viw,  +  2ri«,)-=  +  ((2m  +  1) «,  +  2nw.,]-% 

the  summation  being  in  this  case  extended  over  all  positive  and  negative 
integer  and  zero  values  of  m  and  n,  excluding  simultaneous  zeros  in  the 
first  term. 

If  now  by  means  of  this  expansion  we  express  the  quantity 

as  a  series  of  powers  of  x,  it  is  found  that  the  negative  powers  of  x  destroy 
each  other;  this  quantity  has  therefore  no  singularity  at  the  point  z  =  a)^. 

Consider  next  the  neighbourhood  of  the  point  ^  =  to,  +  w^. 
Writing  0  =  Wi  +  w.^  +  y,  we  have 
/(wi  +  coa  +  2/)  =  — /(—  (Oi  —  W.J  —  y),     since  /  is  an  odd  function, 
=  — /(ft)i  +  &)2— y),     since  (2&)i  +  2&J2)  is  a  period. 

It  follows  that /(a)i  +  &)2  +  y)  is  an  odd  function  of  y;  its  expansion  in 
powers  of  2/  will  therefore  contain  only  odd  powers  of  y. 

Now  expanding /(^:)  in  powers  of  y,  in  the  same  way  &?,f{z)  was  formerly 
expanded  in  powers  of  x,  we  find  that 

/(^)  =  -l  +  5'2/  +  c'y  +  .... 

where  E  =t[-  ((2m -  1) a),  +  2n«2|-»  +  {Imw^  +  'lnw^]-^'\, 

the  summation  extending  over  all  positive  and  negative  integer  and  zero 
values  of  m  and  n,  excluding  simultaneous  zeros  in  the  second  term. 

Compai'ing  this  with  the  expansion  of  B,  we  have 

B'  =  -B, 

so  /(^)  =  _l_ijy  +  cy  +  ..., 

and,  as  before,  the  quantity 

f'^{z)-f*{z)Ar<6Bp{z) 
has  no  singularity  at  the  point  z  =  a>i  +  0)3. 

Now  the  points  z  =  q}^  and  2  =  oji  +  ojj  are  the  only  possible  singularities 
of  this  quantity  in  the  period-parallelogram ;  it  has  therefore  no  singularity 
in  the  parallelogram,  and  therefore  (since  it  is  doubly-periodic)  no  singularities 
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in  the  whole  z-plane ;  it  is  therefore  by  Liouville's  theorem  (§  47)  a  constant 
independent  of  z,  say  A. 

The  function /(^^)  therefore  satisfies  a  differential  equation 

p{z)^p{z)-^Bp{z)^A. 

Replacing  B  and  A  by  new  constants  k  and  /a,  we  can  write  this  in  the 
form 

so  that,  as/(^)  is  zero  when  z  is  zero, 


Jo      W 


<"(■  *^-4  *'^<- 


We  see  therefore  that  the  odd  doubly -periodic  function  f(z),  which  has 
periods  20),  and  2<b2  and  simple  poles  at  all  points  congruent  with  z  =  coi 
and  z  =  a>i  +  ai2,  may  be  regarded  as  defined  by  the  equation 

where  k  and  fi  are  constants  depending  only  on  tO]  and  a^. 


r=l        l-.-f")-     \--t^\    dt, 


■ri-'-r 


189.     The  function  sn  z. 

The  function  f{z)  discussed  in  the  last  two  articles  can  be  expressed  in 
terms  of  another  function,  which  we  shall  denote  by  sn  z,  in  the  following 
way. 

Replacing  the  variable  t  of  integration  by  a  new  variable  s,  defined  by 
the  equation  ks  =  fit,  we  have 

z^fil         (1  -  sO"*  (1  -  ^''s')"*  ds- 
Jo 

m  Now  define  the  new  function  sn  z  by  the  relation 

fjfifiz)  =  ksnz; 
then  we  have 

/"stir 

z=         ( 1  -  s^)-i  ( 1  -  k^s')-f'  ds. 
Jo 

This  last  equation  can  be  regarded  as  the  definition  of  the  function  sn  z 
in  terms  of  its  argument  z  and  the  constant-parameter  k,  which  is  called 
the  modulus ;  it  is  analogous  to  the  definition  of  the  function  sin  z  by  the 
relation 

sinz 


fsmz 


1  -  s")- 
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From  the  equation 

it  is  clear  that  the  function  snz  has  the  same  general  properties  as  /(^), 
namely,  it  is  an  odd  one-valued  doubly-periodic  function  of  z,  with  two  poles 
in  each  period-parallelogram,  the  distance  between  the  poles  being  half  of 
one  of  the  periods.  The  two  periods  will  be  connected  by  a  relation,  as  they 
depend  only  on  the  single  constant  L 

190.     The  /mictions  en  z  and  dn  z. 

We  now  proceed  to  introduce  two  other  functions,  either  of  which  may 
be  regarded  as  bearing  to  the  function  snz  a,  relation  similar  to  that  which 
the  function  cos  z  bears  to  sin  z. 

fsnz 

Since  z=\       {\-s^)-^{l-  k's')-i ds, 

Jo 

dz 

we  have  -tt x  =  ( 1  —  sn^  ^^)~i  ( 1  —  ^^  sn'  zY^, 

a  {snz)  ' 

or  j-{saz)  =  {\-sn^zy'{l-k'sn^z)K 

Now  sn  ^  is  a  one-valued  function  of  z,  so  its  derivate  must  be  also  a  one- 
valued  function.     It  follows  that 

(l-sn'2)i(l-Ar=sn='^)i 

can  have  no  branch-points  (§  46),  considered  as  a  function  of  z ;  and  therefore 
either 

(a)  Each  of  the  quantities  (1  —  sn^^)*  and  (1  —  k-an^z)^  is  a  function  of  z 
which  has  no  branch-points,  or 

(/8)  The  functions  (l-sn''^:)*  and  {l—k'sti'z)^  have  branch-points,  but 
are  such  that  their  product  has  no  branch-points. 

Now  the  alternative  (yS)  could  be  true  only  if  the  functions  (1  —  sn"  z)^  and 
(1  —k^&n^z)i  had  their  branch-points  at  the  same  places;  but  this  is  not  the 
case,  since  (1— sn''^)*  has  branch-points  at  the  places  when  sn''2=l,  and 
(1  —k^sn^z)^  has  not.  The  alternative  (/3)  being  thus  ruled  out,  we  see  that 
the  alternative  (o)  must  hold. 

If  now  we  write 

cn^  =  (1  —  sn''^)*, 

dn2:  =  (l  -/<;'' sn' ^■)*, 

where  it  is  supposed  that  each  of  these  functions  has  the  value  unity  when 
sn  z  is  zero,  then  since  en  z  and  dn  z  have  no  branch-points,  and  have  definite 
values  at  the  point  ^:  =  0,  it  follows  that  the  functions  en  z  and  dn  z  are  one- 
valued  functions  of  z. 
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They  obviously  satisfy  the  relations 

an'  z  +  en-  z  =1, 
k^sii'z  +  dn'z=  1. 

The   functions   sn  z,   en  z,   dn  z   are   often   called   the   Jacohian   elliptic 
functions. 

The  function  cos  2  is  in  the  same  way  a  one- valued  function,  although  the  occurrence  of 
the  I'adical  in  (1  -sin^z)*  might  lead  us  at  first  sight  to  suppose  that  it  possessed  branch- 
points. 

191.     Expression  of  on  z  and  dn  z  by  means  of  integrals. 

We  shall  next  find,  for  the  functions  en  z  and  dn  z,  integral-expressions 
similar  to  that  found  in  §  189  for  sn  z. 

Differentiating  the  equation 

en''  z  =  \  —  ^n^  z, 

we  have  cia.z-T-cnz  =  —  saz  cnzdn  z, 

dz 

so  -r  cm  =  —  snz  anz 

dz 

=  -  {(1  -  en-  z)  (k'^  +  k^  cn^  z)}i, 
where  k'^  =l-k\ 

Thus  if  en  «  =  t,  we  have 

dz  =  -  {I  -  t')-Hk'' +  kH')-^  dt, 
and  therefore  (since  en  ^  =  1  when  z  =  0) 

z=\      (1  -  f)-^  {k'^  +  kH')-i  dt. 

■  en  J 

In  the  same  way  we  can  shew  that 

-T-  dn  z  =  —  k'  sa  z  en  z, 
dz 

and  z=l     {I-  f)-i  (f  -  ^''0-i  dt. 

Example  1.     If  cs  z  =  cnzlsi\z,  shew  that 
z  = 


=  r  {ci+\)-i{f^-\-k;^)-hdt. 

J   C82 

Example  2.     If  sd  «  =  sn  z/dn  z,  shew  that 

2=1'   '(1  -  k'H^yi  (1  +  kk^)-i  dt 
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192.     The  addition-theorem  for  the  function  dn  z. 
We  shall  next  shew  how  to  find  dn  x,  where 

x  —  y  +  z, 

in  terms  of  the  sn,  en,  and  dn,  of  y  and  z :  the  result  will  be  the  addition- 
theorem  for  the  function  dn. 

Suppose  that  y  and  z  vary,  x  remaining  constant,  so  that 

dz  _ 
dy~ 

Introducing  new  variables  u  and  v,  defined  by  the  equations 

u  =  en  z  en  y, 

v  =  sm  su  y, 

dv  ,  ,       dz 

,       T-         sn  2;  en  w  (in  V  +  sn  w  en  2  dn  ^^  -y 
.  dv      dy  y       a  i)  ^ 

we  have  t-  =  -f^  = r-  . 

du     du  ,  ,       dz 

-5-      —cnzsnycmy  —  cnysnzanz-j- 

dv      snzcnydiny  —  say  cnzAn  z 
du     cayanzdnz  —  cnzsnydny' 

From  this  we  obtain  the  equations 

TT )  —  1  =  ^'^  (sn°  y  —  sn"  zf  (en  y  su  2  dn  ^  —  en  «  sn  y  dn  y)~^, 

dv 
V  — u-^  =  {sn  yea.  y  An  z  —  snz  en  z  Any)  (en  y  sn  2  dn  ^  -  en  2:  sn  y  dn  y)-^, 

\du)  ~  (^  -  "  du)  "  ^^^^  y  ~  ^"°  ^^'  ^''"  ?/  sn  ^  dn  2r  -  en  0  sn  y  dn  y)-\ 
and  consequently 

lif\duj      t~\du}  ~V~"'d:u)  • 

This  equation  is  the  equivalent,  in  the  new  variables,  of  the  equation 

dz  _ 

dy"' 

It  is  a  differential  equation  of  Clairaut's  type,  and  its  integral  is  therefore 

y(v-ucf=\  -k'^c', 
where  c  is  an  arbitrary  constant. 
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Thus  the  equation 

k*  (sn  z  any  —  c  cn  z  cn  y)''  =\  —  k''c' 
must  be  equivalent  to  the  equation 

y+z  =  x, 
where  c  is  some  function  of  x. 

To  determine  c  in  terms  of  x,  put  y  =  0;  then  we  have 

kV  cn"  a;  =  1  -  A;  V, 
which  gives  c^  =  dn~''a.'  =  dn~"  (z  +  y). 

Now  the  integral  equation  can  be  written  in  the  form 
c^  (1  -  /1--  +  yfc2  cn'  y  cn'  z)  -  Ich?  6nysnzcnycuz  +  {k^sn^ysv?z-l)  =  0. 
Solving  this  equation  in  c,  we  have 

_  A,-  sn  2/  sn  2:  cn  2/  cn  ^  ±  {Ar*  sn"?/  sn'  z  cn'  y  cn'  ^— (1 — Ar'+ Ar"  en'  yen'  z)(Ar'sn'  y  sn'  ^— 1  ))■* 

1  -  A^  +  A"  on'  y  cn'  ^  ' 

A:'  sn  y  sn  «  cn  y  cn  £•  +  dn  y  dn  ^ 
1  —  A;'  +  &'  cn'  y  cn'  z 

Since 
A-^  sn'  y  sn'  z  cn'  y  cn'  ^  —  dn'y  dn'  z  =  (1  —  A;'  +  A-'  cn'  y  cn'  z)  {k?  sn'  y  sn'  ^  —  1), 
this  equation  can  be  written 

A;'  sn'  y  sn'  z  —  \ 


or  dn  {z  +  y)  = 


A^  sn  y  sn  ^  cn  y  cn  2  +  dn  y  dn  2 ' 
+  dn  y  dn  ^  +  A;'  sn  y  sn  ^^  cn  y  cn  2 


1  —  Ar*  sn'  y  sn'  2; 


The  two  ambiguities  of  sign  in  this  equation  remain  to  be  decided. 
Taking  ^  =  0,  it  is  seen  that  the  first  ambiguous  sign  must  be  + ;  so 

J    ,         .      dn  7/  dn  «  +  Ar*  sn  w  sn  ^  cn  y  cn  2 
^       '^^  l-A-'sn'ysn'^: 

Now  suppose  that  y  is  a  small  quantity ;  expanding  both  sides  in  ascend- 
ing powers  of  y,  and  retaining  only  the  terms  involving  the  first  power  of  y, 
we  have 

dnz  +  y  -r-dn  z  =  An  z  ±  A;'y  sn  z  cn  z. 

Since  ,-  dn  ^  =  -  Ar*  sn  0  cn  z, 

dz 
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it  is  clear  that  the  ambiguous  sign  must  be  — .     We  thus  finally  obtain  the 
addition-theorem  for  the  function  dn,  namely 

,     .         ,  _  dn^dn  y— i'sn^^sn  ?/ en  ^:  cny 
dn(^  +  2/) l_yfc«sn»^sn=y  " 

Example  1.    Shew  that 

dn(^+y)dn(.-y)= -^L_^. 

Example  2.     Prove  that 

l+dn2z  =  . 


193.     The  addition-theorems  for  the  functions  sn  z  and  en  z. 
To  obtain  the  addition-theorem  for  the  function  sn  z,  we  have 

sn  (2+  2/)=  ±  ^  {1  - dn=i  (e+y)}*. 

Substituting  for  dn  (z  +  y)  from  the  result  of  the  last  article,  this  equation 
after  some  algebraical  reduction  gives 


sn 


,         ,  _     sn  ^  en  y  dn  y  +  sn  y  en  2:  dn  ^; 
{z  +  y)--  -r:n^an^zsn^y  ' 


On  putting  y  =  0  in  this  formula,  it  is  seen  that  the  ambiguous  sign  is  + ; 
we  thus  obtain  the  addition-theorem  for  the  function  sn,  namely 

,         ,      sn  z  en  V  dn  v  +  sn  V  en  ^  dn  2: 

sn  (2  +  w)  = f f:, — , — ^^^ . 

Similarly  for  the  function  en  z  we  obtain  the  addition-theorem 

,               en  2  en  2/  —  sn  ^  da  ^  sn  y  dn  ?/ 
^""^^  +  2/) 1-A;«sn^^sn»y  ' 

These  results  may  be  regarded  as  analogous  to  the  addition-theorems  for 
the  circular-functions,  namely 

sin  (2  +  y)  =  sin  ^  cos  y  -|-  cos  z  sin  y, 

cos  (^  -f  y)  =  cos  z  cos  y  —  sin  ^  sin  y, 

to  which,  indeed,  they  reduce  when  k  is  put  equal  to  zero. 

Example  1.     Prove  that 

sn  z  ~~  sn  ^ 
sn(2-t-v)sn  U-  y)  =- — 7- — ^ — ^  > 

,        ,       ,        ,     cn^  y  -  dn^  y  sn^  z 
cn(j  +  w)cn(0-i)=-— "Vi — A~      „     . 
\      dJ       \      n/      \-k^sxfiym^z 

Example  2.    Shew  that 

1  -  en  22 


sa^z= 


l-(-dn22' 
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194.     The  constant  K. 

We  shall  denote  the  integral 

/"(l-<0-i(l-ArT)-*d« 

by  K;  it  is  clearly  a  constant  depending  only  on  the  modulus  k.  The 
ambiguity  of  sign  in  the  radical  will  be  removed  by  the  supposition  that  at 
the  lower  limit  of  integration  the  integrand  has  the  value  1. 

From  the  equation 


fmiz 

Jo 


we  see  that  snK—l, 

and  hence  cn  .K"  =  (1  —  sn^  K)i  =  0, 

dnK={l-k''sn'K)i  =  k'. 

Example.     Prove  that 

sniZ=(l  +  /f)-i, 

195.     The  periodicity  of  the  elliptic  /mictions  with  respect  to  K. 

It  will  now  appear  that  the  constant  K  is  intimately  connected  with  the 
periodicity  of  the  elliptic  functions  sn  z,  cn  z,  dn  z. 

For  by  the  addition-theorem,  we  have 

sn  2r  cn  ^  dn  iT  +  sn  iT  cn  ^  dn  ^:     cn  ^ 


sa.{z  +  K)=' 


1  —  Ic^  sn"  z  sn*  K  daz' 

saz 


Similarly  cn  {z  +  K)  =  —k' 

kf 
and  dn  (^  +  if)  =  J —  . 

dnz 

Hence  sn  (z  +  2K)  =  -, — ; ==(  =  -  sn  z, 

dn{z  +  K) 

and  similarly  cn  (z  +  2K)  =  -  cnz, 

dn{z  +  2K)  =  dnz; 
and  finally  sn  (z  +  iK)  =  —  sn  (z  +  2K)  =  sn  z, 

cn  (z  +  4if )  =  cn  z, 

dn  (z  +  4tK)  =  dn  z. 
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This  4-K  is  a  period  fur  the  functions  sn  z  and  cm,  and  2K  is  a  period  for 
the  function  dn^. 

Example.    If  cs  « = en  zjsa  z,  shew  that 

CiiZOS{K-z)  =  l^. 

196.     The  constant  K'. 

We  shall  denote  the  integral 

l''{l-f)-^{\-k'H'')-^dt 
Jo 
hyK'. 

The  ambiguity  of  sign  in  the  radical  will  be  removed  by  supposing  that 
at  the  lower  limit  of  the  integration  the  integrand  has  the  value  1. 

Write  s={l-J<fH^)-i. 

Then  (1  -  sO-i=  ^  (1  -  k''tr)i,  and  (1  -  iV)-i  =  ^^^^l^!  • 

and  ds  =  {l-k''f)'ik'Hdt. 

1 

Therefore  K'  =  -  ij  (1  -  s')-i  (1  -  k's')-!<  ds, 

1 

and  so  K  +  iK'=(  {I-  s')-i  (1  -  k^'s'^yi  ds, 

JO 

or  sn  (K  +  ilC)  =  ^r , 

ik' 
whence  dn  (if  +  iK')  =0  and  cn{K  +  iK')=  ±-r  . 

To  determine  the  ambiguous  sign  in  the  last  equation,  we  observe  that 
the  sign  of  i  must  be  understood  in  the  light  of  the  relation 

(\-sT^=^^{\-k'-v^f., 

which  was  used  infthe  transformation  ;  putting 

s  =  sn(^+iA'')  =  p     t  =  l, 

^'"^^'^  cy(iW)=(^-^'>-^=i- 

and  so  en  {K  +  iK)  =  -~. 

fc 


Example.     Shew  that  cn^{K+iK')  =  {l- i)  (^\  . 
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197.     The  periodicity  of  the  elliptic  functions  with  respect  to  K  +  iK'. 

■    The   quantity  K'   introduced   in   the   last  article    is   of  importance  in 
connexion  with  the  second  period  of  the  functions  sn  z,  en  z,  dn  z. 

For  by  the  addition-theorem,  we  have 


sn 


/-        J^     .j^,^_snzcn(K+  iK')  dnjK  +  iK')  +  sn  (JT  +  iK')  en  ^  dn  ^ 
{z  +  K+iK)  l-k-'sn'zs^-'iK+iK') 


dn^; 
konz' 


Similarly 


cn{z  +  K  +  iK')^-''^~, 
k  cnz 


and 


dn{z  +  K+  iK')  = 


ik'  sn  i 
en  z 


i 


By  repeated  application  of  these  formulae  we  have 

sn  {Z  +  2K  +  2iK')  =  -snz, 
en  {Z+2K  +  2iK' )  =  en  ^, 
dn  (^  +  2^  +  2iK')  =  -  dn  ^, 

and  [  sn  (^  +  4ir  +  UK')  =  sn  z, 

'  en  (^  +  4^  +  4:iK')  =  on  z, 
dn{z  +  4Z  +  'iiK')  =  dn  z. 

Hence  it  appears  that  the  function  en  z  admits  the  period  2K  +  2iK',  and 
the  functions  sn  z  and  dn  z  admit  the  period  4<K  +  UK'. 

198.     The  periodicity  of  the  elliptic  functions  with  respect  to  iK'. 

By  the  addition-theorem,  we  have 

sn  (z  +  iK')  =  an(z+K+  iK' -  K) 

sn  (z  +  K  +  iK')cn  K dn K -  sn K cn{z  +  K  +  1^)60  (z  +K  +  iK') 
l-l<^an'Ksn^(z  +  K  +  iK') 
1 
ksn  z' 


Similarly  we  find  the  equations 

CD  (z  +  iK')  ■■ 


i  dnz 
k  snz' 


,     ,        .  „,,  .  en  z 

dn(z  +%K)=  —t  . 

^  '  sn^ 


W.  A. 


23 
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By  repeated  application  of  these  formulae  we  obtain 

'  sn  (^  +  2iK')  =      sn  ^:, 

-  en  (2  +  liK')  =  —  cnz, 

dn  {z  +  2iK')  =  -dcaz, 

and  /  sn  (^^  +  ^K')  =  sn  z, 

.  en  (^  +  4!iK')  =  en  z, 
dn  {z  +  4iiK')  =  dn  z, 

so  that  the  Junction  sn  z  admits  2iK'  as  a  period,  and  the  functions  cnz  and 
dn  z  admit  4dK'  as  a  period. 

199.     The  behaviour  of  the  functions  sn  z,  on  z,  dn  z,  at  the  point  z  =  iK'. 

For  points  in  the  neighbourhood  of  the  point  z  =  ^,  the  function  sn  z  can 
be  expanded  by  Taylor's  theorem  in  the  form 

sn0  =  snO  +  2sn'O+|z''sn"O  + ..., 

where  accents  denote  derivatives. 

Since  sn  0  =  0, 

sn'0  =  cnOdnO  =  l, 

sn"0  =  0, 


the  expansion  becomes 


Hence 


and 


sn"'0  =  -(l+A;=),  etc. 

snz  =  ^:-g(l  +A;')2:'+..., 
cn^'  =  (1  —  %v?  zy^ 

=  1-1^^+.... 
dn2:  =  (l  -Ar'sn^^')* 


and  therefore 


=  1  -  i  ^2=  +  , 


sn  (z  +  iK)  —  -. 

ksnz 


=  ^Jl-|(l+A.).» -....}■ 


1      1+P 


=  7-  + 


kz        6k 


z+...- 
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—  i     21<?  —  1 
and  similarly  en {z  +  iK')  =  nr-  "• clT"'  ^^-'r  ■•- 

i      2  —  k' 

and  dn  (z  +  iK')  = h- — 5—  iz  +  .... 

^  z         6 

It  follows  that  at  the  point  z  =  iK',  the  functions  sn  z,  en  z,  dn  z  have  simple 

poles,  with  the  residues 

1  _i 

k'  k'  ^' 

respectively. 

200.  General  description  of  the  functions  sn  z,  en  «/  dn  ^;. 
Summarizing  the  foregoing  investigations,  we  ean  describe  the  functions 

sn  z,  en  z,  and  dn  z,  in  the  following  terms. 

(1)  sn^  is  a  one-valued  doubly-periodic  function  of  z,  its  periods  being 
4 A'  and  2iK'.  Its  singularities  are  at  all  points  congruent  with  z  =  iK' 
and  z  =  2K  +  iK' ;  they  are  simple  poles,  with  the  residues  k~^  and  —  k~'^ 
respectively ;  and  the  function  is  zero  at  all  points  congruent  with  z  =  0  and 
z  =  2K. 

It  may  be  observed  that  no  other  function  than  sn  z  exists  which  fulfils  this  description. 
For  if  </)  (2)  be  such  a  function,  then 

(/)  (2)  -  sn  2 

has  no  singularities,  and  so  by  Liouville's  theorem  is  a  constant  independent  of  z  ;  but  it  is 
zero  when  2  =  0,  and  therefore  the  constant  is  zero  ;  that  is, 

(/)(2)  =  Sn2. 

When  A"  is  real  and  positive  and  less  than  unity,  it  is  easily  seen  that  K 
and  K'  are  real,  and  sn  z  is  real  for  real  values  of  z  and  purely  imaginary  for 
purely  imaginary  values  of  z. 

(2)  en  ^  is  a  one- valued  doubly-periodic  function  of  z,  its  periods  being 
4/f  and  2K  +  2iK'.  Its  singularities  are  at  all  points  congruent  with  z^iK' 
and  z=2K  +  iK';  they  are  simple  poles,  with  the  residues  ik~^  and  —ik~^ 
respectively  ;  and  the  function  is  zero  at  all  points  congruent  with  z  =  K  and 
z  =  SK. 

(3)  dn  z  is  a  one-valued  doubly-periodic  function  of  z,  its  periods  being 
2K  and  UK'.  Its  singularities  are  at  all  points  congruent  with  z  =  iK'  and 
z  =  SiK' ;  they  are  simple  poles,  with  the  residues  —  i  and  -1-  i  respectively ; 
and  the  function  is  zero  at  all  points  congruent  with  z  =  K  +  iK'  and 
z  =  K  +  SiK: 

201.  A  geometrical  illustrati&n  of  the  functions  sn  z,  en  z,  dn  z. 

The  Jacobian  elliptic  functions  may  be  geometrically  represented  in  the 
following  way. 

Let  the  position  of  a  point,  on  the  surface  of  a  sphere  of  radius  unity,  be 
defined  by  (1)  its  perpendicular  distance  p  from  a  fixed  diameter  of  the 

23—2 
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sphere,  which  we  shall  call  the  polar  axis,  and  (2)  the  angle  ■>fr  which  the 
plane  through  the  point  and  the  polar  axis  (the  meridian  plane)  makes  with 
a  fixed  plane  through  the  polar  axis. 

Then  if  ds  denotes  the  arc  of  any  curve  traced  on  the  sphere,  we  clearly 

have  the  relation 

idsf  =  p^dy}ry  +  (l-p')-Hdpr. 

Let  a  curve  (Seiffert's  spherical  spiral)  be   drawn   on   the   sphere,  its 

defining-equation  being 

dy}r  =  kds, 

where  A  is  a  constant.     We  have  therefore  for  this  curve 

(dsy  (1  -  ky)  =  (1  -  p')-'  (dpY, 

and  so  if  s  be  measured  from  the  pole,  or  point  where  the  polar  axis  meets 
the  sphere,  we  have 

s  =  f '  (1  -  p»)-i  (1  -  k'p')-i  dp, 
Jo 

or  p  =  sn  s, 

the  function  sn  being  formed  with  the  modulus  k. 

The  rectangular  coordinates  of  the  point  s  of  the  curve,  referred  to  the 
polar  axis  and  an  axis  perpendicular  to  it  in  the  meridian-plane,  are  p  and 
(1  —  p')^,  and  can  therefore  be  written  sn  s  and  en  s  ;  while  dn  s  is  easily  seen 
to  be  the  cosine  of  the  angle  at  which  the  curve  cuts  the  meridian.  Hence 
if  K  be  the  length  of  the  curve  from  the  pole  to  the  equator,  it  is  obvious 
that  sn  s  and  en  s  have  the  period  4^K,  and  dn  s  has  the  period  2K. 

202.     Connexion  of  the  function  sn  z  with  the  function  fp  (z). 

We  shall  now  shew  how  the  functions  considered  in  this  chapter  are 
related  to  the  elliptic  function  of  Weierstrass. 

Let  Bi,  Cj,  et  denote  the  quantities  e^,  e,,  e^,  taken  in  any  order. 
In  the  integral 

z  =  \       ^{x-  e,)~* («  -  es)~* (« -  63)"* dx, 
let  the  variable  of  integration  be  changed  by  the  substitution 


Thus 


«^  =  e,  +  -^- 


-/: 


f   e.— g,    -it 
\p(z)-«J 

(1  -  t^yi  {(e,  -  e,)  +  {Cj  -  et)  f^j'i  dt, 


or 


{Ci  -Bjfz^  \  (1  - t')-i (1  - kH')-i dt, 

Jo 
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where  P  =  ~ ^ , 

This  is  clearly  equivalent  to  the  equation 

We  thus  obtain  the  result  that  the  function  ^{z),  formed  with  any  periods, 
can  he  eocpressed  in  terms  of  the  function  snz  by  the  equation 

/    \  .  ^i  ^~  ^i 

^<^)  =  ^^  +  snM(..-4)>.}' 
the  function  sn  being  formed  with  the  modulus 

Ui  -  ej) 


k: 


Example.     Shew  that  this  relation  can  be  written  in  either  of  the  forms 


l-cn2{(«i-e,)*«}   ' 
and  jp  (2) 


l-dn-^{(«i-ey)i2}    ■ 


203.     Expansion  of  snz  as  a  trigonometric  series. 

Since  sn  z  is  an  odd  function  of  z,  admitting  the  period  4/f  (which  we 
shall  for  our  present  purpose  suppose  to  be  real),  it  can  by  Fourier's  theorem 
be  expanded  in  a  series  of  the  form 

T     .     irz      ,     .    27r^      ,     .    ^TTZ 
sn2  =  6,  smg^  +  iiaSin  2^  +  63Sin^  +  ..., 

where  (§  82)  6,  =  ^  I      sn  i  sin  ^^  dt. 

This  expansion  will  (§  78)  be  valid  for  all  points  in  the  ^r-plane  contained 
in  a  belt  parallel  to  the  real  axis  and  bounded  by  the  lines  whose  equation  is 

Imaginary  part  oi z=  ± iK', 

since  within  this  belt  the  function  sn^^  has  no  singularities. 

We  have  now  to  evaluate  the  integrals  b,.  We  shall  follow  a  proof  due 
substantially  to  Schlomilch. 

Let  OARSCBQPO  be  a  figure  in  the  plane  of  a  variable  t,  consisting  of 
the  rectangle  whose  vertices  are  the  points 

0{t  =  0),        A(t  =  2K),        C(t  =  '2K  +  2iK'),        B(t  =  2iK'), 

with  a  very  small  semi-circular  indentation  PQ  around  the  point  t  =  iK',  and 
another  small  semi-circular  indentation  RS  round  the  point  t  =  2K  ■\-  iK'. 
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Consider  the  integral 

lsn<e«^d<, 

taken  round  this  contour. 

Since  the  integrand  is  regular  everywhere  in  the  interior  of  the  contour, 
we  have  (§  36) 

i    ^1    +/    +/    W    +/    +/    +/    =0. 

J  OA       J  AB       J  BS       J  SC       J  CB       J  BQ       J  QP       J  PO 

Consider  first   the    integral   along    the    semi-circular    indentation   QP. 
Writing  t  =  iK'  +  iie**,  we  have 

ir 

sn  t  e  ^^  dt=        sn  {iK'  +  Re'")  e    ^^  e^       Re*"  idd 

J  QP  J  IT^  , 

2 


I     _  "ZiL  r    2  Jlg2K 

=  r    '1.      sn(Re-)    ^"^^'  since  sn(iZ'  +  .)  =  ^ 


snz 


2 
nK' 


=  T  e    ^^1      (1  +  positive  powers  of  R) 
a 

nrJT' 

=  — j-e    '^^  ,         when  ii  tends  to  zero. 
Similarly  we  have 

Jbs  k 

Since  sn  (z  +  2tX')  =  sn  z,  we  have 


de 


ft  TTTA       i» 

2,  we  have 
f     =(-!)'•[     ,    and    f     =(-irf 


'  CB  J  OA 

and  since  sn {z  +  2K)  =  —  snz,  we  have 


'  AR  J  PO  J  SC  J  BQ 

We  thus  have 

<■  -'"' HU  -  T''"^  I'  -  (-  '>'! + 1' + '- '« {L +/J  -  »■ 

Now  equate  to  zero  the  imaginary  parts  of  this  equation.     Since 

an  t  e^^  dt 
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is  real  when  t  is  purely  imaginary,  there  is  no  imaginary  part  arising  from 

/  +/ 

J  BQ       J  JP 


' BQ       J  PO 


Thei'efore 


nrX' 


nK' 


(1-e  "^  ){^'^  Bntsm'^dt=1e'''^  {l_(_l)r}. 


Writing 
this  equation  gives 


•IK 
q  =  e 


irK' 

K 


{l-qOKbr  =  lq^[l-{-in 


or 


*'  =  iZTW)^^'''"^'^' 


and  br  =  0  if  r  is  even. 

Thus  finally  we  have  the  expansion  of  sn  ^  as  a  trigonometric  series, 

27 


sn^ : 


kK 
Example.     Prove  that 


Itt  f    q^      .     TTZ  q^       .     Sttz         o*       .     ovz  \ 


1TZ         q'  Zm        q 


,     3'  ^'^^  ,       1 


1.     Shew  that 


2.     Shew  that 


3.     Prove  that 


4.     Prove  that 


5.     Prove  that 


6.     Prove  that 


Miscellaneous  Examples. 

cnz 
«  =  -  f ""  \l  -  <^) '  ^  (1  - -t^^O  "  *  <^<- 

1 

/"cn  z 

\+cn{z+y)cn{z-y)  =  ,^--^ ^ 


Aa^z= 


an'zsn'y 

t^  +  dn2z+k^cn2z 
l+dn22 


I  -  k^  nn^  z  an^  y 
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7.    Shew  that 


a    Shew  that 


9.     Prove  that 


J,,    _       dn«-cn2 
,  .ir,^     .    i,  (l+k)anz  +  icnzdm 


sm  [sin-'  {sn  (2+y)}  +  8m-'  {sn  (^-y)}]^  ^  -P  sn'  z  sn'y ' 

10.  Shew  that 

co8[sm-i  {an(z+y)}-ain-i{sn  {z-y)}]=  ^_psn^^sn^y  • 

11.  Shew  that  the  quarter-periods  K  and  I'iT'  are  solutions  of  the  equation 


where  z=lfl. 


,,       .cPu     ,,     ^  .du     1 


12.  Shew  that  the  quarter-periods  K  and  iZ'  are  Legendre  functions  of  the  argument 
(l-2/fc2),  of  order  -^. 

13.  Shew  that 

on/Scnysn  03  — yjdna  +  cny  cnasn  (y-a)dn0-|-on  acn  j3  sn  (a-0)  dny 

+sn(3  — ■y)sn(y-a)sn(a  — j3)dn  adn^dny  =  0. 
(Cambridge  Mathematical  Tripos,  Part  I,  1894.) 

14.  If  «+»+»• +«=0,  shew  that 

k'^sn  Msn«cnrcn«-i^cnMcni;sn'/'.8n«  — dn  tidn  «'  +  dn?'dn«  =  0, 

ir'^sn  Ksn«)  — /fc'^sn  r  sn«  +  dnMdn  vcnrcns-cn  Mcn  vdnrdn«=0, 

sn  M  sn  r  dn  r  dn  «  —  dn  M  dn «)  sn  r  sn  «  +  en  r  en  «  -  en  M  on  ■!)  =  0. 

(H.  J.  S.  Smith.) 

15.  Shew  that,  ii a>x>(i>y,  the  substitutions 

a:-y  =  (a  — y)dn2M  and  a'-y=(/3-y) dn~*», 
where  ^=(a  — ;3)(a-y)-',  reduce  the  integrals 

\°'{{a-x){a;-^){x-y)}-idx  and   l' {{a-x){x-^){x-y)}-^da! 

respectively  to  the  forms  2m  (a  -  y) "  *  and  2j)  (a  -  y) "  * ;  and  deduce  that,  \i  u  +  v  =  K, 
1  — sn^M-sn^v+^'^sn^  usn^v  =  0. 

From  the  substitution  y  =  {a-x)  (x-0){x- y)-',  applied  to  the  integral  above  with  the 
limits  /3  and  a,  obtain  the  result 

lioi  coa^ 6  +  b,  8in2 fl)-i  dd=  (^(a^cos^  6+1? sin^ e)-id6, 
Jo  Jo 

where  Oj,  6,  are  the  arithmetic  and  geometric  means  between  a  and  b. 

(Cambridge  Mathematical  Tripos,  Part  I,  1895.) 
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16.     Shew  how  to  express 

|{((M,-*  +  ite + c)  (a'^  +  6'x  +  c')}  -  i  flte 

as  an  elliptic  integral  of  the  first  kind,  in  the  case  when  both  quadratic  expressions  have 
imaginary  linear  factors. 


If  z={    {(a:  +  l)(.t;='+^  +  l)}"*(^, 


express  x  in  terms  of  2  by  means  of  Jacobi's  elliptic  functions. 

(Cambridge  Mathematical  Tripos,  Part  I,  1899.) 

17.  The   different   values   of  z   satisfying  the   equation    cn32  =  a  are  2,,  22,  ...  29. 

Shew  that 

9  9 

3iH  n  cn2r+;f*  n  cn2r  =  0. 

r=l  r=9 

(Cambridge  Mathematical  Tripos,  Part  I,  1899.) 

18.  Shew  that 

en  z      2n    (  qi  nz  0^  Sttz         o'  5jr2 

:^ J  — i nna  i f>f\a L  i f^rta 

dn2     kK 


19.     Prove  that 


20.     Shew  that 


f  q*  nz  q*  Znz         o"  5jr2  ] 

k'anz     2jr    f  u*  wz        g'      .    3nz        o'      .    6irz        ] 

dE7  =  i^  \r-irg  ^"^  2Z -  iTf ''"  ¥K  + 1+7  ^'°  2^ -  •■•}  • 

,  rr        2jr  f    O  n-2  o^  2ir2  1 


21.     Prove  that 

''"2Z 


-2F    (,2A'J-2p(,2A'J)t^^"'-- 

"^ \  2P  VsiS'/    2*3  V2Ary' \\-f^^ 
"*"  1 2/t3  (^2is:y    2^  (^2iry  \\-q^ *'"  2a: 


+  .... 

(Cambridge  Mathematical  Tripos,  Part  II,  1896.) 

22.  Shew  that 

ir2  sn2  2  =  |f>  (2  -  iK')  +  Constant, 

where  the  Weierstrassian  elliptic  function  is  formed  with  the  periods  2K  and  UK'. 

23.  Shew  that  the  differential  equation 

'^^  =  {lBsn^z-\{\+lc^)}u 
admits  the  general  integral 

M  =  {snJ(C-2)cnJ(C-2)dn4(C-z)}"*{^  +  5sn4(C-2)}, 
where  A  and  B  are  arbitrary  constants,  and  C=2K+iK'. 


CHAPTER  XVI. 

Elliptic  Functions;  Genekal  Theorems. 

204.     Relation  between  the  residues  of  an  elliptic  /unction. 

In  this  chapter  we  shall  be  chiefly  concerned  with  properties  of  more 
general  elliptic  functions  than  the  special  functions  g)  (z),  sn  z,  en  z,  and 
dn  z,  which  have  been  discussed  in  the  two  preceding  chapters. 

We  shall  first  shew  that  the  sum  of  the  residues  of  any  elliptic  function, 
with  respect  to  those  of  its  poles  which  are  situated  in  any  period-parallelogram, 
is  zero. 

For  let  f{z)  be  an  elliptic  function,  and  let  2a),  and  2(0^  be  its  periods. 
The  sum  of  the  residues  is,  by  §  56,  equal  to  the  integral 


2^-//<^) 


dz 


taken  round  the  perimeter  of  the  parallelogram. 

Now  in  this  integral,  any  two  e\ements  f  (z)  dz  corresponding  to  congruent 
line-elements  dz  on  opposite  sides  of  the  parallelogram,  are  equal  in  magnitude 
but  opposite  in  sign,  and  therefore  destroy  each  other.  Hence  the  integral  is 
zero,  which  establishes  the  theorem. 

The  number  of  poles  or  zeros  of  an  elliptic  function  contained  within 
a  single  period-parallelogram  is  often  referred  to  as  the  number  of  irreducible 
poles  or  zeros. 

205.     The  order  of  an  elliptic  function. 

We  shall  next  shew  that  if  c  is  any  constant  and  f(z)  is  an  elliptic 
function,  the  number  of  roots  of  the  equation 

contained  within  a  period-parallelogram  depends  only  on  f{z),  and  is  inde- 
pendent of  c,  and  is  therefore  equal  to  the  number  of  irreducible  zeros,  and  also 
to  the  number  of  irreducible  poles. 
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For  the  difference  between  the  number  of  zeros  of  the  function 

/(^)-c 
and  the  number  of  its  poles,  contained  within  the  parallelogram,  is  (§  60) 
equal  to  the  value  of  the  integral 


1    [. 


f'(^) 


dz 


2'Kiif{z)-c 

taken  round  the  perimeter  of  the  parallelogram.  But  if  P  and  Q  are  two 
points  congruent  with  each  other,  situated  on  opposite  sides  of  the  parallelo- 
gram, then  the  elements  /'  {z)  [f{z)  —  cj""'  dz  arising  from  P  and  Q  are  equal 
in  magnitude  but  opposite  in  sign,  and  so  destroy  each  other.  The  integral 
is  therefore  zero ;  that  is,  the  number  of  zeros  of  the  function  f{z)  —  c 
contained  within  the  parallelogram  is  equal  to  the  number  of  its  pole.s,  i.e.  to 
the  number  of  the  poles  of  f{z) ;  but  this  latter  number  is  independent  of  c, 
which  establishes  the  theorem. 

The  number  of  irreducible  poles  or  zeros  of  an  elliptic  function  is  called 
the  order  of  the  function.  It  must  be  noted  that  a  zero  or  pole,  which  is 
multiple  of  order  n  in  the  sense  of  "  order "  defined  in  §§  39,  44,  mu.st  be 
counted  as  n  zeros  or  poles  for  the  purposes  of  this  definition  of  "  order." 

The  order  is  never  less  tlian  two;  for  if  an  elliptic  function  had  only 
a  single  irreducible  simple  pole,  the  sum  of  its  residues  within  any  period- 
parallelogram  would  not  be  zero,  contrary  to  the  theorem  of  the  last  article. 
This  explains  why  the  functions  discussed  in  the  two  preceding  chapters, 
which  are  of  order  two,  are  the  simplest  elliptic  functions. 

206.     Expression  of  any  elliptic  function  in  terms  of  |>  {z)  and  p'  {z). 

We  shall  now  shew  how  any  elliptic  function  can  be  expressed  in  terms 
of  the  Weierstrassian  elliptic  function  which  has  the  same  periods. 

Let  f{z)  be  any  elliptic  function,  and  let  ^{z)  be  the  Weierstrassian 
elliptic  function  with  the  same  periods  2a)i  and  2(B2  ;  and  let  p'  {z)  be  the 
derivate  of  jp(^). 

First,  we  can  write 

Now  the  functions  f(z)+f(—z)  and  {f{z)—f{—z)}f'~^(z)  are  even 
elliptic  functions  of  z:  let  0  (z)  denote  either  of  them  :  we  shall  now  express 
<})  (z)  in  terms  of  ^  (z). 

Since  <f>(z)  is  an  even  function,  it  follows  that  if  a  be  one  of  its  zeros 
in  the  fundamental  period-parallelogram,  then  another  of  its  zeros  in  the 
parallelogram  will  be  congruent  to  —  a :  its  irreducible  zeros  may  therefore 
be  arranged  in  two  sets,  say  a^,  aa, ...  a„,  and  zeros  congruent  to 

Otj  ,  tt.2 ,    •  >  .  ttji . 
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Similarly  its  poles  can  be  arranged  in  two  sets,  say  bi,  b^,  ...  6„,  and  poles 
congruent  to  —61,  —b.,,...  —  6„. 

Now  form  the  quantity 

1     (ijj (z)  -  ^ (a,)]  (p (^)  -  p (a,)}  ...{<p(z)-ip (an)} 
^  (z)  {p  (z)  -  f  (60}  { J)  {z)  -  f  (6.)1  •  •  ■  IjP  (^)  -  ?  (M}  ■ 

where  if  one  of  the  quantities  a,  or  br  is  zero,  the  corresponding  factor 
{^W -if>(*r)}  or  {jp(«)-p(M}  is  to  be  omitted. 

This  quantity  is  a  doubly-periodic  function  of  z ;  it  clearly  has  no  zeros 
or  singularities  in  the  interior  of  the  parallelogram,  except  possibly  at  ^  =  0, 
and  therefore  either  it  or  its  reciprocal  has  no  singularities  in  the  interior 
of  the  parallelogram,  and  so  has  no  singularities  in  the  entire  plane.  It  must 
therefore  by  Liouville's  theorem  be  a  constant  independent  of  z. 

Thus 

d,  (zS  -  Constant  x  (g>  (^)  "  P  («i)l  1<P  (^)  -  g>  (^2)}  ■ . .  |p  (^)  -  p  (On)} 
^  (z)  -  Constant  x  j^  (,)  _  ^  (j,)}  j^  (,)  _  ^  (i,^)}  . . .  (j,  (.)  -  ^  (6„)} " 

The  quantities  {/(■s) +/(-2')}  and  {/ (z)—f(—z)}  [p' (z)}~^  ca,n  thus  he 
expressed  as  rational  functions  of  p  (z) ;  and  thus  we  obtain  the  theorem 
that  any  elliptic  function  can  be  expressed  in  terms  of  the  Weierstrassian 
function  formed  with  the  same  periods,  the  expression  being  linear  in  f'{z) 
and  rational  in  ^  (z). 

Example.    Shew  that 

snzcmdnz=^i:~^  ^  {z-iK'), 

where  the  function  p'  (z  -  iK')  is  formed  with  the  periods  2K  and  2iK'. 

207.  Relation  between  any  two  elliptic  functions  which  admit  the  same 
periods. 

We  shall  now  shew  that  an  algebraic  relation  exists  between  any  two 
elliptic  functions  whose  periods  are  the  same. 

For  let /(^)  and  <f>(z)  be  the  functions.  Then  by  the  last  article, /(^) 
and  (f)  (z)  can  be  expressed  rationally  in  terms  of  p  (z)  and  jp'  (z).  Eliminating 
p  (z)  and  jp'  (z)  from  the  three  equations  constituted  by 

p''{z)  =  'tf(z)-g,p{z)-g, 

and  these  two  relations,  we  have  an  algebraic  relation  between /(z)  and  <f>  (z) ; 
which  establishes  the  theorem. 

It  is  easy  to  find  the  degree  of  this  equation  in  /  and  0.  For  if  /  be  an 
elliptic  function  of  order  m,  and  if  <f>  be  of  order  n,  then  each  value  of/ 
determines  m  irreducible  values  of  z,  and  each  of  these  determines  one  value 


I 
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oi  (j>:  so  to  each  value  of  /  correspond  m  values  of  (ft,  and  similarly  to  each 
value  of  (f)  correspond  n  values  of  /.  The  equation  is  therefore  of  degree  m 
in  cf)  and  n  in/! 

Thus  p  (z)  is  of  order  2,  and  |)'  (2)  of  order  3.     The  relation  between  them,  namely 

should  therefore  be  of  degree  2  in  jf>'  (z)  and  3  in  p  {i) — as  in  fact  it  is. 

An  obvious  consequence  of  this  proposition  is  that  every  elliptic  function 
is  connected  with  its  derivate  by  an  algebraic  equation. 

Example.  If  t,  u,  v  are  three  elliptic  functions  of  the  second  order,  with  the  same 
periods  and  argument,  shew  that  there  exist  in  general  between  them  two  distinct  relations 
which  are  linear  with  respect  to  each  of  them,  namely 

AtuvJrBuv-^Cvt+Dtu  +  Et+Fu  +  Ov-{-H=0, 

A'tuv  +  B'uv  +  C'vt  +  Utu  +  E't  +  F'u  +  G'v  +  H'  =  Q, 

where  A,  B,  ...  ,  H'  are  constants. 

208.     Relation  between  the  zeros  and  poles  of  an  elliptic  function. 

We  shall  now  shew  that  the  sum  of  the  affixes  of  the  irreducible  zeros  of  an 
elliptic  function  is  equal  to  the  sum  of  the  affixes  of  its  irreducible  poles,  or 
differs  from  this  sum  only  by  a  period. 

For  a  f(z)  be  the  function,  and  2<ui  and  2a).2  its  periods,  the  difference  in 
question  is  (§  59)  equal  to  the  integral 

'zf'{z)dz 


2m  J 


f{z) 


taken  round  the  perimeter  of  the  fundamental  period-parallelogi-am.     This 
can  be  written 


or 


or 


1        r/-2<o,  r2u,+2a,,  /•2W.,  rO    1    zf'(z\ 

5-^1  +  +  +  r       i-\     <^''' 

^Tl    (Jo  J  2m,  J2co,+2i»j       J2o)j)     J   \Z) 

27rzLJo    \f{z)  f{2co,  +  z)  r^ 


or  ^.  [—  2(B2  log  1  +  26>i  log  1} 


366  TRANSCENDENTAL  FUNCTIONS.  [CHAP.  XVI. 

and  as  log  1   is  zero  or  some  multiple  of  Ztti,  the  last  expression  must  be 
either  zero  or  some  quantity  of  the  form 

A  multiple  of  2a)i  +  A  multiple  of  2a).i, 

i.e.  a  period.     This  establishes  the  theorem. 

Example.  If  F(z)  is  an  elliptic  function,  for  which  z,,  z^,  ...  are  the  irreducible  poles, 
and  Ai,  A^,  ...  the  corre.'jiwnding  residues,  and  it  f(z)  is  a  one-valued  function  without 
singularities  in  the  parallelogram,  shew  that  the  integral 


^,JAz)Fiz)dz, 


taken  round  the  period-parallelogram,  is  equal  to  2J„/(z„). 

(Cambridge  Mathematical  Tripos,  Part  II,  1899.) 

209.     The  function  ^(z). 

We  shall  next  introduce  a  function  ^(z),  defined  by  the  equation 

with  the  condition  that  ^(z)  —  z~^  is  to  be  zero  when  z=^0. 

Since  the  infinite  series  which  represents  ^{z)  is  uniformly  convergent,  it 
can  be  integrated  term  by  term ;  we  thus  have 

^{z)  =  -l[z-'+l.  {(z  -  2m<Bi  -  2nw^)-^  -  {2ma,  +  2nm,)-^}]  dz 

=  z-^  +  X  {(z  -  2ma)i  —  ineo^)-^  +  (2»Ha)i  -f  2)ico.^-^  +  z  (2ma)i  4-  2«q)j)-»}, 

since  the  condition,  which  X{z)  has  to  satisfy  atz  =  0,  is  satisfied  by  this 
choice  of  the  constant  of  integration.  The  summation  is,  as  usual,  extended 
over  all  positive  and  negative  integer  and  zero  values  of  m  and  n,  except 
simultaneous  zero  values. 

When  I  2m(Ui  -I-  2nm^  \  is  large  (and  we  can  suppose  the  series  arranged  in 
ascending  order  of  magnitude  of  |  2ma)i  -I-  2n&)2  i),  the  quantity 

{z  —  2m&)i  —  2nw^~'^  -f  (2TOa)i  -f  2?i&)2)~'  -f  z  (2TOa),  -I-  2nw^~^ 

bears  a  ratio  of  approximate  equality  to  the  quantity 

—  z"^  (2?nft)j  +  2na)2)~''. 

The  series  which  represents  i,{z)  can  therefore  be  compared  with  the 
series  2  (2mft)i  -f-  2nw^''^,  and  hence  we  see  that  it  is  absolutely  convergent, 
except  at  the  singularities  z  =  2mw^  -(-  2n(i>2,  and  that  the  convergence  is 
uniform. 

It  is  evident  from  the  series  that  at  its  singularities  z  =  2m&)i  4  2ix(i>.,,  the 
function  ^(z)  has  simple  poles  with  residues  unity;  and  that  iQiz)  is  an  odd 
function  of  z. 
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The  function  ( (z)  may  be  compared  with  the  function  cot  z,  whose  expansion  is 
cot  0=2-'+     2    {{z-mn)~^  +  {m7r)-^}. 


The  equation 

-y-  cot  z=  -  cosec^  z 
dz 

corresponds  to  the  equation 

iirw=-p(4 

210.  The  quasi-periodicity  of  the  function  ^(z). 
Since  P  (^  +  2cu,)  =  j?  (z), 

we  have  ^  ?  (^  +  2&),)  =  ^  ?  {z), 

or  ?(0  +  2«,)=r(^)  +  2'7i, 

and  similarly  ^{z  +  20)2)  =  5'(a')  +  2i7j, 

where  iji  and  t;,  are  two  constants  introduced  by  integration. 

Writing  z  =  —  a^  and  z—  —  (Or,  in  these  relations  respectively,  we   have 

?(«>) = r(-  ".) + 27;, = -  ir(fflO + 2^„ 

whence  Vi  =  ^  (<"!)> 

172  =  ?  (0)2), 
which  determines  the  constants  %  and  •»;2. 
If.r+y+^  =  0,  shew  that 

{f  (^) + f  (y) + f  (^)}' +Ci'^)+C'  Lv) + r  (^) = 0. 

(Schottky.) 
This  result  may  be  regarded  as  the  addition-theorem  for  the  function  f  (z). 

211.  Expression  of  an  elliptic  function,  when  the  principal  part  of  its 
expansion  at  each  of  its  singularities  is  given. 

Let  f{z)  be  any  elliptic  function,  with  periods  2aji  and  2aj2.  Let  its 
irreducible  singularities  be  at  the  points  z  =  ai,  O2,  ...  a„;  and  let  the 
principal  part  of  its  expansion  near  the  point  at  be 

z-at     {z-  Ofc)2  {z  -  a^fk 

Then  if  we  consider  the  function 

E{z)=l^  {c*,r  (^  -  at)  -  c,X  {z  -  a„)  +  ...  +  ["^^^j  c*,,r*-«  (^  -  «*)}  , 

d' 
where  f<"  {z)  denotes  ^^K{^)>  ^^  see  that 
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(1)  When  z  is  replaced  by  {z  +  2a),),  the  function  E(z)  is  increased  by 

n 

2l7l     S     Cj;,. 

t=I 

n 

But  S  Ci  is  zero,  since  the  sum  of  the  residues  of  /  {z)  within  a  period- 
ic.! 
parallelogram  is  zero.     Hence  E{z)  admits  the  period  2<0i.     Similarly  E{z) 
admits  the  period  2a>,.     E  (z)  is  therefore  an  elliptic  function,  with  the  same 
periods  &s/(z). 

(2)  Since  the  function  f""'(^  — a*)  has  singularities  only  at  at  and 
congruent  points,  and  its  principal  part  at  an  is  (—  1)"*  m!  (z  —  at)"*""',  we  see 
that  E{z)  has  the  same  singularities  as  f(z),  and  the  same  principal  parts 
at  them. 

It  follows  from  (1)  and  (2)  that  f{z)  —  E{z)  is  a  function  with  no 
singularities  in  the  whole  plane ;  and  therefore,  by  Liouviile's  theorem, 
f{z)  —  E  (z)  is  a  constant.  Thus  the  function  f{z)  can  be  eocpanded  in  the 
form 

f{z)  =  Constant  +  X     2  J— ^'  <^K  ?"-"  (^  -  a*)- 

*=i  »=i  \s  —  i;! 

This  theorem  may  be  regarded  as  analogous  to  the  decomposition  of  a  rational  function 
into  partial  fractions,  or  the  decomposition  of  a  circular  function  into  a  series  of  co- 
tangents (§  76). 

Example  1.    Shew  that 

hsaz  =  i{z-  iK')  -({z-  2K-iK')  +  Constant, 
where  the  f-functions  are  formed  with  the  periods  iK  and  2iK'. 

Example  2.     Shew  that 


I 


1     j?(.r)     ^{x) 
1      ^(z)      ^'(z) 


1     il>{x)     ^{x) 

1    «>(y)   P(y) 

1     ff(z)     fl^iz) 

Extend  this  theorem  to  the  case  in  which  there  are  any  number  of  variables. 

(Cambridge  Mathematical  Tripos,  Part  II,  1894.) 

212.     The  function  a  (z). 

We  shall  next  introduce  a  function  a  (z),  defined  by  the  equation 

^loga-(z)=^(z), 

with  the  condition  that  a  (z)jz  is  to  be  unity  when  z  =  0. 


212,  213]  ELLIPTIC  FUNCTIONS ;    GENERAL  THEOREMS.  369 

Since   the   convergence  of  the  infinite  series  which  representB  ^(z)  is 
uniform,  the  series  can  be  integrated  term  by  term :  we  thus  have 


log  cr  (.)  =  log  ^ 4- 2  jlog  (^1  -  2^^^^^-^-2^^ 


z  I 

+  « r«-  -+; 


2mft)i  +  2n(»2      2  (2m<ai  +  2na!,y]  ' 

on  choosing  the  constant  of  integration  so  as  to  satisfy  the  condition  at  2^  =  0 ; 
and  therefore 

/  z  \  '       +'         ^ 

<t(z)=zTI   (1-    -^    )  g2m<u,+2««.,    2(2mu,+2««j)» 

\        2m<»i  +  2wa)2/  ' 

the  product  being,  as  usual,  extended  over  all  integer  and  zero  values  of  m 
and  n,  except  simultaneous  zeros.  The  absolute  convergence  of  this  product 
follows  from  that  of  the  series 


log(l 


1 

+  ; 


\ 


which  is  established  by  comparison  with  the  series 

-S ^ 

8  (2m(u,  +  2no>if ' 

since  the  terms  of  the  two  series  have  ultimately  a  ratio  of  ecjuality. 

It  is  evident  from  the  product-expression  that  cr  (z)  is  an  odd  function  of 
z,  that  its  zeros  are  at  the  points  z=  2ma)i  +  2na)i,  and  that  z~'^  (r{z)  tends  to 
the  limit  unity  as  z  tends  to  zero. 

The  function  o-  {z)  may  be  comi«ired  with  the  function  sin  2,  defined  by  the  expansion 


2=2     n    Ifl-— ^e""!- 


The  relation  -=-  log  (sin  z)  =  cot  z 

OiZ 

corresponds  to  -,-  log  cr  (2)  =  f  (2). 

213.     The  quasi-periodicity  of  the  function  ar{z). 

On  integrating  the  equation 

r(^  +  2«0  =  ?(^)  +  2'7, 

we  have  log  a{z  +  2oji)  =  log  a  {z)  +  2r)jZ  +  Constant, 

or  a(z+2w^)  =  ce^'>'^(T(z), 

where  c  is  a  constant.     To  determine  c,  write  «  =  —  tOi ;  thus 

cr(Q)i)  =  -ce-^''"'o-(&)i), 

or  c  —  —  e'^'''"', 

w.  A.  •  24 
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and  therefore  cr(z  +  2a),)  =  -  e2i>(^+".)  a  (z). 

Similarly  <r  (^  +  2o).,)  =  -  e2^«l^+''«)o-  (z). 

The  behaviour  of  the  function  a-  (z)  when  its  argument  is  increased  by 
a  period  of  ^  (z)  is  thus  determined.  By  repeated  application  of  these 
formulae  we  can  find  the  value  of  a{z  +  2mcoi  +  2*10)2),  where  m  and  n  are 
any  integers. 

An  example  shewing  how  the  function  <r  (z)  may  he  expressed  as  a  singly -infinite  product. 
We  have 


r{z)=zaC 


Z 


\     ^ +i- 

1  earn",  +2n<o,    '  ( 


1 —  -        \  earou,  +2n<o,    '  (2)n<o,  +2)i<uj)» 


the  summation  being  extended  over  all  positive  and  negative  integer  and  zero  values  of  m 
and  n,  except  simultaneous  zeros.     This  can  be  written  in  the  form 

*"    /  z    \   ^ '    4-t     "^  ±«    /  z    \    -£-+iL    ^ 

m=±i  \       2j«<»i/  „=±,  V       2nt.)2/ 

*«       "=      /  z  \ ^ t-A ^ 

X      n       nil I  e2mu,+2«Koj    "(ainui+ZjKuj)' 

OT=±1    n=l    V         2TOa>,  + 2916)2/ 
i*  »       /  2  \       Z? 1.1  "* 

X    n     n  (1+ )  e2i»«i,+2nio,  ''(2)Mio,+2iii»j)". 

m=±l  M=l  \        2mai  +  2na>J 

Now 

z    n"   f  1  -  „  -  -")  e2^ ^^C^w.^  =  ^  e^"' ".=±1  (s^V  sin  ^  , 
„=±i  \       2ma>i/  TT  2(01 

±«      «    /  2  \     ^ .,( z        Y 

and  n       n   (1 I  e2m«>,+2nuj       \2»»wi+2n«a/ 


2n«>4— z 


/,      2»<o,  — 2\    --^^^ — 

=     ^      a    \  ^''^l   / g2m-,(2ma,,+2«».)+* 

m=*i  «=i     /       2n6),\ 
0+2;^J 


(2mwi+2n«j)* 

2MMa 
2m«>i 


.     (2na«  —  z)rr  .„  „ 


=  n 


i]_ 


I .«=i.i  \2mu,  (2m«,+2naPi)    '(2j»<oi+2nioJ»J 


B=i        .    2n(Oa7r       ,         z 
sin  — -?-        1  -  - — 


Similarly 


*»      «    /  ,  \  1* +1 ?! 

n       n    (IH )  e8mw,+2»u,    °(2»nu,+2»u8)» 

in=±l  n=I  \         2ot<i)i  +  2Ws)2/ 


„   sm^ 1 '—'  *£    f  2««az  ,  z'        ■) 

_     jj   ■'"i  ^         ^..„±il2mu,  (2)iiu,+2nM,)    '  amu,+2iui,)'f 

2n(i>2 


213] 
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a{z). 


X    n 

n=I 


X    n 

n=l 


-v+i/ 


«  .).     ^'     sin^ >- — '-       *£    f         -2»«^  

g  2n«i,      (2«ui)"  ■^"'i  g"=±i  t2i»»i  (2m">,  +2nu,)  '  '  (anw,  +2n«i 

2no»2       (2nuj, 


^} 


_sin^ — ^ — '—     =1"   r aii^uf +■ !l__  1  I 

ij)* -^"i  „m-±i  t2m>u,  (2m«i,+2n«ia)      (2»i<»,+2n<o,)«/ 

9,.,.,  „         '^  ' 


2na>,; 


,  ,         2(0,     *•''    A,(2to«.,>     ■       ^T     ^ 


Now  write  q=e  "i  . 


2a>, 


2<ai  g(2B<u,>!"*'„4:l(2»Mu,+2»l«.,)» 


Then 


.     (2)1012  — 2)n-    •    (2m<»2+z)  T 


s,n^ "i~'^''ain^^"""^'^^^''      |        (2««,-z)^|  f        ^(2n<«,+2)|, 


2o)i 


"I 


7Ua.f7r 


n* ± 


(  2tt<»a 


ilUajiir\  2 


l-2y2»cos  — +  ?*» 

(l-q-inyi 

Now  if  the  imaginary  part  of  w^/mi  is  positive,  we  have  |  j|  <  1 ;  and  thus  the  infinite 
product 

TTZ 

1  -  20*"  cos h  q*" 

n  — "'■ 

converges  absolutely,  since  the  series 

2  J** 

n=l 

converges  absolutely  ;   and  hence  we  can  separate  off  the  exponential  factors,  and  can 
write 


r{z)=e' 


l-2q^cos  —  +  q*'' 

2<»i  »=!         (1  -  q  ) 


where  C  is  a  constant. 

The  quantity  C  can  be  very  simply  determined  from  the  relation 
<r(2+2M,)=-e*'"'*+"''<r(z); 
for  this  gives 


Vi 
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We  have  therefore  finally  an  expression  for  o-  (2)  as  a  singly-infinite  product,  namely 


irz 


T|,J>  „  1  -  2<72'>  COS  —  +  <?■"' 


„!!«>,   2<"l     •        T^ 


o-(2)  =  e=^'  — 'sin^  n 


2a.,„=i  (1 -?•■"')■■' 

where  }=«  "1  . 

214.     77(6  integration  of  elliptic  functions. 

The  integral  of  any  elliptic  function  can  be  found  in  terms  of  the  functions 
^{z)  and  a- {z),  by  using  the  theorem  given  in  §211,  on  the  resolution  of 
elliptic  functions  into  a  sum  of  f-functions. 

In  fact,  in  §  211  an  expression 

»      n     c_  1  y-i 
*=i  ,=1  Ks  —  i)\ 

has  been  found  for  the  elliptic  function  f{z) ;  the  indefinite  integral  of  this 
expression  is 

cz-\-t  Ci,  log  o- (^  -  at)  +  S    t   ) TYi ''*.5'"~"(^-«*)' 

which  is  the  required  integral  of  f{z). 

Example.     The  expression  for  p*  («),  found  by  the  theorem  of  §  211,  is 

It  follows  that 

^2  {z)  dz=-^i^'  (s)  +  -^9^  +  ConsUnt. 


/' 


215.     Expression  of  an  elliptic  function  whose  zeros  and  poles  are  known. 

We  have  already  seen  (§  205)  that  the  number  of  irreducible  zeros  of  an 
elliptic  function  is  equal  to  the  number  of  its  irreducible  poles ;  and  that 
(§  208)  the  sum  of  the  affixes  of  the  zeros  differs  from  the  sum  of  the  affixes 
of  the  poles  only  by  a  quantity  of  the  form  (2wia),  +  Inm^,  where  m  and  n  are 
integers.  By  replacing  the  zeros  and  poles  by  others  congruent  to  them,  we 
can  reduce  this  difference  to  zero.  Suppose  this  done,  so  that  for  a  given 
function  f{z)  the  irreducible  zeros  are  a,,  a^,  ...  an,  and  the  irreducible 
poles  are  61,  h^,  ...  6„,  where 

a,  +  Oj  +  . . .  +  dn  =  ^1  +  ^2  +  •  •  •  +hn. 

If  any  of  the  zeros  or  poles  is  multiple,  of  order  k  say,  it  will  of  course 
be  counted  as  if  it  were  k  distinct  simple  zeros  or  poles. 

Consider  now  the  quantity 

(T  (z  —  Oi)  a- (z  —  a^) a(z  —  a„) 


£!(z)-. 


a- (z  -  bi)  <r  (z  -  b^) a-(z-bn)' 
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We  have 

=  E(z). 

Similarly  E  {z  +  2co^)  =  E  (z). 

Thus  E{s)  is  an  elliptic  function,  with  the  same  periods  as  f{z);   and 
therefore  f{z)/E(z)  admits  these  periods. 

But  the  function  f(z)/E(z)  clearly  has  no  zeros  or  poles  at  the  points 

a„  a^,  ...  a„,  b^,  ...  6„, 

and   so  has  no  zeros  or  poles  at  any  point  of  the  ^•-plane.      Therefore,  by 
Lion  villa's  theorem,  f(z)/E{z)  is  a  constant;   and  so  finally 

f,.  ^    a- {z  -  a,)  <r  (z  -  a.;) a(z-a„) 

■'^^^        aiz-b,)a{z-  b,) <r(z-  6„)  ' 

where  c  is  some  constant. 

An  elliptic   function  is  therefore  determinate,  save   for  a  multiplicative 
constant,  when  the  places  of  its  irreducible  zeros  and  poles  are  known. 

This  is  analogous  to  the  factorisation  of  a  rational  function  :  if  a  rational  function  has 
zeros  at  points  aj,  a.^,  ...  a„,  and  poles  at  points  b^,  ftj,  ...  b„,  it  can  be  expressed  in  the 
form 

(2-ai)(z-aa) . . .  (2  -  a„) 

where  c  is  a  constant. 


Example  1.     Prove  that 


By  differentiating  this  formula,  shew  that 


and  by  further  diflferentiation  obtain  the  addition-theorem 


Example  2.     If 


2  iai,-bx)  =  0, 

A  =  l 


Shew  that  2    a  (ax-b,)  ....r{a^-b.) ...  a{a,-b„) ^^_ 

K=l  o-(aA-a,)...  1  ...or  (aA-an) 


24—3 
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Miscellaneous  Examples. 


1.     Shew  that,  if  ^  denote  one  of  the  functions  sn  z,  en  z,  dn  z,  and  if  q  and  r  denote  the 
other  two,  it  is  always  possible  to  choose  constants  a,  b,  c,  such  that 


I   pdz  =  a  log  {bq+c 


2.  Shew  that  every  elliptic  function  of  order  »t  can  be  expressed  as  the  quotient  of  two 
expressions  of  the  form 

aiV  {^  +  b)+(h<fi'  (z  +  b)  +  ...+a„fi»-^)(z  +  b), 

where  b,  a^,  a^,  ...  a„,  are  constants.  (Painleve.) 

3.  Prove  that 

ii>{z-a)^{z-b)  =  ip(,a-b){fi>{z-a)+^{z-b)-p{a)~fp(b)} 
+  iP'{a-b){Ciz-i)-C{z-b)  +  C{a)-C{b)\ 
+  |>(a)S>(6). 

(Cambridge  Mathematical  Tripos,  Part  II,  1895.) 

4.  Shew  that 


(T{a:+y  +  z)(T{x-i/)(r(i/-z)(T{z-x)         1 
<T^W  0^(^)0^(2)  ""-2 


1     fpix)     ^'(x) 

1      ii>{z)      f)'(^) 

Obtain  the  addition-theorem  for  the  function  fp  (z)  from  this  result. 
5.    Establish  the  identity 

1    fW    F(2i)-P"'-"(2i) 


1  jf'(o  r(o."Sp'»-"(o 


( _  1  u» (» - 1)  1 !  2 1       n<  °-(%+^i  +  -  +  ^.)n°-(^A-z>.) 


where  the  product  is  taken  for  all  integer  values  of  X  and  ^  from  0  to  n,  with  the  restriction 

X<;x. 


6.     Prove  that 


i{z-a)-i{z-b)-C{a-b)  +  C{2a-2b)  = 


a-  {z  —  2a  +  b)  <T  {z—2b+a) 


a- (2b  —  2a)  a-  (z  -  a)  (r{z-h)' 
(Cambridge  Mathematical  Tripos,  Part  II,  1895.) 

7.     Shew  that,  if  2j+2i+224-23  =  0,  then 

{2a^A)F  =  3{2f  (za)}  {^f{ZK)}-¥W  M. 

the  summations  being  taken  for  \=0,  1,  2,  3. 

(Cambridge  Mathematical  Tripos,  Part  II,  1897.) 
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8.  Prove  that 

^^'  a{^^  +  \{z^^Zt+Z3+^^)) 

is  a  doubly-periodic  function  of  z,  such  that 

g{^)+9{z  +  ai)+g{z-\-ai)-\-g{z-\-a>i  +  a.i) 

=  -  2<r{i  (zj+^s  -h-  h)}  "  {\  (%+^i  -H-  «4)}  <'  {\  (^1  +  ^2  -H-  ^4)}- 

(Cambridge  Mathematical  Tripos,  Part  II,  1893.) 

9.  If  f{z)  be  a  doubly-periodic  function  of  the  third  order,  with  poles  at  z  =  c-^,  z  =  c,., 
z  =  c^,  and  if  (^  (z)  be  a  doubly-j)eriodic  function  of  the  second  order  with  the  same  periods 
and  poles  at  2  =  a,  i  =  ,3,  its  value  in  the  neighbourhood  of  2  =  a  Iwjing 

*W=^-^  +  ^l(2-o)  +  X2(^-a/-l-..., 
prove  that 

i ^^  {/"  (<-) -/"  m  -  ^  {/'  («)  +/'  0)}  2  <^  (ci)  +  {/(«)  -fm  {3XX.  + 1  .^  (Cj)  0  (Cj)}  =  0. 

(Cambridge  Mathematical  Tripos,  Part  II,  1894.) 

10.  If  \{z)  be  an  elliptic  function  with  two  poles  a,,  Oj,  and  if  z^,  z^,  ...  z^,  be  2n 
arbitrary  argxmients  such  that 

Zj+z.^  +  ...  +  z^  =  n{ai  +  a,), 
shew  that  the  determinant  whose  Mth  row  is 


I 


1,    \{Zi),    X2(2a...X»(2,),    X,(2,),     X(2j)X,(2i),    X2(2j)X,(2(),  ...X»-2(2i)X,(2,), 

vanishes  identically. 


where  X,  (2i)=^- X  (2;), 


(Cambridge  Mathematical  Tripos,  Part  II,  1893.) 

11.  Shew  that,  provided  certain  conditions  of  inequaUty  are  satisfied, 

"rm  «^"''  =  f-  ('=<''  ^  +  «ot,^)  +  -2?^»  Bin  ^  (w  +  «y), 
<r  (2)  o-  (y)  2<uj  \        2(1),  2a),/       o),  a,  ■'" 

where  the  summation  applies  to  all  jwaitive  integer  values  of  m  and  n. 

(Cambridge  Mathematical  Tripos,  Part  II,  1895.) 

12.  Assuming  the  formula 

V,''  „  „    l-2o2'cos  — -t-o^* 

(r(2)  =  e''"> .  — ^  sm  -—  n -4, , 

n  20),  I  (l-?-')^ 

I>rove  that 


S,(2)=-5._  +  (jLyeosec^|i-2('^yi-^'*, 


Snz 
COS  —  , 


on  condition  that 


V<Bl/  VlMi/  \l<Bl/ 

(Cambridge  Mathematical  Tripos,  Part  II,  1896.) 
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13.     Shew  that 

26 


"'    3a  {a- b)' 


(Dolbnia.) 
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Absolute  convergence,  12 

,,        value  (modulus),  5 
Affix,  6 

Analytic  function,  45 
Argand  diaKiara,  G 
Associated  Legendre  functions,  231 
Asymptotic  expansion,  163 
Automoiphic  functions,  839 

15ernoullian  numbers  and  polynomials,  97 
Bessel  coefficients,  206 

fnnctiona,  274,  294 
Branch,  branch-point,  66 

Circle  of  convergence,  29 
Coefficients,  Bessel,  266 
Complex  numbers,  4 
Conditions.  Dirichlet's,  146 
Congruent,  325 
Contiguous,  260 
Continuation,  57 
Continuity,  41 
Contour,  47 
Convergence,   10 

„  absolute,  12 

,,  circle  of,  29 

,,  radius  of,  29 

,,  serai-,   12 

,,  uniform,  73 

Cosine  series,  138 

Definite  integral,  42 
Dependence,  40 
Derivate,  51,  53 
Determinants,   infinite,  35 
Diagram,   Argand,   6 
Dirichlet's  ccmditions,  146 

„  integrals,   191 

Double-circuit  integrals,  258 
Doubly-periodic,  322 


Elliptic  function,  322 
Equation,  associated  Legendre,  231 
Bessel,  269 

„         hypergeometric,  242 

,,  Laplace's,  311 

„         Legendre,  206 
Essential  singularity,  63 
Eulerian  integrals,  184,  189 
Expansion,  asymptotic,  163 
Exponents  of  a  singularity,  245 

Fourier  series,   127 
Function,  analytic,  45 

„  associated  Legendre,  231 

,,  automorphic,  339 

„  Bessel,  274,  294 

„         Gamma-,  174 
elliptic,  322 

,,  hypergeometric,  242 

,,  identity  of,  59 

Legendre,  209,  221 

,,         many-valued,  66 

Gamma-function,   174 
Genus,  339 
Geometric  series,  13 

Hypergeometric  series,  20,  240 
„  function,  242 

Identity  of  a  function,  59 
Infinite  determinants,  35 

,,       products,  31 

„       series,   10 
Infinity,  point  at,  64 
Integrals,  definite,  42 

Dirichlet's,  191 

,,  double-circuit,  258 

Eulerian,  184,  189 
Invariants,  326 
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Irreducible,  362 

Kind  of  Legendre  functions,  209,  221 
Bessel  „  274,  296 

Laplace's  equation,  311 

Legendre  associated  functions,  231 

„  equation,  206 

„  functions,  209,  221 

„  polynomials,  204 

Limit,  8 

Many-valued  function,  66 
Modulus,  of  complex  quantity,  5 

,,  Jacobian  elliptic  functions. 

Non-uniform  convergence,  73 
Numbers,  BcrnouUian,  97 
,,         complex,  4 

Order  of  Bessel  coefficients,  267 

„  „      functions,  274 

„  elliptic  functions,  863 

„  Legendre  functions,  209 

„  „           polynomials,  204 

„  pole,  63,  65 

„  zero,  55,  64 

Parallelogram,  period-,  325 
Part,  principal,  63 
Period,  322 

Period-parallelogram,  325 
Point,  regular,  45 

,,       representative,  6 

„       singular,  45 
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Pole,  63,  65 

Polynomials,  BernouUian,  97 

„  Legendre,  204 

Power-series,  28 
Principal  part,  63 
Process  of  continuation,  57 
Products,  infinite,   31 

Quantity,  complex,  4 

Radius  of  convergence,  29 
Kegular,  45,  46 
Besidue,  83 
Bepresentative  point,  6 

Semi-convergence,  12 
Series,  Fourier,  127 

geometric,   13 

hypergeometric,  20,  240 

infinite,  10 

power-,  28 

sine  and  cosine,  13S 
Simple  pole,  63 
Sine  series,  138 
Singly-periodic,  322 
Singularity,  45 

„  essential,  63 

„  of  hypergeometric  equation,  245 

Uniform  convergence,  73 
Uniformisation,  338 

Value,  absolute  (modulus),  5 
Zero,  55,  64 
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